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ABSTRACT: Kerr-AdS,; black holes for d > 3 suffer from classical superradiant instabilities
over a range of masses above extremality. We conjecture that these instabilities settle down
into Grey Galaxies (GGs) — a new class of coarse-grained solutions to Einstein’s equations
which we construct in d = 3. Grey Galaxies are made up of a black hole with critical
angular velocity w = 1 in the ‘centre’ of AdS, surrounded by a large flat disk of thermal bulk
gas that revolves around the centre of AdS at the speed of light. The gas carries a finite
fraction of the total energy, as its parametrically low energy density and large radius are
inversely related. GGs exist at masses that extend all the way down to the unitarity bound.
Their thermodynamics is that of a weakly interacting mix of Kerr-AdS black holes and the
bulk gas. Their boundary stress tensor is the sum of a smooth ‘black hole’ contribution
and a peaked gas contribution that is delta function localized around the equator of the
boundary sphere in the large N limit. We also construct another class of solutions with the
same charges; ‘Revolving Black Holes (RBHs). RBHs are macroscopically charged SO(d, 2)
descendants of AdS-Kerr solutions, and consist of w = 1 black holes revolving around the
centre of AdS at a fixed radial location but in a quantum wave function in the angular
directions. RBH solutions are marginally entropically subdominant to GG solutions and
do not constitute the endpoint of the superradiant instability. Nonetheless, we argue that
supersymmetric versions of these solutions have interesting implications for the spectrum of
supersymmetric states in, e.g. N’ = 4 Yang-Mills theory.
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1 Introduction

It was observed almost 20 years ago [1] that Kerr-AdS,4; black holes in d > 3 suffer from
classical super-radiant instabilities [2] over a range of energies above the extremality bound.
In this paper, we present a proposal for the endpoint of this instability.

The rest of this introductory section is structured as follows. In subsection 1.1 we
first elaborate on the question addressed in this paper and emphasize its importance for
understanding the spectrum of operators in CFTs with a bulk gravity dual description. We
then proceed, in subsections 1.2-1.5, to outline our proposal. In the interests of concreteness,
we focus, through this paper, mainly on the special case d = 3, though we expect the
generalization of our analysis to arbitrary d > 3 to be relatively straightforward.

1.1 The question

The basis of local operators in any C'FT5 may be chosen to have definite values of the
scaling dimension A and z component of angular momentum, J,. n(A,J,), the number of
operators with dimension A and angular momentum J,, is one of the most fundamental
CFT observables. When A and J, are large, it is also natural to define an ‘entropy of
operators’, S(A, J;) via

n(A,J,) = e3BJ=) (1.1)



The operator spectrum of the CFT may equivalently be characterized by the partition
function Z defined by

o —B(A—wlJ>)
Z — AZJ ’I’L(A, Jz)e . (1.2)

In an appropriate thermodynamical limit (of either the large N or high-temperature variety),
the partition function and the entropy function are Legendre transforms of each other.

The state operator map allows us to interpret Z and S in thermodynamical terms. Z
is the thermal partition function over the Hilbert Space of the CFT3 on S?

Z = Tre AE-wlz) (1.3)

while S(E, J,) is the thermodynamical entropy of this system.'

The partition function Z and entropy S are effectively computable in large N CFT's
that admit a two-derivative AdS bulk dual. A standard entry in the AdS/CFT dictionary
asserts that S(FE, J) equals the entropy of the dominant bulk black hole that carries the
same charges.? One might thus guess that the entropy function, Spg(E,J), of the explicitly
known Kerr-AdS black holes [4] computes the entropy of the dual field theory. While
this guess is believed to be correct at large values of E, it cannot hold at all energies, as
Kerr-AdS black holes are unstable at low energies, as we now review.

At any given value of J, Kerr-AdS black holes exist only for energies E > Eq(J),>
where Fey(J),* is the energy of an extremal Kerr-AdS black hole with angular momentum
J. Eext(J) is a complicated known function of J (see subsection 2.5). It turns out that
FEext(J) > J at all values of J,? as expected on general grounds.’

It is easily verified that the angular velocity, w, of Kerr-AdS black holes is a monotonically
decreasing function of energy at fixed J. It is also easily verified that the angular velocity of
extremal Kerr Black holes exceeds unity at every value of J. It follows from these facts that

!'Through this paper we use the term ‘angular velocity’ for w, the chemical potential dual to angular
momentum J, in (1.3).

2This rule applies at leading order in N and at energies and angular momenta of order N ~ G~! with a
suitable constant « > 0, where G is the Newton constant of the AdS4+1. (For instance, « = 2 for d = 4
maximal super-Yang-Mills theory and o = 3 for d = 3 ABJM theory [3].) If more than one black holes exist
at any given charges then S(FE,J) is given by the largest of the black hole entropies.

3Solutions of the negative cosmological constant Einstein equations formally exist even at E < Fexq(J).
However these solutions have naked singularities, and so are, presumably, unphysical.

4Although Kerr-AdS black holes do not exist at energies smaller than Eext(J), previous attempts to
determine the endpoint of the superradiant instability have already led to the construction of new — although
still unstable — solutions of general relativity called black resonators [5-9]. Black resonators are the angular
momentum analogs of the hairy black hole solutions of [10-12], and exist down to energies smaller than
Eext(J), though not all the way to the unitarity bound.

5The equality holds only at J = 0.

SAll states in a CFT obey the inequality E > J. This inequality is saturated only by a vacuum state. If
we work with a normalization in which derivative operator d, carries £ = 1 and J, = 1, then primaries with
J.=0and J, = % (and hence also their descendants) obey E > J, + % Primaries at all higher J. (and
hence also their descendants) obey the still tighter inequality E > J, + 1. At the parametrically large values
of E and J of interest to this paper, however, all these fine distinctions are washed away, and the unitarity
bound is effectively simply E > J.
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Figure 1. The ‘phase diagram’ of Kerr-AdS black holes in E-J space(e = GE and j = GJ are the
rescaled energy and angular momentum). Black holes are stable in the red region that is bounded
from below by the bold red line, E = Eggr(J). Black holes are unstable in the blue region bounded
from above by the bold red line and from below by the bold blue line: the latter is the curve
E = Eq(J). Kerr-AdS black holes do not exist in the unitarity allowed region between the dark
blue curve and the green line, £ = J.

there exists a unique energy Fgr(J), at every value of J, at which the black hole angular
velocity, w, equals unity. Clearly

Esp(J) > Eox(J) > J. (1.4)

Eggr(J) is a known but complicated function of J. Kerr-AdS black holes with energy larger
than Esg(J) have w < 1, while black holes with energies in the range

Bow(J) < E < Egr(J) (1.5)

have w > 1.

Egr(J) marks an important dividing line in the phase space of Kerr-AdS black holes,
because black holes in AdSp space with w > 1 are always unstable [1, 13] (see also [5-9, 14—
18]). This instability is superradiant in nature. See appendix A for an intuitive explanation
of this fact, and a comparison with the superradiant phenomenon in charged black holes.

The existence of Kerr-AdS black holes in the energy range (1.5) tells us that the dual

CFT possesses a large entropy (order é) of states at these energies. Since these black holes



are unstable they cannot represent the dual of CF'T thermal equilibrium. There must, thus,
exist a new bulk black hole solution (one with a larger horizon area — hence larger entropy
— as compared to the Kerr-AdS solution with the same charges) that describes the true
thermal equilibrium of the CFT at these charges. The nature of this new solution is the
topic of this paper.

1.2 New solutions involving the quantum gas

In the steady state, a black hole in AdS is in equilibrium with a thermal gas (made up of
its own Hawking radiation). As the black hole and the gas are in equilibrium with each
other they have the same value of the temperature and w.” Generically, the order unity
energy and angular momentum of the gas are negligible compared to their order é black
hole counterparts. As w approaches unity, however, the gas energy can easily be shown
to diverge (see subsection 3.1). This divergence has its origin in gas modes that of large
angular momentum. These modes live at very large radial locations (see appendix E), and
so effectively in global AdS space. Now the Hilbert Space of a gas made out of a bulk field
in AdS}y is the Fock Space over a single particle Hilbert space, whose states are in one-to-one
correspondence with dual operators. The w — 1 divergence arises from the contribution of
infinite sequences of operators of increasing angular momentum, such as

dLo, I=1...00

where O is the operator dual to the scalar field. The contribution of this sequence to
the gas partition function diverges because the ratio of Boltzmann suppression factor for
successive terms, e #(1=9) hecomes unity when w = 1. At w = 1 the partition function
diverges because all terms in the sequence contribute equally to it. It follows that all
thermodynamical formulae blow up as w — 1 from below, and we find (see (3.11))
1

E:Jocm, Socm@ (1.6)
where E/ J and S are the angular momentum and entropy of the gas.

It follows from (1.6) that when 1 —w ~ O(v/G), the energy carried in the gas is of
order 1/G. For such black holes — i.e. those that lie an order G distance to the left of the
solid red curve in figure 1 — the classical formulae of black hole thermodynamics must be
corrected, even at leading order, to account for the contribution of the gas.

"Through this subsection we work in the micro-canonical ensemble. The temperature and angular
velocities should be thought of as derived quantities defined by

1 1 WBH
e T

Wgas

=8, S,
gas-
Tgas gas

= —0szySBH,
From this viewpoint, the conditions

TBH - Tgas; WBH = Wgas

are derived from the maximization of total system entropy. The same principle also implies that occupation
numbers of the gas follow the Boltzmann distribution, (see e.g. appendix I of [19]).

8The energy and angular momentum of the gas are equal because the dominant contribution is from
very high angular momenta, i.e. the gas is effectively chiral. The entropy of this gas is < v'E because the
divergent contribution to the gas is effectively 1 + 1 dimensional. See (3.11) for details.
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Figure 2. The Phase diagram in the microcanonical ensemble. The = and y axes are the scaled
angular momentum and energy defined in (2.12). The green, blue, and red curves respectively,
denote the unitarity bound, extremality, and the edge of the superradiant instability. Kerr-AdS
black holes are the dominant saddle above the red curve. Grey Galaxy saddles dominate between
the red and green curves. Their entropy equals that of the w = 1 Kerr-AdS black hole located at
the intersection of the dotted line that passes through the point of interest and the dark red curve.

The corrected thermodynamical formulae are”
FE = Egy + C’
J=Jgu+C' (1.7)
S = Seu

where Epp, Jpu and Spp represent the classical energy, angular momentum, and entropy
of w = 1 Kerr-AdS black holes and the positive number C’ is the energy and angular
momentum of the Hawking gas.

It follows from (1.7) that the values of (E, J) of our new gas-corrected black holes (we
will later call these Grey Galaxies) are obtained as follows. We start with any point on the
red curve of figure 1, and then move to the right along a 45-degree line for an arbitrary
distance. The two parameters for this new family of solutions can be taken to be

9As 1 —w x v/G is parametrically small, and as thermodynamical relations of classical black holes are
analytic in the neighborhood of the red curve in figure 1, this small deviation of w from unity may be ignored,
to leading order, when evaluating the classical thermodynamics of these black holes.



e Where on the red curve we start. This parameter completely determines the entropy
(and also the temperature) of the new saddle.

o How far along the 45-degree line we go. This parameter determines the shift in energy
and angular momentum, C’, of the new saddles.

This discussion is illustrated in figure 2.

It may be shown that the slope of the red curve in figure 1 is everywhere greater than
unity (see e.g. subsection 2.8). It follows that our new saddles always lie below the red
curve in figure 2. Note also that our new saddles exist at every point in figure 2 that lies
below the red curve but also lies above the unitarity bound, £ = J.

As the entropy of the gas is parametrically sub-leading compared to that of the black
hole (see (1.6)) the entropy of any of our new saddles may be obtained as follows. Given any
point under the red line of the F,.J plane, we follow one of the 45-degree lines in figure 2
backward, until we hit a point on the red curve. To leading order in G, the entropy of our
new saddle simply equals the classical entropy of this w = 1 Kerr-AdS black hole.

Our new solutions may be thought of as a very weakly interacting mix of the black
hole (at the centre) and the gas (which lives far towards the boundary of AdS). The
thermodynamical charges of this mix are simply a sum of the different components because
they interact so weakly. Energy (and angular momentum) can be exchanged between the
two components: the final equilibrium configuration is the one that maximizes entropy at
fixed E and J. In section 3.2 we demonstrate that this maximum is attained precisely when
the black hole part of the mix has w = 1. The discussion, in this regard, is very similar to
that presented in [10] for small charged black holes. While the noninteracting mix picture
of [10] is precise only for a very small black hole, however, the weakly interacting model is
exact for rotating black holes, even when they are large.

We have just seen that one of our new solutions exists at every point between the red
and unitarity curves in figure 1. As Kerr-AdS black holes are stable at every point above
the red curve in figure 1, It follows that every point above the unitarity bound in the F,J
plane hosts exactly one of either a stable classical black hole (above the red curve) or one
of the new saddle points (below the red curve but above the unitarity bound), leading
to the micro-canonical phase diagram depicted in figure 7. As we know how to compute
the entropy of the new solutions, we now have a formula for S(E,J) for every value of
FE and J that satisfies the unitarity inequality E > J. We conjecture that this formula
correctly captures the entropy (at O(4)) of states (and operators) of every large N CFTj
that admits a two-derivative gravity dual description, at energies and angular momenta of
order %

One obtains several additional insights into the nature of the new gas-corrected black
holes described above by approaching their thermodynamics from a canonical viewpoint,
explored in subsection 3.3.1°

T hroughout this paper we refer to this ensemble defined by the partition function (1.3) as the canonical
ensemble. Note that our canonical ensemble involves a trace over states of all angular momenta.



1.3 Grey Galaxies

Our discussion of the gas-corrected black holes has proceeded by accounting for the energy
and angular momentum of the gas but ignoring its backreaction on the metric, and all other
interactions. The skeptical reader may wonder how this is consistent, given that the gas
energy is of order % The answer to this question lies in the fact that our gas is spread over
a parametrically large spatial region in AdS, and so carries a parametrically small energy
density. The low energy density of this gas ensures that its backreaction is parametrically
small in an appropriate sense. We now explain how this works in some detail.

Consider a mode of angular momentum [, with [ > 1, propagating in the unit radius
global AdSy
B dr?
142
As a consequence of the centrifugal force, the wave function for such a mode is concentrated

ds®

— (14 7r2)dt? 4 r? <d92 + sin? 9d¢2) (1.8)

at values of r of order v/ (see appendix E). If the mode also carries .J, = I, its wave function

is also sharply localized about the equator, § = 7, with an angular spread 6 of order %

The proper thickness of this mode in the angular direction is of order rdf ~ /1 x %/l and so
is of order unity. It turns out that the range of [ that contributes dominantly to our bulk
1 1

gas ensembleis [ =1... ~ A=) ™~ 1... el (see under (1.6)). Our bulk gas thus lives i7rrl

a region that may be visualized as a large but uniformly flat pancake that lives at 6 = 7.

The parametrically large radius of this pancake is of order ~ —-.

The large radius of our bulk gas pancake ensures that itsGeilergy density of the gas is
parametrically low. It is this fact that allows for the backreaction of the gas to be computed
in perturbation theory.

In sections 4 and 5 we have performed a detailed study of the backreaction of the AdS
sourced by the gas modes of a bulk scalar field dual to a scalar operator of dimension A.
Our final bulk solution is given by patching together two metrics, which are individually

valid in distinct but overlapping spatial regions.

o Over radial distances of order unity (i.e. distances that are not parametrically scaled
in power of é), the leading order metric for our new saddle point is simply that of
the w = 1 black hole that lives at its core.!!

e Over radial distances of order r ~ ( 1 )1 ~ G%, i.e. the size of the gas pancake, we
1—-w)2 1
work with the following scaled coordinates
0—7Z t
x:r(l—w)%, ( = —2 = — ¢/:L1 (1.9)
(1-w)2 (1—-w)2 (1—-—w)2

The scaling of r and 6 are chosen to ensure that the bulk gas varies over a scale of
order unity in the new coordinates. The scaling of £ and ¢ is chosen to ensure that
the background AdS metric, in the new coordinates, is independent of G. It turns
out that the black hole tail — the difference between the black hole and the AdS

HDeviations away from this solution, caused by the gas, are parametrically suppressed in G because of
the smallness of the energy density of the gas.



metric in the scaled coordinates — is of order G7 — and so is very small — in these
coordinates. Moreover, the magnitude of Newton’s constant times the bulk stress
tensor of the gas is of order G%, and so is also parametrically small in this new scaling.
To leading order, as a consequence, the deviation of our spacetime metric away from
that of the background AdS metric is simply the sum of the black hole tail and the
linearized gravitational response to the stress tensor of the gas (contributions that
are individually of order G Tand G %) The gas contribution is computed in full detail
in section 5.

e The final boundary stress tensor of our solution is the sum of two terms: the boundary
stress tensor of the original w = 1 black hole (reviewed in subsection 2.10) and the
boundary stress tensor resulting from the metric response to the bulk gas (see in
subsection 5.3.2). The black hole contribution to the boundary stress tensor is smooth
on the sphere, and is, of course, of the classical order é On the other hand, the

gas contribution to the boundary stress tensor turns out to be of order - (and
a1

so larger than classical). However, this contribution is peaked around the equator
over a boundary angular distance of order G%, and so its integral over the sphere
is of the expected classical order é In other words, the gas contribution to the
boundary stress tensor localized to an angular width of order G1 at the equator
of the boundary sphere. In the classical small G limit this distribution becomes a
d-function (of classical strength). This new contribution to the boundary stress tensor
is rightmoving, and so is similar to the contribution of a chiral 1 + 1 dimensional gas

localized at the equator.

Our new bulk solution resembles a galaxy, with a big central black hole surrounded by
a large flat disk of gas rotating at the speed of light. For this reason, we call these solutions
‘Grey Galaxies! We use the word grey rather than black because part of the bulk energy
in our solution is ‘black’ (shielded behind an event horizon) while the rest of it is ‘white’
(visible in the form of a gas).

We emphasize that the bulk gas in our ‘Grey Galaxy’ solutions is an ensemble over field
configurations rather than a particular field configuration. In particular, we compute the
bulk stress tensor of this gas using thermodynamics. How reliable is this approximation?
One way of addressing this question is to estimate the fluctuations in the ensemble average.
Our bulk gas is made up of a collection of bulk fluctuation modes, each of which is thermally
occupied. The occupation number of any given mode is of order unity (see e.g. (3.6)), and
so fluctuations in individual mode occupation numbers are also of order unity. However
typical individual modes only carry energies only of Gi% We obtain classical energies only

by summing over - such modes. This is precisely the number of modes that contributes to

the stress tensor 0? zn interval of order unity in the scaled coordinate x. This fact explains
why we have a new classical solution only in scaled coordinates. The law of large numbers
thus tells us that the fractional fluctuations value of the (scaled coordinate) bulk stress
tensor is of order G4. As fluctuations are parametrically suppressed in comparison to the
mean, fluctuations in the bulk stress tensor (and hence our final bulk metric) are negligible



when we work in scaled coordinates. It follows that the classical (scaled coordinate) metric
presented in this paper — and in particular the boundary stress tensor it is dual to — is
parametrically reliable.

As we have mentioned above, in section 4 we have only derived detailed mathematical
formulae for the bulk stress tensor for the gas made up of a scalar field. Any given bulk
theory of interest will, in general, have several other bulk fields (including, in particular, the
graviton). The full bulk gas stress tensor will be the sum of the stress tensors associated
with each bulk field. Although we have not computed the bulk stress tensor for higher spin
fields in this paper, it seems clear that the result of this computation will be very similar
to that of a scalar with a similar dimension (see (3.8) for a hint of the final answer). This
stress tensor, once available, can be plugged into the general formulae of subsection 5, to
obtain the final formula of the backreacted metric. Structural aspects of the analysis of
sections 4 and 5 make it clear that the gas contribution to the final boundary stress tensor
will be a delta function localized around the equator of the boundary sphere in the large N
limit. The coefficient of this delta function is given by the total energy of the gas, which
we have computed, for fields of every spin, in subsection 3.1. While it is, thus, certainly of
interest to fill the computational gap of this paper, by obtaining explicit expressions for the
bulk stress tensor of the gas coming from higher spin fields, and in particular fermions,
we believe that the analysis of this paper already uncovers all qualitative aspects of the
solutions that these gases will source.

We note that super-radiant instabilities of Kerr-AdS black holes from scalar fields
are studied, for instance, in [20, 21]. Spin-2 super-radiant instabilities are also studied
in [16, 22].13

Although not addressed in this paper, it may prove technically possible to study
subleading corrections to the classical Grey Galaxy solutions constructed in this paper. In
order to do this we would have to account for the backreaction of the black hole metric to
the matter. For instance, the back-reacted stress-energy tensor may be computed from the
Euclidean 2-point function in the black hole background, instead of the thermal AdS as
we did in section 4.3. Although the effect of this stress tensor on the black hole metric is
parametrically, small, its effects will have to be accounted for in computing the corrections
to our solution in a power series expansion in . This should prove technically possible,
precisely because the corrections are small. We leave further discussion of this fascinating
possibility to future work.

1.4 Revolving Black Holes

The Grey Galaxy solution consists of an w = 1 black hole in the centre of AdS, in equilibrium
with a chiral gas whose ‘equation of state’ is F ~ J.

In appendix C we note that every black hole has a fluctuation mode with E = J (the
equality is precise). This is the mode that sets the black hole revolving around the centre of

12For charged hairy black holes in AdS, one finds condensation of one bosonic mode with a macroscopic
occupation number [10-12]. On the other hand, fermions can equally contribute to the hair in our solution
since each mode has O(1) average occupation number. We thank Kimyeong Lee for pointing this out.
3Thanks to the reviewer for pointing out these references.



AdS. From the point of view of the dual CFT, populating this mode corresponds to taking
0, descendants of the primaries that make up the classical black hole at the centre of AdS.

In figure 2 we have explained that an w > 1 black hole increases its entropy by
transferring some of its £ = J energy into the chiral gas that makes up Grey Galaxies.
Similarly, an w > 1 black hole can also raise its entropy by transferring a significant fraction
of its energy and angular momentum into the descendent mode described in the previous
paragraph. The physical interpretation of such a state is explored in appendix C, where we
explain that the state obtained by the macroscopic occupation of descendents is a quantum
wave function for a spinning black hole that is also revolving around the centre of AdS
(the wave function describes the orbital motion of the black hole). We call these new
configurations Revolving Black Holes (RBH)s (see appendix C).

As we explain at the end of subsection 3.2, RBH solutions are marginally entropically
subdominant compared to Grey Galaxy Solutions. For this (and other) reasons we do not
expect these solutions to represent the endpoint of the super-radiant instability. Nonetheless,
these solutions are of interest for several reasons. First, they are both elegant and precise.
As we explain in appendix B, these solutions are constructed entirely out of the action
of the symmetry group SO(3,2). Second, had we not known about the existence of Grey
Galaxy solutions, we could anyway have used the (easily constructed) RBH solutions to
put a lower bound on the entropy function S(E,J).1

The last point may prove practically useful in situations where the entropy function is
not yet clearly known. In section 7 we argue that supersymmetric versions of RBH solutions
allow us to place lower bounds on the five charge entropy of supersymmetric states in N = 4
Yang-Mills theory.

To end this subsection we reiterate that an RBH is a quantum wave function over
classical geometries. In this respect, it differs qualitatively from classical Kerr-AdS black
holes and also from Grey Galaxies (which are also described by classical metrics, albeit in a
coarse grained sense). In contrast, the RBH is a quantum state that is time independent
over classical time scales. We expect, of course, that RBHs eventually decay into Grey
Galaxies; see section 8 for some discussion on this point.

1.5 End point of the superradiant instability

Consider a Kerr-AdS black hole with w > 1. As we have reviewed above, such black holes
are unstable; when perturbed they evolve to new solutions. What is the endpoint of this
instability? The results of this paper suggest the following scenario.

Any particular perturbation will seed a time-dependent solution of General Relativity.
At the level of differential equations, we expect that this solution will continue to evolve
without ever reaching a terminal endpoint. In the purely classical theory, we expect this
evolution to drive the solution to ever smaller angular scales (i.e. ever larger values of [) and
for this process to continue without stopping (this scenario was first suggested in [20]).1°

14 As the leading order construction of S(E,.J) (see figure 2) is identical for RBHs and GGs, this would
actually have given us the correct (i.e. GG) answer at leading order.

15This is a manifestation of the ultraviolet catastrophe that classical field theories always suffer from, and
that led to the discovery of quantum mechanics.
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Once quantum effects are accounted for, on the other hand, we expect the cascade to
ever smaller angular scales to stop at [ ~ ﬁ The main quantum effect that is relevant
here is the quantization of modes: the fact that field configurations at a given frequency v
admit excitations only in packets of energy hv. It is this quantum effect that effectively
cuts off the summation over [/ in (3.6) at [ ~ ﬁ.w

Even though the (now quantized) configuration will stop evolving to smaller angular
scales, we do not expect it to settle down to any particular microscopic state. We expect
that the quantum state will continue to evolve in time within the phase space of the bulk
‘gas’ that we have described in this paper. However coarse-grained observables — like the
leading order term in the metric in scaled variables x and { — should settle down into
the Grey Galaxy metric presented in this paper, with fluctuations that are parametrically
suppressed (see above). The scenario we have sketched above is similar, in many respects,

to the picture of [17].

In the sense described in the paragraphs above, we conjecture that the Grey Galaxy
solutions are the end-point of the superradiant instability of an w > 1 Kerr-AdS black hole.

In more detail, we expect the evolution of the superradiant instability to proceed as
follows. As the emission time of a quasinormal mode with angular momentum [ scales like
et at large 1,'7 the early emission will be almost entirely into modes with small I. For a
while the solutions might look a little bit like the black resonator solutions of [5] at the
given small values of [.'® As time passes, the largest accessible value of [, I,,, increases. As
long as [,, is not too large — specifically, when [, < % — (see (J.10) for a more precise
formula) it seems plausible to us that the time-dependent configuration will continue to
resemble a black resonator with the condensate in the mode with [ = [,,. At still later times,

when 1,,, first becomes comparable to —= (see (J.10) for a more accurate condition) we

expect the nature of our configuration t(\)/?lndergo a transition. While a significant fraction
of the energy outside the black hole will continue to lie in the Bose condensate at [ ~ [,,, an
increasingly large fraction of the energy will be spread out among a much larger number of
large | modes, i.e. into the bulk gas described extensively above. At even later times, when
Iy, is large in units of ﬁ, the cut-off is irrelevant, and we expect the configuration to
begin to closely resemble the Grey Galaxy constructed in this paper. At this point, almost
all of the energy of the solution is carried by the gas, and Bose condensates play no role.
Note that the time scale for the formation of a Grey Galaxy solution is extremely
%
significantly occupied in Grey Galaxy solutions). Note this is much larger than the time

1
long, likely of order ev@ (recall is the order of the largest angular momentum that is

1%Tn equation, the cutoff on I follows from the Boltzmann factor in (3.4).
7 This nonperturbatively long time scale has its origin in the fact that modes at large [ need to ‘tunnel’

through the centrifugal barrier before making it out to infinity. Note that at any fixed r of order unity, the
(L 12
modes presented in (4.10) decay with [ like e l(2 e ) . A very rough estimate of the order of the constant
2
b is thus b ~ In 1t;° , where 7¢ is the value of r beyond which the black hole metric starts approximating

global AdS.
18Recall that a black resonator is an w > 1 black hole in equilibrium with a Bose condensate of a mode at

a given particular value of [.
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scale for thermal equilibration of our bulk gas.!” This explains why our treatment of the
bulk gas as thermalized is consistent over the relevant time scales, even though the gas is
parametrically weakly coupled.

The discussion presented here appears to us to be qualitatively consistent with the
results of the numerical simulations [9], which we discuss in more detail in section 6, as well
as the fact that the entropy of Grey Galaxy solutions is always larger than that of Black
Resonators (see section 6).

2 Kerr-AdS, black holes

In this section, we review the Kerr-AdSy solution and its thermodynamics.
Consider Einstein’s equation with a negative cosmological constant,

R, = =39 (2.1)

We have chosen the value of the cosmological constant so that the ‘unit radius’ AdSy
space (1.8), is a solution to these equations.

2.1 Kerr-AdS black hole solutions

Another set of exact solutions to these equations are the Kerr-AdS black holes given by [4]

A a 2 Agsin?6 [(r2+a?
2 _ 22 6
ds ——2<dt—1_a25m 9d¢>—|— 2 (1—0,2

L P
p do — adt) +dr?+1—-df? (2.2)

A Ag
The functions A, Ay and p which appear in (2.2) are given by

A = (r? +a?) (1+r2> —2mr, Ag=1—a’cos’6
p? =1%+a’cos® 9. (2.3)

The numbers a and m, that occur in (2.2) and (2.3) are constants. These two constant
parameters determine the mass and angular momentum (as well as the temperature and
angular velocity) of the black hole, according to the formulae we will report below.

2.2 Parametric ranges of variation

The parameter a lies in the range?”
ac[-1,1]. (2.4)

We will now determine the range of variation of the parameter m.

1
&z
20This can be seen from the fact that Ay changes sign as a function of § when a lies outside this range,

9This thermalization time scales like an inverse power of G, perhaps like

causing — for instance — the coordinate 6 to switch signature, resulting in a singular metric (presumably
the curvature also blows up at the value of § where Ay switches sign).
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The outer horizon of the black hole (2.2) is located at r = r, where r is the largest
root of the equation A(ry) = 0, i.e. the largest root of the equation
(2 +a) (1+12)

2m = : 2.
m o (2.5)

Black hole solutions only exist for m > meyt, where meyt is the value of m at which (2.5)
has a double root, i.e. the value of m at which r%r solves the equation

CL2

140 +3(r)ex — 73— =0 (2.6)

(TJr)ext

((2.6) is obtained by differentiating (2.5), and setting the result to zero, as is appropriate
for a double root). The black hole with m = mey is extremal. Upon solving (2.6) we find

1 1 a?
2 _ - 2 il 22 4 2
(r ) = 6(1+a)+\/36<1+a> + 3 (2.7)
Plugging (2.7) into (2.5) and squaring we find and
2 3
4m?,, = > [—1 +33a? 4 33a® — ab + (1 + 14a? + a?) 2] . (2.8)

It follows that, for all allowed black holes, the parameter m obeys the inequality
2 . 3
4m? > 77 [—1 + 33a? + 33a® — a8 + (1 + 14a® + a?) 2} . (2.9)

2.3 The function r4(m, a)

As we have explained above, the outer radius of the black hole (2.2) is given by r, the
largest root of (2.5). As (2.5) determines ry only implicitly, in this subsection we pause to
review some important qualitative properties of r(m,a).

For values of m that obey (2.9), 4 is an increasing function of m at fixed a. This
plot looks as follows. The minimum allowed value of m (at fixed a) is given by (2.8). At
this minimum value, r4 takes the value (2.7). As we further increase m, ry increases,
asymptoting to r = (2m)% at large m.

We can also plot r4 as a function of a at fixed m; we find that r; is a decreasing
function of a, reaching the smallest allowed value at a = 1 (at this value r is such that
it obeys the equation (1 + 1“3)2 = 2mr, ). Note, in particular, that r does not increase
without bound in the large mass limit a — 1.

2.4 Thermodynamical charges as functions of m and a

The energy E, angular momentum J and the entropy S are given by [23]

1 m 1 ma 7(r2 + a?)
EF=———=3, J==—=, S=—~+_ 7 2.10
G (1—a?)? G(1—a?)? G(1—a?) (2.10)
The inverse temperature 5 and angular velocity w are given by

ry (140 + 32 —a213?) ri+a?
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where w is the angular velocity of the event horizon with respect to the non-rotating observer
at infinity. (See section 2.9 for the definition of this observer.)

Note that the extremality condition (2.6) is simply the condition that 7"= 0 (i.e. that
3 diverges). Notice E and J both diverge in the limit @ — 1,2! and so a — 1 (at fixed m)
is the large mass and large angular momentum limit.

It is convenient to define the scaled energy, angular momentum and entropy, €, j and s
by the expressions

GS
e=GE, j=GJ, §=—". (2.12)
T
The expressions for the scaled charges are given by
2 2
m . ma Ty +a
_ - . = 2.13
Ta-a2 T a-2 T i-a (213)

2.5 Thermodynamical charges at extremality

The thermodynamical charges for extremal black holes can be obtained by plugging (2.8)
into (2.13). The resultant expressions are messy in general, but simplify when a is small
and when a — 1.

2.5.1 Small a
At leading order the small a expansion (2.7) simplifies to
(TJr)ext =a. (214)

(2.8) reduces to
m? = a? .2 (2.15)

The thermodynamical charges of this small extremal black hole are given by

g== (2.16)

9 _i 2m
a

Note, in particular, that
j=é (2.17)

252 a—>1

As we have mentioned above, E and J become large when a is taken to unity (at a value
of m that is large enough to obey the extremal bound, but is otherwise arbitrary). Let
a =1 — « and then take the limit o« — 0. To first order we find

e
(r e =5 (218)
(2.8) reduces to
64 64a

2INote that the inequality (2.9) makes it impossible to take m — 0 while simultaneously scaling a — 1.
#2Comparing with (2.22) and (2.24) we see that these black holes are superradiant unstable.
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(2.13) becomes

€= ———, = , “=1l—-a so e—j= , W= =
3v/3a2 J 3v/3a2 € J 3v/3a 2

(2.20)

Note that the deviation from extremality, € — j, scales like v/ in this limit. So while
the deviation grows in absolute terms, it decreases as a fraction of j.

2.6 a and m as functions of E and J

We can invert the expressions for £ and J to express m,a as functions of E,.JJ. We find

J J2\°
a= 4, szE(l—E2> . (2.21)

(2.21) gives us a new perspective on the bound |a| < 1; this is simply a restatement of the
unitarity bound |E| > [J]|.

2.7 The superradiant instability curve in the m, a plane

As we have reviewed in the introduction, the black hole suffers from superradiant instabilities
when w > 1. Using (2.11), this condition can be rewritten as

i <a (2.22)
When w = 1, 72 = @, and it follows from (2.5) that
o2m = a(1+a)’. (2.23)

Using the fact that m is an increasing function of ri at fixed a, it follows that the instability
condition can equivalently be written as

o2m < a(1+a). (2.24)
In the limit a — 1, a = 1 — o with « small, (2.24) reduces to
m < 2—3a. (2.25)

Note that the condition (2.25) is met by extremal black holes.

Plotting the values of m, (2.24) and (2.8) simultaneously as a function of a, one obtains
the curve plotted in figure 3

Notice that extremal black holes lie under the Super-radiant instability curve, hence
are always unstable as we saw above.

ZSince a < 1, it follows that on this curve r, < 1. In the limit that where a — 1, black holes become big,
in other words, r4+ — 1.
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Figure 3. Plots of m vs a for the extremal black hole (in blue) and the black hole at w =1 (in red).
Black holes in the shaded blue region are unstable. Black holes in the shaded pink region are stable.
Black holes do not exist below the blue curve or at values of a > 1.

2.8 Thermodynamical charges as a function of a on the super-radiant
instability curve

As we have reviewed above, w = 1 along the curve (2.23). Along this curve, the scaled
thermodynamical charges of the black hole are given by

NI

Va , a a
_ - = 2.26
‘“Toi—a2 TT21—a2 T1-a (2:26)
The inverse temperature and angular velocity of these black holes are given by
4
p= Ve w=1 (2.27)

14+a’

As a varies from 0 to 1, 8 varies from 0 to 2. It follows that the temperature of w =1

black holes is always greater than or equal to 217r. In other words, the w = 1 black holes
never come close enough to their extremal counterparts to go to zero temperature.
The energy versus angular momentum curve is easily obtained at small and large values

of a. At leading order in the small a expansion, one obtains

=

=27 (2.28)
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In the limit ¢ — 1, on the other hand, we set a = 1 — « and obtain

-5 _1-% j

2 .
— —j =1/ 2.2
22 " 7 22 0 ¢ 2 (2.29)

€ =

The free energy on the w = 1 line takes the following form:

G=FE-TS5 —-wJ

1 .
=gle—g—7T) (2.30)
_Va
4G
Note that the (Grand) Free energy of these black holes is positive for all values of a. It

follows that these solutions are always subdominant compared to the thermal gas.?*

It is easy to check that, on the w = 1, the energy of Kerr-AdS black holes is given in
terms of their temperature by

VAT2T?2 — 1 — 24T

GE = 5 (2.31)
2 (47T (VARTT? =1 - 27T ) + 2)
As T'— oo (when the w = 1 black hole is small)
1
~ 2.32
8rGT ( )
the same expression as that for Schwarzschild black holes in flat space.
In the other limit, when T = %, the energy diverges as
1
E= (2.33)

" 320G (T - 1)

We can now compute the derivative of E with respect to T' (holding w fixed at unity)
to obtain a specific heat. We get:

7r\/47rT (27TT - m) -1 (87r2 (\/m 4 27rT) T2 + m)

4(1 — 47272)?

C=-

(2.34)
Note that the specific heat defined in (2.34) is everywhere negative. In the limit 7" — %,

the specific heat diverges as
1

Cr~r— 5
3267 (T — )

(2.35)

On the other hand, when T is very large, the specific heat is very small (but still negative)

1

24As we will see later in this paper, in units of 1/G, the thermal gas has zero grand free energy as w — 1,

even though it’s energy and angular momentum are order 1/G, as the energy in this gas-phase equals the
angular momentum to leading order, see (3.11) and (3.8).
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The fact that their specific heat is always negative, suggests that Kerr-AdS black holes
at w = 1 are locally unstable saddles of the canonical ensemble. This fact is also suggested
by the fact that w = 1 black holes with a given temperature are unique, and have grand
free energy larger than that of the corresponding thermal AdS solution, and so should
presumably be thought of as local maxima that flow directly into a local minimum in a
Landau Ginzburg-type diagram of the sort constructed in [24-29].

2.9 Large r behaviour of the solution in a non rotating frame

The metric of pure AdS space takes the form

dsias = — (1+9?) dT? + di: +y? (dO? + sin? ©d0?) %5 (2.37)
1+y
which transforms to (2.2) with m = 0 using the coordinate transform
T=t
b=¢+at
ycos© = rcost (2.38)
9 r2Ag + a?sin? 0

1—a?

In these coordinates, the black hole metric has the following form at large vy,

2m (dT — a sin? © d@)2 1
2 5.2
ds® = dSAdS + y Ag/2 + O <y2) . (239)
At large y, the metric takes the following form:
ds® = e dh™dh" (2.40)
s = y2 + Y 9mn .

where h"" are the boundary coordinates (7', ©, ®). Note that the first correction to gmn
relative to pure AdSy metric is of the order y%, and so is a normalizable deformation of the
metric. The coefficient of this deformation encodes the stress tensor.

2.10 Boundary stress tensor

As shown in appendix C of [30], the components of boundary stress tensor dual to the
general Kerr-AdS black hole are given by:
m (a®sin? 0 + 2)

8rGT =

(1 — a2sin? 9)5/2
SrCTe — M (csc? 6 + 2a?)

T a2 an2p)9/2

(1 — a?sin? ) (2.41)
8TGTH = sma

(1 — a?sin? 0)5/2
87rGT? — m

(1 — a?sin? 0)3/2 .

Z5Note, in section 2.8 we used T for temperature but here in section 2.9 we use the same notation T but
for Lorentzian time.
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Figure 4. Plots of the normalized boundary differential energy density, p(), as a function of 8 for
three different values of a.

The stress tensor of w = 1 black holes may then be obtained as a function of a by plugging
inm = M (see (2.24)). If desired, the stress tensor may then be obtained as a function
of j or € by using (2.26) to solve for a in terms of j or e.

For generic values of a the stress tensor above is smoothly distributed all over the sphere.
As a — 1 (i.e. in the large black hole limit), on the other hand, the stress tensor becomes
increasingly peaked about the equator of the sphere. For instance, the total boundary
energy is given by

” in 60 (a?sin® 0 + 2) Vva
E= [ &or? = ﬂ/ o - =F 9.42
/d 0 4G 0 de (1 2 SiH2 9)5/2 2G(1 — CL)2 (a) ( )

as expected from the first of (2.26). The point of interest here is the shape of the energy

density function. Let us define p(f) to be the differential energy density, %, normalized
so that

/ dbp(6) = 1.

Clearly

o) = (T |
E(a) 4G (1 — a?sin? 9)5/2 4 (1 — a?sin? 0)5/2

Note that m drops out of the expression for p(6). In figure 4 we have plotted p(6) versus 0
at three different values of a. As we see from the figure, at a = 0.7, p(#) is smoothly spread
all over the sphere, even though its maximum value occurs at § = 7. At a = 0.9, p(0) is
more distinctly peaked at 6 = 7, and this peak is even more prominent at a = 0.99.

In the limit @ — 1, p(@) tends to delta function localized about § = 7. Setting a = 1—¢,
and ¢ = § — 06, and expanding for small € and small 40, one obtains

3e?
P = e oy

It is easily directly verified that the integral of p.(6) over the real line, is unity. In the limit

(2.44)

s

€ — 0 pc(0) vanishes away from 7 so it follows that

lim p-(6) = 5(56).
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Continuing to work in the small € limit and the neighborhood of the equator, and
retaining only terms at leading order, the various components of the boundary stress tensor
simplify to

3m 1 s
T =79 =T" = ~ 5(9—)
87G(2e + (66)2)5/2  4AnGe? 2 (2.45)
7% =0.
Moving to the left and right moving coordinates ¢t = ¢t + ¢ and 0~ = t — ¢, we see
that (2.45) can be rewritten as
TH =T~ 5(0—”)
C T 7 nGe? 2 (2.46)

T =7t =7"1t=7%=0.

Let us summarize. At generic values of a, the boundary stress tensor to the rotating
black hole is spread all over the sphere. In the large mass limit, a — 1, on the other hand,
the stress tensor becomes highly peaked on the equator, and reduces, in fact, to the stress
tensor of a two-dimensional left moving chiral gas localized at the equator.

2.11 Comparison with the stress tensor of a free field theory in the limit w — 1

In the previous section, we have studied the boundary stress tensor dual to Kerr-AdS black
holes. Recall that this stress tensor is generically smoothly distributed on the S2, but
gets increasingly peaked around the equator in the limit that the energy and the angular
momentum of the black hole go to infinity, with their ratio tending to unity.

In order to have a point of comparison for this result, in appendix F, we have presented
the computation of the stress tensor of a CFT composed of N? free bosonic fields on S?, at
inverse temperature § and angular velocity (chemical potential dual to angular momentum)
w. We have performed this computation using two different methods: first by taking the
coincident limit of an (easily evaluated) Euclidean thermal two-point function of the free
scalars, and second by explicitly constructing the thermal density matrix and evaluating
the expectation value of the bulk stress tensor in this field theory state.?6 Unsurprisingly,
the result for the field theory boundary stress tensor, in this case, is qualitatively similar to
that of the black hole.?” The stress tensor is smooth on the sphere when E/N? and L/N?
are of unit order, but becomes increasingly localized near the equator of the S? when E/N?
and L/N? become large.

26 Apart from providing the point of comparison described above, these two computations also turn out to
be a useful warm-up for a similar computation we perform in the bulk of AdS4 in section 4 below.

2TWhile the spatial distribution of the energy density in the boundary stress tensor dual to classical
Kerr-AdS black holes is qualitatively similar to the distribution of energy density in free theories with similar
energies and angular momenta, the entropy as a function of energy and angular momenta differ qualitatively
in these two cases. As a consequence, the angular velocity (as a function of energy and angular momentum)
is such that the classical black hole stress tensor reaches w = 1 at finite energy and angular momentum (see
figure 1) while the free CFT only attains w = 1 at asymptotically large values of the energy and angular
momentum. One of the main points of this paper is that this difference is less stark when considering
quantum corrections around the black hole background, which diverge in the limit w — 1.
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We have spent so much discussing the distribution of the energy density on S?, both
for black holes and free boundary theories, because this distribution will turn out to be
qualitatively different in the boundary stress tensor dual to the new Grey Galaxy saddles
we study in this paper. We turn to a study of these new solutions in the next section.

3 Thermodynamics

In the previous section, we have presented a detailed review of the thermodynamics of the
classical black hole. In this section, we first work out the thermodynamics of the gas in
the canonical ensemble (see subsection 3.1 below). In subsection 3.2 we then work out the
thermodynamics of Grey Galaxy solutions (and briefly compare the same to Revolving
Black Hole solutions) in the microcanonical ensemble. Finally, in subsection 3.3, we also
work out the thermodynamics of Grey Galaxy solutions in the ‘canonical ensemble’.

3.1 Thermodynamics of the gas in the canonical ensemble

The space of finite energy solutions of any bulk field in AdS, transforms in an irreducible
representation of SO(3,2). Consider a spin s field whose mass is such that its solutions
correspond to the representation (A, s) (where we label representations by the dimension
and spin of the primary). Via the state operator map, the (single particle) state space of
this representation is in one-to-one correspondence with the set of operators we can make
by acting on the spin s primary with derivatives.

3.1.1 State content of long representations

Let us first assume that A > s+ 1, so that the representation is generic (long) (see
e.g. [31]). In this case, there are no null states (or conservation equations) so the derivatives
act on the primary in an unconstrained manner. Consider acting on the primary with
CHr-Higy, ... 0,,, where CH1#i is any traceless symmetric tensor. Note that the linear
space of j index traceless symmetric tensors transform in the spin j representation of SO(3).
As a consequence, the action of these derivatives yields the representations with scaling
dimension A + j, and angular momenta [ that lie in the Clebsh Gordon decomposition of
the tensor product of j and s irreps, i.e. angular momenta

(|]_S|)|.]_5’+17.]+5)

In other words, this set of operators carries angular momenta [ with [ given by

s

Y (ta). (3.1)

a=|j—s|—j

This decomposition holds for all values of j. In addition, we can dress each of the operators
listed above with (V2)™. It follows that the full operator content of this representation is
given by

ii Z (A+j+2n,j+a) (3.2)

n=0j=0 a=|j—s|~j
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where we have denoted SO(3) representations with spin [ and scaling dimension A as (,1).
We denote the J, quantum number by [ — a, where a runs from 0 to 2a.

In the specially simple case of a scalar of dimension A, the operators in the representation
take the form

(Ve ... 8,0

for all n and . These multiplets carry dimension = A + 2n + [ and angular momentum [
and so constitute the sum of representations

(A +1+2n,1) (3.3)

which is a special case of (3.2) with s = 0.

3.1.2 Partition function over Fock Space

It follows from (3.2) that the multi-particle partition function over the single-particle Hilbert
space (3.2) is given by

0o oo l—|l—s| 21

InZ — ZZ Z Z_ln( —B(A+2n—a+wa)— Bl(lfw)) _ (3.4)

n=0[=0 a=—s a=0

In the limit w — 1, the sum over [ in (3.4) is effectively cut off at the parametrically large

value [ = A As the typical value of [ that occurs in the summation is of order

1
1 —w) " Bl—w)’
at leading order in 1 — w we can replace the summation with an integral®® and obtain

T Z ZZ/ dzIn l—e AlA~otanta)- l“) (3.5)

a=—sn=0a=0

In the special case of a scalar of dimension A, the Fock Space partition function is
given by

InZ = i Z —In ( —B(A+2n+wa)— (1—w)l>

n,l=0a=0
~ - Z / dxln —B(A+2nta)— x) (3.6)
1 _w n,a=0
__ Ca(B)
B —w)’
where we have defined
/dxln —B(A+2n+a)— m) (3.7)
n,a=0

Z8More precisely, the contribution to the sum of terms from { = 0 to M, where M is any finite number, is
subleading in the limit w — 1.
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(3.5) can be rewritten in terms of Ca as

1 S
InZ ~ () <a; CA_(X(B)> (3.8)

In the limit w — 1, in other words, the contribution of a single long spin s representation to
the partition function is the same as the contribution of 2s + 1 scalars, whose dimensions
are A —s,A—s+1...A+s.

3.1.3 Contribution of short representations

A short spin s representation has A = s+ 1. The state content of this representation is that
of the long representation (s + 1, s) minus the state content of the null state representation,
i.e. the long representation with quantum numbers (s+2,s—1). Using (3.8) and taking the
difference, we see that the partition function of the short spin s representation is given by

1
nzZ=—-———— .
nZ =g (G + Cald) (39)
The fact that we receive contributions from only two series of modes (independent of
s) reflects the fact that particles of all spin have only two polarizations in the four-

dimensional bulk.

3.1.4 The full partition function of the gas

In the limit, w — 1, the logarithm of the full partition function of the determinant (the gas)
equals the sum of contributions from each bulk field, i.e. the sum of contributions of the
form (3.8) and (3.9). It follows that the full partition function is given by

c(b)
Al —w)

where C(3) is a summation over C' factors for each bulk field. Recall long spin s field of

InZ=— (3.10)

dimension A contributes a C factor equal to (3-5__, Ca_o(3)), while each short spin s
field contributes a factor of Cy(8) + Ca(3).
The thermodynamical charges that follow from (3.10) are

o)
(R

et
P mma—wr T ha-w (311
o OB 200

(1-w) Bl-w)

Note that C(8) < 0 and C’(8) > 0, so the entropy is a positive number, and the energy is
always larger than the angular momentum. At the leading order, we can drop the second
term in the r.h.s. of the expression for energy in (3.11), so E' = J. Note also that the entropy
is proportional to ﬁ and so is of order % when the energy and angular momentum are
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of order é It follows that the entropy of the gas is parametrically smaller than that of the
black hole, and so can be ignored for thermodynamical purposes.

The formulae of this section compute the thermodynamics (in the microcanonical
ensemble) of the thermal gas phase in AdSy in the limit w — 1.2 As explained in the
introduction, however, they also determine the thermodynamics of the gas component
of Grey Galaxy solutions. Indeed, for thermodynamical purposes, Grey Galaxies can be
thought of as a non-interacting mix of the Kerr-Ads black hole and the thermal AdS phases.

3.2 Microcanonical ensemble

As we have explained in the introduction, our new solution describes a weakly interacting mix
of the black hole and the gas. In this subsection, we analyze this mix in the microcanonical
ensemble. In this ensemble, the energy and angular momentum of the full system is fixed.
However, the system is free to exchange energy and angular momentum between the gas
and the black hole. Recall that (always working at leading order in 1/G) the entropy of the
gas is negligible compared to the entropy of a black hole with similar energy and angular
momentum as that of the gas.
Within the microcanonical ensemble, we maximize the entropy of our system. The
thermodynamical relation
TAS = AFE —wAJ (3.12)

helps us understand the nature of this maximum. Let us first imagine that all of the
system’s energy and angular momentum is in the black hole, and none of it is in the gas.
Now let this black hole emit some energy and angular momentum to the gas. Let the change
in the black hole energy and angular momentum, respectively, be denoted by AFE and AJ.
Note that AE and AJ are both negative. (|[AE| and |AJ| > 0 are the energy and angular
momentum gained by the gas). Applying the unitarity bound to the gas, we conclude that

|AE| > |AJ]. (3.13)
If the core black hole has w < 1, then (3.12) implies
TAS < AJ(1—w) <0. (3.14)

(the first inequality uses (3.13) and the last inequality follows because AJ is negative; recall
that the entropy of the gas is negligible compared to that of the black hole). So the emission
of energy and angular momentum (to the gas) from an w < 1 black hole can only decrease
its entropy. In this situation, the black hole we started with is the maximum entropy
configuration, and so is the dominant saddle point. This saddle point lies above the red
curve in figure 1.

Let us now suppose the charges are such that the starting black hole (which contains all
of the angular momentum and energy of our system) has w > 1. It is now possible for the
black hole to increase its entropy by losing energy and charge. From (3.14) and (3.13), it is

2When the energy and angular momentum are of order é (and so of leading order) in this phase, the
grand free energy and entropy are both of order % (and so are subleading).
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clear that the entropy gain for the black hole is largest when it loses energy and angular
momentum to modes of gas with |[AE| = |AJ|. It is precisely modes of this nature that
make up the gas studied in the previous subsection. In this situation

TAS = AJ(1 —w) > 0. (3.15)

(where we have used w > 1 and the fact that AJ is negative). So the black hole increases
its entropy by emitting modes with |[AFE| = |AJ| to the gas.

Since the black hole under study has w > 1, it lies in the region depicted in blue in
figure 1. As the black hole emits the gas, the charges carried by the black hole itself move
along the 45-degree line toward the bottom left. The black hole continues to emit gas as
long as this increases its entropy, and so its charges keep moving to the bottom left till we
reach the w = 1 curve. Once we reach this curve, any further emission results in a black
hole with w < 1, and emission into the gas reduces (rather than increases) the entropy of
the black hole. It follows that the endpoint of the superradiant emission should involve a
black hole whose charge, Egy and Jpp, are such that w =1 (i.e. are at the intersection of
the 45-degree line and the red curve).

Hence in equilibrium, we have a non-interacting mix of a black hole with entropy
corresponding to the entropy of a black hole with charges Epy and Jpy. The entropy of
these black holes on w = 1 line is listed in section 2.8.3°

From the viewpoint of the microcanonical ensemble, it is the entropy in the gas (see
the last line of (3.11)) that explains why the Grey Galaxy solutions dominate over the
Revolving Black Holes (RBH)s (see appendices B and C). The comparison goes as follows.
Consider the Grey Galaxy and RBH solutions at the same value of ¥ and J. The entropy
of the Grey Galaxy solution is that of its central black hole plus that of its gas, while the
entropy of the RBH solution is just that of the black hole (the condensate of derivatives in
the RBH solution carries no entropy). The two black holes are not identical. The central
black hole of the Grey Galaxy solution lies along the dotted line, to the left of the red curve
in figure 2 by an amount §j = O (\/@) The RBH solution, on the other hand, also lies
along the same dotted line, to the left of the red curve by an amount §j = O (G). Now
recall that w equals unity on the solid red curve. It follows that the derivative of the entropy
(for motion along the dotted line) vanishes on the solid red curve (see (3.12)). Consequently,
the entropy of the black hole at the centre of the Grey Galaxy/RBH is smaller than the
entropy of the black hole at the intersection of the solid red curve and dotted lines by order

30Let us say this in equations. Using the fact that the energy and the angular momentum of the gas are
equal to each other, the full entropy of our system equals

S(E,J) = Sgu(E —2,J —x) (3.16)

where x is the energy and angular momentum of the gas, and E — xz and J — x, respectively, are the energy
and angular momentum of the black hole. z in (3.16) must be chosen to ensure that

0z (Su(E —z,J —x)) = —-0S(E —x,J —2)—0;S(E—z,J—x)=0 (3.17)

(3.12) allows us to recast (3.17) as —3 (1 —w) = 0. (3.17) is satisfied — hence our entropy has an extremum
— when w = 1.
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é x (65)2.3! This quantity is of order unity for Grey Galaxies but of order G for RBHs. In
other words, the entropy of the black hole in the RBH solution is larger than the entropy of
the black hole in the centre of the Grey Galaxy by a number of order unity. On the other
hand, the entropy of the gas in the Grey Galaxy solution is of order %, and so overwhelms
the relatively small difference in black hole entropies, explaining the entropic dominance of
Grey Galaxies over RBH solutions.

3.3 Thermodynamics of Grey Galaxies and Revolving Black Holes in the
‘canonical ensemble’

Our interest, in this paper, is in solutions at fixed conserved energy and angular momentum,
i.e. solutions in the micro-canonical ensemble.3? It is often useful, however, as a technical
device to first work in the canonical ensemble, and then reconstruct the entropy as a
function of angular momenta by performing the relevant inverse Laplace transforms. In this
subsection, we will employ this strategy to study Grey Galaxy solutions. As we will see
below, the use of this strategy is complicated by the fact that Grey Galaxies correspond to
unstable saddles in the canonical ensemble. In this subsection, we first propose a strategy
to deal with this complication, and then proceed with the analysis proper.

While the discussion below will deepen our intuitive appreciation for Grey Galaxy
saddles, it is not needed for the logical development of this paper. The conservative reader
who finds herself uncomfortable with adventurous manipulations involving unstable saddle
points can safely skip this subsection.

3.3.1 Black Hole Saddles and determinants

Consider the canonical partition function
Z = Tre PHHAwI: (3.18)

In the bulk description, the partition function (3.18) is computed by evaluating the (appro-
priately twisted) Euclidean gravitational path integral in the saddle point approximation.
The relevant saddle points are

o Thermal AdS with temperature 1/, and twisted boundary conditions determined
by w.

e The Euclidean continuation of Kerr-AdS black holes that have temperature g and
horizon angular velocity w.

e The black resonators with temperature 8 and angular velocity w.

31We have expanded to second order in the Taylor expansion and used the fact that the entropy function
is 1/G times a function of € and j.

32While the Grey Galaxy solutions we construct in this paper will (we conjecture) dominate the micro-
canonical ensemble of the theory over a range of angular momenta and energies, they will never dominate
the canonical ensemble.
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The contribution of each of these saddle points equals e~ (where S is the Euclidean action
of the saddle point), multiplied by a one-loop determinant and other subleading quantum
corrections.

In general, the saddle points that contribute to (3.18) include both those that are locally
stable and those that are locally unstable. An example of a locally unstable saddle [32]33
is the small Schwarzschild Black hole in AdSy and AdSs [28, 29]. As we are interested in
the canonical ensemble to eventually perform the inverse Laplace transform back to the
microcanonical ensemble, it is clear that our analysis should include unstable saddles such
as those described above, as the small Schwarschild black hole dominates the microcanonical
ensemble in the appropriate energy range. The practical question we are faced with is the
following: how do we meaningfully compute quantum corrections around an unstable saddle
point??* This question, which is of relevance to us (as w = 1 Kerr-AdS black holes all have
negative specific heat) has generated some recent discussion (see e.g. [33]). We proceed
as follows.

As large black holes have positive specific heat, their determinants are well-defined.
In a paper written some time ago, Denef, Hartnoll, and Sachdev (DHS) [34, 35] derived a
beautiful formula for the Fuclidean determinant around any such black hole in asymptotically
AdS space. The DHS formula for the black hole determinant is presented as an infinite
product over a set of factors. Each factor in this product is associated with a quasinormal
mode in the black hole background and is determined by the corresponding quasi-normal
mode frequency. The final one-loop contribution to the microcanonical ensemble, for such
black holes, is thus given by the inverse Laplace Transform of the product of the saddle
point partition function and the DHS formula for the determinant.

In the micro-canonical ensemble, we expect the (loop-corrected) entropy of black holes
to be an analytic function of their mass and angular momentum.? It follows that the
one-loop contribution to the micro-canonical entropy at small masses can be obtained from
the analytic continuation of the large mass result. The DHS formula gives us an easy way
to perform the required analytic continuation. It seems reasonable to expect that black hole
quasinormal modes frequencies (which, after all, are micro-canonical data) are themselves
analytic functions of the black hole mass and angular momentum. It follows that the
analytic continuation of the one-loop contribution to the entropy can be obtained by simply
applying the DHS formula even for black holes of small mass, and then proceeding to take
the inverse Laplace transform. As the resultant expression is presumably analytic in the
mass and angular momentum and gives the correct answer at large masses, it should yield
the correct one-loop contribution to the microcanonical entropy at every value of the black

hole mass and angular momentum.3°

33The instability of this saddle can be intuitively understood from the viewpoint of the boundary theory
as the small black hole is expected to correspond to a maximum rather than a minimum in the ‘Landau
Ginzburg effective action for holonomies [24-27].

34We thank J. Santos and T. Ishii for highlighting this question.

35Recall that specific heat does not determine the stability of small black holes in a micro-canonical
ensemble, and so we expect the entropy to be everywhere analytic.

3We thank J. Santos and T. Ishii for extremely useful probing questions on this point. We also thank
F. Denef and S. Hartnoll for discussions on this point.
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The net upshot of this discussion is simple. The DHS formula effectively provides
a definition of the determinant about negative specific heat black holes, one that seems
guaranteed to correctly reproduce micro-canonical physics.?”

Armed with this prescription, we return to the sum over saddles. At large N (i.e. small
G), and at generic values of w and f, the order unity determinant is negligible compared
to the classical contribution and can be ignored. We will now explain that the neglect
of quantum corrections fails as w — 1, as the formally subleading determinant actually
diverges in this limit.

As we have explained above, the logarithm of the determinant around a Euclidean
Kerr-AdS black hole is a sum of an infinite number of terms, one associated with each of
the black hole quasi-normal modes. There are two ways in which this determinant might
diverge in the limit w — 1. First, the contribution of one or more of the quasi-normal
modes may individually diverge in this limit. Second, the sum over the contributions of an
infinite family of modes may diverge, even though the contribution of any member of this
family stays finite. We examine each of these possibilities in turn.

3.3.2 Divergent contributions from ‘centre of mass’ motion

The unitarity bound assures us that it is impossible for the contribution of any single mode
to diverge about the thermal AdS saddle. Consider a fluctuation mode of frequency f and
angular momentum j. The Boltzmann suppression factor for this mode is e #(/=w7) At
w = 1 this factor simplifies to e #(/=9)_ It follows that the contribution of this fluctuation
to the determinant diverges if — and only if — j > f, a condition that is inconsistent with
the unitarity inequality that all fluctuation modes around AdS are constrained to satisfy,
namely f > j+ % Consequently, the contribution of any single mode to the determinant
around the thermal AdS saddle is always finite at w = 1.

The result of the previous paragraph, however, does not apply to the black hole saddle.
There exists at least one (and we conjecture exactly one) mode around the black hole
background, whose contribution to the determinant diverges in the limit w — 1. The mode
in question arises from the quantization of the ‘centre of mass’ motion of the black hole,
and accounts for the contribution of a series of descendants (of the primaries that make
up the black hole). Accounting for this divergence gives rise to the Revolving Black Hole
solutions we have already introduced above. We demonstrate in appendix C.1, that the
singular part of the contribution of these modes to In Z is given by

—In(1—e P09 &~ —1n (B(1 — w)) (3.19)

The relatively mild singularity in (3.19) is subleading compared to the divergence of the gas
(see (3.10)), and so will play no role in the new ‘Grey Galaxy’ solutions that we construct
later in this paper. The subleading nature of this divergence is the canonical ensemble’s

3"While the arguments presented above seem relatively convincing to us, they do not constitute a proof.
We need, for instance, to show the absence of obstructions to analytic continuation. If the continuation
involves branch ambiguities, we would also need to specify a choice of branch. It would certainly be useful to
justify our prescription more carefully. In this paper we proceed assuming the correctness of our prescription,
leaving more careful justification to further work.
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version of the micro-canonical observation that revolving black hole saddles are entropically
subleading compared to Grey Galaxy saddles.®® However, the divergence discussed in this
subsection permits the construction of a new subleading ‘revolving black hole’ solution, that
we study in appendix C.

As we discuss in section 7, new solutions appear to have interesting implications for
the spectrum of supersymmetric black holes.

3.3.3 Divergent contributions from families of modes

We now turn to a discussion of the second kind of divergence, namely the divergence arising
from an infinite family of modes, each of whose contribution remains finite as w — 1. In
subsection 3.1 we have already studied this question around the thermal AdS saddle. As
argued in that section, the summation over modes with large values of [ (see (3.4)) gives
rise to the divergent contribution (3.10) to the partition function. We emphasize that the
divergence in (3.10) has its origin in modes with large values of [. As is intuitively clear from
considerations of the centrifugal force (and as we have already explained in the introduction
and explain in much more detail in appendix E), these modes live at large values of 7, so
their divergent contribution to the determinant around the Kerr-AdS saddle is identical
to (3.4), the divergent contribution around the pure AdS saddle.?’

It follows from (3.11) that the gas contribution to the angular momentum and energy
is given by

Ca(B)

A1 - w)?
Note the perfect agreement with the formula (1.6) from the introduction. As we have already
noted under (1.6), when 1 — w VG, AE ~ é is comparable to the classical or saddle
point value of the black hole energy.?® At these values of w, however, the contributions of
the determinant to the entropy and In Z are both of order % (see (3.11) and (3.10)) and

so are parametrically subleading compared to the classical black hole contributions, which

are of order é

AE ~ AL ~ — >0. (3.20)

Let us summarize the situation from the viewpoint of the canonical ensemble. Classical
black holes that lie above the red curve in figure 1 are legitimate saddle points. Classical
black holes that lie below the red curve in figure 1 receive infinite one-loop contributions,
and so do not exist, but are replaced by a new two-parameter family of saddle points. All

3%We emphasize that the two different divergences we have described above are physically rather different.
(3.19) is associated with the infinite occupation of a single mode and is reminiscent of Bose condensation.
(3.10), on the other hand, is a consequence of the finite, but equal, occupation of an infinite number of
modes, and is conceptually similar to a high-temperature divergence.

39More formally, as we have explained above, the black hole determinant is a product over terms, one
associated with each quasi-normal mode. In the limit | — oo, quasi-normal mode frequencies of the
counterparts of those in (3.1) become A + j + 2n + O(e~%), where b is a positive constant whose value
depends on the size of the black hole in the centre (the parameter a in subsection 2.8). The small correction
to the normal mode frequency includes both real and imaginary pieces. As the quasinormal mode frequencies
tend to the normal mode frequencies, their contribution to the DHS determinant ([34, 35]) reduces to their
contribution to the global AdS determinant.

40At the same values of w, the divergent contribution of zero modes to the energy from (3.19) scales like
1

el and so is subleading compared to the classical result.

~ 99 —



of the new saddles have values of w just less than unity, i.e. lie just above the red curve
in figure 1. More precisely 1 —w = v/Ga where G is the (parametrically small) Newton
constant and « is an arbitrary number. Our new saddles are parameterized by o and where
on the red curve in figure 1 they lie (equivalently by « their temperature ). Two saddle
points with the same temperature but different values of a represent the same classical
black hole dressed with different one-loop gas contributions.*! Two such saddle points have
the same leading order entropy, and the same value of £ — J, but differ in their energies
(and angular momenta).

4 The stress tensor of the bulk gas

In this section, we compute the bulk stress tensor for a minimally coupled scalar propagating
in AdSy space in the ‘thermal gas’ phase at inverse temperature 5 and angular velocity w.
We parameterize AdSy space as
X_1 =coshpcost

Xo = cosh psint

X1 = sinh psin 6 cos ¢ (4.1)

X9 = sinh psin # sin ¢

X3 =sinh pcosf.

Through this paper, we will trade the coordinate p for the coordinate r defined by

sinhp =r. (4.2)
Note that cosh? p = 14 72 and tanh? p = 1127,2. The metric in these coordinates is given by
ds® = — cosh? pdt* 4 dp® + sinh? pd3
= —(14rHdt* + dr® + r2dQ3 (4.3)
1472 2

dQ3 = do* + sin’ fd¢* .

The energy is the charge generated by the Killing vector d¢, while J, is the charge
generated by rotations on the Xi-X5 plane, i.e. by the Killing vector .

In this section, we study a free real minimally coupled scalar field of mass M (chosen
so that A(A — 3) = M?) propagating in the bulk AdS;. Our bulk system is taken to
be at inverse temperature § and angular velocity w. Thermal excitations of the scalar
produce a net effective bulk stress tensor. In this section, we evaluate the expectation value
(ensemble average) of this bulk stress tensor using two different methods: first by using the
Hamiltonian method, and second by using the Euclidean method. The advantage of the
first method is that it is physically very transparent. The advantage of the second method
is that it is algebraically convenient. As we will see below, our two methods yield identical
answers.

41 As we will see below, these distinct one-loop contributions modify the metric, but in a simple and
controllable way, and far away from the black hole.
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4.1 Hamiltonian method
4.1.1 Mode wavefunctions

The real massive scalar field described above can be expanded as a linear combination of
solutions to the Klein-Gordon equation as:

1 . 4
¢(T7 ta 67 (;5) = Z \/ﬁl (eiz(AJanJrl)t}/lanl (T)anlm + 6Z(A+2n+l)t}/l*’rn :;,l (T)a;;,l,m>
n,l,m n
1, (4.4)
= Z wnlm(xu)an,l,m + w:lm(xu)az,l,m

n,l,m

where we have defined
E,=A+2n+1. (4.5)

Our spherical harmonics are normalized in the usual manner, i.e. so that they obey

/fQHM&@WM&@:&MMW (4.6)

We demand that the coefficient wave functions ,,,, are orthogonal in the Klein-Gordon

norm, i.e. that
2Bt [ VG0 Wt (1) = S @)
Using (4.6), (4.7) reduces to the requirement

[ V=39V Fus ) Fi () = b (4.8)

By performing a canonical quantization of this scalar field, we demonstrate in appendix H

*
n,l,m

that obey the standard canonical commutation relations

that the classical numbers a,;,, and a are promoted, in the quantum theory, to operators

[anlmy ajz/l/m’] = 5n,n’5l,l’6mm’ . (49)

Even though we will not use this explicit expression in the rest of this section, we note for
completeness that the exact form of the function F,, ;(p) is known [36], which is given by

l 2
T 3 r
Fnl(’l“):NnJﬁ o FY <—n,A—{—l—{—n’l—}— )

(1+72)% 214t
4.10
D(n+1+3)T(A+n+1) (4.10)
Npp=(—1)"/2(A+2n+1) .
n!T'2 (l+%)F(A+n— %)
Note also that, in the large [ limit,

2ZA+2TL—%

Ny~ (—=1)" (4.11)

n!F(n%—A—%).

In this paper, we are most interested in large values of [. Both the spherical harmonics
and the functions F),; simplify in this limit, as we explain in appendix D and appendix E
respectively.
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4.2 Expression for the bulk stress tensor as a sum over modes

The bulk stress tensor for our free scalar field is given by

T = 0,00,6 — 22 ((99)° + M?¢?) . (4.12)

Let us study the scalar field in a thermal ensemble with inverse temperature 5 and angular
velocity w. Because we are dealing with a free system, it follows that the density matrix, p,
for our system is given by

p= H Pnim (4'13)

n,l,m
where pni, is the density matrix associated with the single particle state with the specified
quantum numbers. Explicitly

Pnim = Z e—,Bk((A+2n+l)—wm) “{> <k‘ (4.14)
k

where k is the occupation number of the state with quantum numbers n, [, m, and the states
|k) are of unit norm. The expectation value of the stress tensor only receives contributions
from terms in which the same mode is both created and destroyed and so

<T“”>:TW):ZZ

n,lm nlm

1

Tr (pnlmT,;ﬁm) (4.15)

where Z = Trp is the partition function, Z,;,,, = Trppim = 1,67B(Aj2n+lfwm) is the partition

function over the given state and

nlm _ ynlm T
T},LV - tul/ a’n,l,manrlvm

tzlum = [a,uwn,l,mauw;;,l,m + a,uq/);,hmauwn,l,m - g,uu (gaﬁaawn,l,maﬁwal,m + lewn,l,mp)} .
(4.16)

To evaluate the traces in (4.15), we need to evaluate the sum over k in (4.14). As the
operator in (4.16) is just the number operator, it follows that

nl _ nlm
Tm,m|l<:> =k t;, |k) . (4.17)

Performing the sum over k, it follows that

T (punTi™) " (4.18)
Znim T eB(A+2ntl—wm) _ 1 ’
We conclude that
tnim
<ij> - nzl;n eB(A+2n+l—wm) _ 1~ (419)

(4.19) has a simple physical interpretation. The expectation value of the stress tensor is
simply the sum of the stress tensors of each of the individual modes of the scalar, weighted
by the mode’s bosonic thermal occupation number.
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The change of variables m = [ — a turns (4.19) into

co oo 2 tnlm
_ uv
V> - Z Z Z eﬂ(A+2n+aw+(1—w)l) -1 (420)
n=0 (=0 a=0

In the limit w — 1 of our interest, the summation in (4.20) receives its dominant contributions

from [ of order ,8(11—w)'42’43 On the other hand, the summation receives its dominant

contribution from values of the variables n and a that are of order unity. In the regime of
interest, therefore, the upper limit in the summation over a in (4.20) is unimportant and
can be dropped. (4.20) can thus be written as

ZZ Teff

n=0 a=0 (421)

tnl m

oS
ff —
(Tha )IW - g eB(A+2ntaw+(1-w)l) _ 1"

Let us estimate the stress tensor to the leading order in large [. It can be easily seen,

that the leading order contribution in the stress tensor components will be from derivatives
72l

—2l
r gives rise to term which roughly goes like T% e~ This term is peaked at  ~ /1, hence it

is of the order [71/2. Similarly, the derivative with respect to 0 is of the order v/I. On the
other hand, derivatives with respect to ¢t and ¢ are of the order [, and hence, the one which

contributes the most to the stress tensor.
Therefore, in leading order in [, only T;; where i, j = t, ¢ are significant. These terms
are well approximated by

7fnla _ ;zdl)a — tn a _ 2|'¢)nll a|2l2 — 7fnla, 44 (422)

It follows that, to leading order

(T) = (Tu) = —(Tig) = (Typp) = Z Z e
n=0 a=0 (423)

= 2l2"¢n ! lfa|2
tna — Z 65(
=0

A+2ntaw+(1-w)l) _ 1~

All other components of the stress tensor vanish to the leading order.

12\We are working in the limit when w — 1 at fixed 5. All the approximations in this section needs to be
revisited if the temperature simultaneously scales to zero like a power of (1 — w). In the physical context of
this paper, however, the temperature of the gas equals the temperature of the black hole at its core. As
we have seen in section 2, the temperature of such black holes is bounded from below by ﬁ, and so is
never small.

43As we will see below, tﬁlum is proportional to [?, which means stress tensor from higher ! modes is
dominant, however, they are suppressed by the exponential in the denominator for generic values of w.
However, when w is close to unity, this suppression is suppressed, hence the stress tensor is peaked at values
of | which are as high as (1 —w)™".

“4This term comes entirely from the 0,,¢0,¢ part of the stress tensor. Note that the terms in g"*9,,¢d, ¢
cancel each other at leading order: this is simply because k, k" = 0. Restated, the cancellation happens
because the gas is purely right-moving (chiral).
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4.2.1 Matching the total energy with thermodynamics

Before proceeding to evaluate the stress tensor in more detail, we pause to check that the
integral of our stress tensor correctly captures the correct thermodynamical energy and
angular momentum of our system.

The bulk energy and angular momentum are given in terms of the bulk stress tensor
by the integral expressions

E=-— / Nl J = / V=99"T,s (4.24)

where the integral is taken over a constant time slice. Since the background metric is
diagonal, we find

E=— / V=99 Tpo, J = / V=99"Tos (4.25)

Using the AdS metric (4.3) at large r and plugging in (4.23) we get

E™ =% [ drdQ 20 i—al 4 (4.26)
- [ eB(A+2ntaw+(1-w)l) _ 1" ’

Using (4.7), together with the fact that ¢g°°\/—g = —1 (in the r coordinate system at
large r) we see that

1 1

/\/_79(_900)d7“dﬂW’n,l,l—a|2 ~ E ~ o (4.27)

So the energy in (4.26) evaluates to

l
b= Z eB(A+2ntaw+(1-w)l) _ 1 <428)
nla
i.e. precisely to the thermodynamical energy as expected. Also notice that since Tis = —Tpo,

it can be easily seen from (4.25), that £ = J as we should expect from the chiral nature of
the gas.

45 As an aside we note that it is possible to work a bit more precisely. Instead of taking the large [ limit
from the beginning, we can more accurately work out the stress tensor. Putting in the form of the AdS
metric and working at large r (i.e. using the Poincare path metric), the expression for the energy becomes

E= 2/drdQ (A +2n+1)% + (160)* + M*r?) [ 11-al -

The first term in this expression comes from the term 9ppdp¢p. The second term in this expression comes
from ¢%°9p$0sd. We note that the terms in 9" 0,00, ¢ cancel each other at leading order (this is simply
because k, k" = 0). Also, r derivatives in that expression are completely negligible at large . The term
(1250)? is subleading, because (66)? ~ # and so can be ignored. Also, the term M?r? is also of order [
(because r ~ \ﬂ) This term is also, therefore, subleading in comparison to the first term. We conclude that,

at leading order
nal __ 2(A+2n+l)2‘¢n,l,a|2
E™ = Z/drdﬂ eB(A+2ntawt(-—w)l) — |

nla

Making the approximation (A + 2n + l)2 — 12 gives us the answer in the main text.
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4.2.2 Performing the summations

Reassured by the check of the previous subsubsection, we now proceed with our evaluation
of the detailed local form of the stress tensor.

Using the expressions presented in appendices D and E, we see that the mod squared
wave function to the leading order in [ is:

1 banl2 e’ (90)* (4.29)
r2 27

w)n a‘2

We have used the fact that in v, = \/T n(1)Y14(00), Ey, is approximately I. We have
also used (E.12) to express Fy,; in terms of the radial wave function for the three-dimensional
harmonic oscillator, x;,(r), defined in appendix E, and have used (D.6) to approximate
the spherical harmonics. Finally, we have divided our answer by 27 to account for the
normalization coming from the integral over ¢.16

It follows that

tnla _ 2l2|wnla‘2
l - ) (4.30)
()" [V 0(00)]7 .

Now let us compute the total stress tensor which is the sum of stress tensors in each
mode, weighted by the average occupation of that mode:

tnla
T= Z B(A+2n+aw)+B(1-w)l _ 1

nla

_ Z Z tnlaefqﬁ((A+2n+aw)+(lfw)l) (431)

nla g=1

B Z Z ’Xln ‘ "LﬁHO((sH)yz —aB((A+2n+aw)+(1-w)l)

q= 1nla

The sums over n and a are now easily performed using (D.8) and (E.13). We find

I= ZZQWT,Q e 970 “’)Z!xl Henta-3)(%F) Z\sz (56)2e 1 (=+3)(%)

qll
=YY 2“"”1“)KRHO( qf) o (80,007
= 2

B Z/d 3(2m 81121h qﬁ)3 P [_l <((30:1hn§5_1/8_1) 0+ 7“2(;?11}1555 +apl - w))]

l
X Ia-s/2 <r2 sinh qﬂ) '
(4.32)

46We have been careful to use normalized wave functions for the dependence on r and 6. Similarly, we
1

should use the normalized constant wave function in the ¢ direction, i.e. Tor
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On the first line of (4.32) we have replaced (A +2n+aw) by (A+2n+a) (as is appropriate
in the limit w — 1). /on the last line, we have substituted the explicit expressions for
Krpo and Kgo, and also replaced the summation over [ by an integral over [; again this
is justified in the limit w — 1.

In order to proceed we substitute the identity
ot (:p)n

S ey

1Fi(n+1/2,2n+1, —2x) (4.33)

(which expresses I,(x) as a product of an exponentially growing term and a term that
decays at infinity like m_") to obtain

P8 e [ (i) (34 ) =)

7l o 71 A —-1,2A -2, 7%
(27‘2 Sinhqﬁ) A —-1/2) 1 ( " 12 sinh qﬁ)

The integral over [ in (4.34) is a Laplace transform of the 1 F} function times a power

(4.34)

law. The ‘frequency’ of this Laplace transform is

Uq
2r2 sinh ¢3
where
ug = 22° ((cosh qf — 1) (C2 ) + Bgsinh qﬁ) (4.35)
and we have partially moved to the scaled variables
502
P?=r’1l-w), = T

Happily, Mathematica can evaluate this Laplace transform. We find

[At1 U
5/ o (i)
r2A73/2(2sinh ¢3)A 2r2sinh g3
1 2l
— 1 {A-1,2A—2, ———
1/2)1 1 ( T2 smhqﬁ)

2r2sinh g3 oA I'(24A)
Ug rA-1/2

1 sinh? qp
(1-w)?28228 5 ((coshgB—1) (¢2+ L) +BgsinhgB)

r2+A4A) 4
———— o | A-1,A+2,2A-2,——
F(A—1/2)2 1( s A2, ) uq>

4ot I'(2+A) sinh? ¢
_W3/2(1_W)2F(A_1/2); ub+? 21

,’2

4 1
ug ) r?A7w3/2(2sinh gB)A

p"qg

)2F1 (A 1,A+2,2A-2 —
1

q

M

A2

Il
—_

q

A—l,A+2,2A—2,—4> :
Uq

(4.36)
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In going from the first to the second line of (4.36) we have evaluated the Laplace transform.
In going from the second to the third line in (4.36), we have re-expressed our result entirely
in terms of scaled variables, and have performed some convenient rearrangements. In going
from the third to the fourth line of (4.36) we have further rearranged our final answer, to
provide it in a form which is convenient for taking the small x limit.

The third and fourth lines of (4.36) are the final answer for the Hamiltonian evaluation
of the stress tensor for the bulk gas in AdSy. Our result is expressed in terms of the function

4
o F1 <A— 1,A—|—2,2A—2,—uq> . (4.37)
At small g, this function decays like ~ qu_l. At large ug, the function tends to unity.

It follows from the last line of (4.36) that the bulk stress tensor tends to zero like z# in
the small x limit; also that the stress tensor goes to zero like CZA% in the large ¢ limit. At
large x, on the other hand, the hypergeometric function goes to a constant, and the third
line of (4.36) tells us that the stress tensor scales like x?%’ as expected for any normalizable
configuration.

These results summarize that the bulk stress tensor is well localized around small
and away from small x, and is normalizable at infinity.

4.3 Euclidean computation

In this subsection, we rederive the thermal expectation value of the bulk stress tensor as
mentioned in (4.36), this time from the Euclidean path integral point of view. From this
point of view, we would like to compute the one-point function of the stress tensor (4.12)
around the background of the thermal AdS saddle. We obtain this expectation value by
first evaluating the two-point function of the bulk scalar at separated points in the one-loop
approximation about the appropriate Euclidean saddle point. We then take the derivatives
that appear in (4.12) and finally take the coincident limit. The coincident limit includes
a temperature-independent divergent piece. After subtracting away this term we find a
well-defined answer (see below (F.6) for a more careful discussion of this point).

The procedure described above is easier to carry out than it may first appear. The
two-point function in thermal AdS is given by a simple sum over images of zero temperature
two-point functions (see [37] for instance). Successive images are separated by integral
multiples of (3, —ifw) in (7F, ) space, where 7% is the Euclidean time. (The 4 in the last
expression is a consequence of the fact that the rotation operator is e/ whereas the density
matrix has e?/:9.) Tt follows that the two-point function in our Euclidean ensemble is
given by

o0

(®(r1, 01,77, 1) D(ra, 02,75, $2))g = D (D(r1, 00,7, $1)®(r2, 02,75 +qf3, p2—iqBw)))o

q=—00
(4.38)
The zero temperature two-point functions that appear on the r.h.s. of (4.38) are
functions of the “chordal distance” u between their arguments in embedding space. Explicitly
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in equations (see equation 4.6 in [37]).
1 4
(D(21)®(x2))0 = Cax2hi (A, A—-1,2A -2, u> (4.39)
where

u=—2+42 ( (1472)(1473) cosh(7{* =) =179 (cos 0 cos Bz +-sin 0y sin fy cos(py —¢2))>
(4.40)

and
I'(A)

T 2m20(A—1/2)
In the method of images, we need to take o —71 = ¢f3, p2—p1 = —iqBw, p1 = p2,01 = 02

Ca

(4.41)

for the ¢ image. Therefore, we have
ug = —2 + 2(—r?sin? 0 cosh(gBw) — r? cos® @ + (1 + r?) cosh(g)) . (4.42)

Before proceeding with the computation we pause to explain, from the Euclidean point
of view, why the stress tensor is non-negligible at large r only when w — 1 and for values
of 8 very close to the equator.

At large 7 and generic values of ¢ the chordal distance u, between images is very large,
and the propagator (4.39) (and consequently its contribution to the bulk stress tensor)
is very small. If we stick to large values of r, there is only one way to make the chordal
distances small: that is to make the distances between images approximately lightlike. The
chordal distance due to the temporal separation between neighboring images is spacelike and
of magnitude r+/cosh 3 (recall we are in Euclidean space). On the other hand, the distance
due to the (imaginary) angular separation is timelike and of magnitude r+/cosh(Bw) sin 6.
The total chordal distance is small only if these two distances become equal in magnitude:
this happens when w is near unity and 6 is also near 5. We see this in equations as follows.
When w — 1, |7f — 7] = |#1 — #2|. In that case, in the large 7 limit of (4.42), the first
and last terms compete with each other. Also if cos @ (roughly of the order r=1/ 2) is very
small, the chordal distance can be made order unity. Therefore we see that even at large
values of r, the chordal distance is of the order unity when w — 1 and 6 = § — 60 with

small §0. Written explicitly, in the w — 1 limit and in terms of rescaled coordinates

00
r=+vV1—-wr, (= . , (4.43)
—w
the chordal distance takes the following form:
1
Ug = 222 <(cosh qB —1) <$2 + CQ) + ¢B sinh qﬁ) . (4.44)

Now the stress tensor is a function of derivatives of the fields as written in (4.12).
Therefore, to compute the thermal stress tensor, we need two derivatives of the two
functions for all the images and then we need to sum over all the images except at ¢ = 0.
This is because, at ¢ = 0, the two insertion points coincide and hence give an infinite
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contribution. However, we find precisely the same divergence at zero temperature. Since
we are interested in the magnitude of the stress tensor above the zero temperature value
we simply discard this divergent term. This simple manoeuvre renormalizes our bulk
stress tensor.

We now proceed to compute the derivatives we need. Let us suppose that the two-point
function takes the following form:

((2)®(2q)) = F(uq) (4.45)

where z, is related to = by shifts in 7 and ¢ mentioned above. Taking derivatives with
respect to the coordinates p1, o, we obtain

ou Ou 0%u
K1 —=0,,0,,(P ® m=F'(u)=— — F
H1p2 M1 H2< (.Tl) (‘r2)> (U) aMl 3,112 R + (U) aulaMQ — 2_
T1=T,T2=xTq
(4.46)
Then we rescale the coordinates as r = —=%— and 60 = /1 — w( and take the w — 1

Vi-w
limit. We can see that the dominant derivatives (of the order ﬁ) occur only from taking

7ETE ¢, and 7 ¢ derivatives. The r and € derivatives are subdominant in the w — 1

limit.

We list 787F, ¢ and 7F¢ components defined as K7 = Kf_ETE =iK

q _ q .
g = Ky

_ I'(A) 4Az =22 sinh? Bm A
K = omnria —13) B-9a-wy | 28 3)2F1 | A, A 2(A - 1), o

4
- <A2 —3A—|—4—|—8) o (A,A—I—l;Z(A— 1);—)}
u u

 sinh2g8  T(A+2) 1 21 (A= 1,442,204 -2,34)
- _ 3 A p2A A
(=@l 2mel(A = 1/2) 220°2 (4 4 ¢2) (coshqB — 1) + gfsinhgB)
(4.47)

where in going from the first line to the second, we have used the following identity relating
Hypergeometric functions:

4 4
BN (A,A,Q(A—l),—u) + <A2—3A+4+i> oF) (A,A+1,2(A—1),—u>

= 2F1 (A—I,A+2;2A—2;—4> (A—Q)(A+1)
u
(4.48)

Let us try to understand the scaling of these derivatives intuitively. As we explained above,
in the w — 1 limit, the chordal distance becomes lightlike, and hence the chordal distance is
of order one even at large values of r. When we take the derivatives with respect to 7 and
¢, we are going away from the lightlike ray and hence the chordal distance becomes large
and hence 7 and ¢ derivatives are large at large values of r and small values of ¢ (more

precisely when r ~ \/1177 and 060 ~ /1 —w).
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Now that we have the appropriate derivatives of the two functions, we can simply
evaluate the thermal stress tensor by summing over all the images. The leading order

components of the stress tensor are Ty = Tyy = —Tiy = T:47
o0
T=-2) K¢
q=1
_hsinl’el (A+2) 1 T (A-1,4+2,24-2,24) (4.49)
- )2 3 A 2A A+2 '
ot (1-w) m2'(A—1/2) 28z ((x%_{_gz) (COShqﬂ—l)—i—qﬁSinhqﬂ)
_ f(z,0)
= (1—w)

which is exactly the answer that we obtained in (4.36). (The factor of 2 on the first line
of (4.49) results from the fact that we have to sum over both positive as well as negative
values of ¢.)

4.4 Total energy from the integral of the stress tensor

In the previous two subsections, we computed the bulk stress tensor of the gas using two
separate methods; both methods gave us the same final answer (4.49). In this subsection,
we perform a further consistency check of this answer. We compute the total energy by
integrating the stress tensor over the bulk using (4.25), and match the result with the
thermodynamic expectation mentioned in (4.28). We find perfect agreement.

To proceed with this check, we first expand the exact thermodynamical answer (4.28) in
a power series expansion in e #2. We accomplish this by Taylor expanding the denominator
in (4.28). We then convert the sum over [ to an integral (as we have explained above, this
is appropriate at small 1 — w). At this stage the sum over n and a are geometric sums, and
so very easily evaluated. We find:

Jo i Z/dl Je—9B(A+2n+aw+(1-w)l)

g=1 na
1 e_qﬁA
B zq: B2¢%(1 — w)2 (1 — e248) (1 — e 9P) (4.50)
1 e18(3/2—A)

(1 -w)? zq: 4¢?(2 sinh gBsinh 2

We will now reproduce (4.50) by integrating our bulk stress tensor (4.49). According

4"Remember that we computed derivatives of the two-point function with respect to Euclidean time above
which is 7g = it, however, stress tensor has derivatives with respect to the Lorentzian time.
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o (4.25)
E= /\/ T00—27r/drd981n0T00

~ 2 / dzdCToo(x,¢)
_ 2msinh? AT (A42) (=2)" T(A—1+4)T(A+2+4) T(2A-2) doh
Z2A1 WP (A 1/2) 2 T(i+1) T(A—1) T(A+2) T(2A—2+i) / m
1 24+A+1
/ dC((coshqﬂ )(1+1’2<2)+qﬁsinhqﬁ>
_ 2rsinh?gBT(A+2) & (—2)) T(A—1+4) T(A+2+i) T'(2A-2)
Z2A1 w)2m3/2T (A — 1/2)Z L(i+1) T(A-1) T(A+2) T(2A—-2+1i)

Vrl(A+i+3/2) 3

NgE

Il
=)

T

- dx . .
I(A+i+2) \/W/ ((Coshqﬁ—1)+qx2sinhqﬁ)A+l+3/2

(4.51)

In going from the second line to the third line, we have used the series expansion of the
Hypergeometric function. In going from the third line to the fourth, we have performed
the elementary integration over (. Simplifying the expression presented in the final line
of (4.51) gives
. ZZ 2sinh? qﬁ 477 4(A+0)2=1) T(2(i+A 1))
28(1—w) I'(i+1)T(i+2A-2)

3

dx .
vCOShQB—l/ ((Coshqﬁ—l)—i—q:):2 sinhqﬁ)AJr”?’/2

B sinh? g3 tanh? (%) H—A 1)) 1
B - 28(1-w)2¢?p? (coshqﬁ 1)A+2 Z I'(i+2A—2) (—2(coshgf—1))?
sinh? g3 tanh? (£ 1 1
:Z PET o] (262) sags 2 [ A-LA-1/22A-2, —————~ > (B
q (sm ) sinh (T)
sinh? ¢ tanh? (ﬂ) 1 9—3+2A ,aB(3/2-A)

228+2(1-w)?g? 2 (sm
1 a8(3/2-A)

(1 w)? Z 4¢%?sinh g3 sinh % a8 -

) 28+4 (sh % sinh2—24 %

(4.52)

In going from the first to the second line, we have performed the elementary integral
over z. In going from the second to the third line we have performed the sum over ¢ in
Mathematica. This sum turns out to be a Hypergeometric function. In going from the
third line to the fourth line we have used the following identity:

1—2a
! (1 Vlz) . (4.53)

2+ 2

oF 1 (a,a+1/2,2a,2) =
1—2z
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The transition from the second last to the last line of (4.52) involves elementary algebraic
simplifications.

We see that the last line of (4.52) is in perfect agreement with the last line of (4.50),
completing our verification.

4.5 Summary of this section

In this subsubsection, we summarize the results of this section that we will use in the rest
of this paper.

e To leading order in 1 — w, the bulk stress tensor of the gas takes the form

f(z,¢)

TttZ—Tw:TW:T:m

(4.54)

where = and ¢ are the scaled radial and angular variables defined in (4.43) and f(z, ()
was obtained in (4.49).

o In the small z limit uy ~ 2(cosh¢f — 1),

flz) =cl o (4.55)
where Cg’A is
rA+2) 1 & 2
oA = =T NTginh?2¢B o F (A —1,A+2,2A - 2,—) .
0 W%F(A—I/Q) 2qu:1 2 coshqf — 1
(4.56)

Note, in particular, that f(z) is independent of ¢ in this limit.
o In the large  limit u, ~ 222 ((cosh ¢B — 1)¢? + ¢Bsinh ¢j3),

B,A
.0 = S5 (4.57)

where the function C22(¢) is,

4 I'(A+2) s sinh? ¢
oA () = (458
(©) 73/2 282 (A — 1/2) qz:; cosh g8 — 1)(2 + ¢Bsinh qﬂ)A+2 ( )

5 Back-reaction on the metric

In the previous section, we computed the bulk stress tensor due to the gas that fills thermal
AdS. In this section, we will compute the backreaction of this stress tensor on the background
AdS (or black hole) metric.

The stress tensor defined in the previous subsection is of order unity at values of r
that are of order unity. This is clear both intuitively (values of r of order unity receive
contributions only from [ < r2A, see appendix E) as well as from the third of (4.12). A
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stress tensor of order unity induces a response in the metric of order G, i.e. a response
that vanishes in the classical limit G — 0. In other words, we should expect the solution
sourced by this stress tensor to be classically indistinguishable from global AdS (or the
Kerr-AdS black hole, if we are studying the gas about this solution) at coordinates r of
order unity. On the other hand, we will see that the response to the bulk stress tensor
‘builds up’ at larger values of r. In this section, we formulate and solve the equations that
govern this behavior.

5.1 The equations in scaled coordinates

The backreaction of the bulk stress tensor becomes classically significant only at values of r
that are large enough to enclose a finite fraction of the total energy. It follows from (4.57)

that this happens at x of order unity, or r of order \/ll_—w At these distances the bulk stress
tensor is also highly localized in 6 around 7; it will thus turn out that the backreaction to
the metric is only significant over §0 of order /1 — w, i.e. for coordinates ¢ that is of order
unity. In order to compute the backreaction of the stress tensor on the AdS metric, it is
thus useful to work with the scaled coordinates (1.9). It is also useful to scale ¢ and ¢ in the
same way as 6. As the stress tensor is right-moving at the speed of light, it is particularly

useful to define the left and right-moving linear combinations of these scaled coordinates

ot = t+¢ afzﬂ. (5.1)

V1I—w’ l1—w

In these coordinates the background AdS metric becomes

2

d
- 5 + r2(d6? + sin® 0dp?)
r

1+

ds* = —(1+r?)dt* +

dr? 2( 192 2 2 5.9
~ g+ (d0? + do? — dt?) (5.2)

d 2
_ 7962 +22(d¢? — dotdo) .

(In going from the first to the second line we have used the fact that r is large and that 6 is

highly localized near 7). The bulk stress tensor in these new coordinates is given by

T T —(1—wyr = LB 5.3
The Einstein equation takes the form
guwR 8rG
R/uz - M2 = 3g,u,l/ + mf(xa C)é,uo* 61/0* . (54)

As we have explained above, in the solutions of interest, (1 —w)? ~ G. It follows that

the quantity
8rG
L

Cl-w

(5.5)

is parametrically small (it is of order v/G). The Einstein equation can be rewritten as

_ Gk

R, 5

= 3g;w + /if(l’, C)é,uo*(szza* (56)
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and we see that the correction to the background AdS (sourced by the gas bulk stress
tensor) is parametrically small. It follows that this correction can be accurately computed
in the linearized approximation.
In the rest of this paper, we work in Graham Fefferman gauge, i.e. we demand that

Jzx = :%2 and g,; = 0 for i = (,07,0~. Always working to linearized order in &, it is not
difficult to demonstrate that the solution to (5.6) turns out to take the form

da? 2 2 + 5 - 2 -

— tx (d( —do"do ) + kz“ Az, ()do ™ do (5.7)

where the unknown function A(x) obeys the sourced minimally coupled scalar equation

=0, (Vg0 ) = —

The metric that appears on the Lh.s. of (5.8) is the unperturbed AdS metric. Completely

(5.8)

explicitly, the differential equation (5.8) can be written as
A 0 0

— = -9 . .

5 + 5 (01504@.0) = =210 (5.9)

In the rest of this section, we will proceed to solve (5.9).

5.1.1 Solving in Fourier space

In order to solve (5.9) we Fourier transform both the unknown A and the source f in ¢,*®

dk
—/re KA (z)

dc (5.10)
fil@) = [ Jo=e™™(@,0).
A (x) obeys the equation
k2 o (z* 0
— 5 k(@) + o (2(%Ak(93)> = —fr(z). (5.11)
Now the solutions to the homogeneous equation
k2 30A, 2t 924

are given by
k k
Bfe: (1—>—+B—e:v<1+ ) (5.13)

Using standard differential equation theory (reviewed in appendix G) we conclude that the
most general solution to the sourced equation (5.11) is thus given by

Ag(z) :Bl:reg (1—k> —I—Bfe_i <1+ k) +

;(m(k—>/®6x0+ )m()ej<Hi>/“%30_j>ﬁW0'

(5.14)

48Note that the periodicity of ¢ is \/% and so is effectively infinite in the limit under study.
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(5.14) has two undetermined integration constants. These constants are determined
from the following considerations. First, we require that our solution be normalizable at
x = 00. Second, we require that it be regular at = 0. The first condition is enforced by
taking all the integrals in the particular solution to run from oo to z, and choosing the
homogeneous solution so that it is purely normalizable. In other words, it follows from the
condition of normalizablity that

Ko () <ei2 <1 - ’;) e (1 N ’;)) N
% (e: (1 B I;) /:O da'e (1 + f,) fula) —e= <1 + i) /:o da' e <1 - 3];) fk($/)>

(5.15)

for an as yet undetermined constant K, (k).

Using the fact that f(x) decays, at large z, like —3x, the reader can convince herself
that the term in the second line of (5.15) decays like 55 (the terms of order mm%, I%A
and ﬁ all cancel). For A > % — i.e. for non-free fields that obey the unitarity bound —
this decay is more rapid than %

On the other hand the term in the first line of (5.15) (the term that multiplies K, (k))
decays like x—lg, at infinity. It follows that the solution (5.15) is normalizable and that its
boundary stress tensor is proportional to K, (k) (of course Fourier transformed in ().

The as yet undetermined constant K, (k) is fixed by the requirement of good behaviour
at x = 0. At any fixed, nonzero k the general solution (5.15) has a piece that diverges
exponentially at © = 0; we choose K, (k) to ensure that the coefficient of this offending
divergence vanishes. We now explain in more detail how this works.

Let us take the case that k is positive and first consider the integrals in the second line
of (5.15). In these expressions, the part of both integrals that comes from the neighbourhood
of z = 0 gives expressions that are power law in x (the exponentials in the prefactors cancel
the exponentially large or small contributions from the integrals). In the first term on the
second line of (5.15), however, the contribution to the integral from generic (not small)
values of x gives rise to an exponentially growing term. This term must be cancelled by the
exponentially growing term in the homogeneous solution. This is achieved if we choose

K,(k)=—- <k13 /OOO doe s (1 + i) fk(a:)>

so that the solution, for £ > 0, becomes

(3t )3 () -2)-
% (e’é (1—3]2) /:O da'e s <1+:]§,) fr(@')—e = (1+];> /;o da'ew (1_915/) fk(q;’)) ,

(5.16)
Equivalently

Axle) = (kl?’/ooo da'et (1"‘5) fk(x')> (ewk (1+:IZ>>
=k k —
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The properties of the solution near oo are best understood from the solution written in
the form (5.16). On the other hand, the properties of the solution near x = 0 are best
understood in the solution written in the form (5.17).

The solution for k < 0 is obtained similarly. The analogue of (5.16) is

Ap(x)=— (]:3/000 v (1—> fr(x )) (eiZ <1_Z>_e - (1+k)>
+% (ef (1—5) /;Oef <1+5/> fu(@)—eT <1+:]z> /;Oef’ <1—;:,> fk(ﬂﬁ/))

(5.18)

while the analogue of (5.17) is

e ([ (-5 (2 (-2)
b (8 (120) [T (1) e (142) [(e7 (1-2) e )

(5.19)

Our final solution for A((, x) is obtained by substituting (5.16) and (5.18) (equivalently (5.17)
and (5.19)) into (5.10).
For a value of k that could be of either sign, the generalization of (5.16) is

(B 5 (1)) (4 (1-8) - ()
B[ (- () [ (-5

(5.20)
while the analogue of (5.17) is

Ap(z) = (|/€1|3/oooej 1+g]:,|) fk($/)> (61“ <1+§|)>
_# (e'i (1_|xk|> /Oxey (1+|xk,|> (@) e (1""];) Looe:/ (1_|ku|> fk(xl))'

(5.21)

H\‘@

The expression (5.17) appears to blow up as |k| — 0, however, this divergence is illusory.
In order to see this we use the following two approximations:

k i 3
Tz <1i§) fk(x)zfo(x)+kf1(x)+k2(fQ(w)_f(;ff)>+lz(f3($)_3f;(;f)i21%x(;v))+“_49
(5.22)
“9Here,
fu(z) = le" fr(@)|,_o -
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Inserting (5.22) into (5.17), it is easily verified that the integrand in this expression is
actually regular as kK — 0. Concretely

Ao =3 [T L [T e - [T g

:1:/3 1-13
L) o

Hix 2E T

(5.23) naively appears to be singular as z — 0, but once again this singularity is illusory.
Using the fact that fo(x) ~ 23 in the small = limit, we see that the second term in the last
line of (5.23) actually scales like z. The first term on the same line scales like a constant,
and so gives the dominant small z contribution to Ag

Ag(z) ~ ;/;O foﬂffg,) . (5.24)

5.2 Metric correction in position space

In the previous subsection, we computed the correction to the metric in Fourier space in (.
In this subsection, we inverse Fourier transform to come back to the position space.
Our method is simple. We insert our solution for Ag(x), (5.20), into the definition

< dk
—A
—00 \/27T b

We then substitute the second of (5.10) into the resultant expression. At this stage our

Az, Q) = (z)ete . (5.25)

expression for A(z,z) contains three integrals; the integral over k in (5.25), the integral
over 2/ in (5.20) and the integral over ¢’ from the second of (5.10) (we use the symbol ¢’
for the dummy integration variable that appears in the second of (5.10)). The integrals
over ' and ¢’ are weighted by the complicated function f(2’,(’), and so are difficult to
actually perform. On the other hand, the integral over k is weighted only by the elementary
functions that appear in (5.20) and the second of (5.10). As a consequence, the integral
over k is easily performed. We relegate the details of this integral to appendix I. Performing
this integral gives us an expression of the final form

oo ¢! oo
Ao = [~ 5 [T ar s (et ) (5.26)

where (as we show in appendix I)

11 C-?+(2+2)] o
Kec(@ ) == ((¢=¢) + =+ —5 | log - = (5.27)
.1'2 .%'/2 (C B C/)z " (i B l)Q T
(5.26) and (5.27), together with the formula for f(2’, (") presented in (4.49), may be regarded
as our final result for the correction of the AdS metric in response to the bulk gas.
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The function K, ¢(2/,(’) is an effective bulk-to-bulk Greens function for the operator
that appears in (5.9). It is easy directly check that for 2’ # z,

PLuca,¢) | 0 [ 4OKzc(2, ()
acz ' om (”” Oz > =0 (5:28)
and, more generally that it obeys
32’%,4(1’/’ ¢) 9 4Oy (@, (') _ ! 1y 50
el (m 893) — —drb(m— )5 — O, (5.29)

as expected.

5.3 The large x limit

In this subsection, we compute the correction to the metric in the large = limit, and use
our result to obtain the boundary stress tensor.

5.3.1 Metric correction in the large x limit

In large « limit the Kernel K, ¢(2', (") has the following form,

;o 8 ! 1
Koclt ) = 55 e a1 O (:,;4) (5.30)

Putting (5.30) in (5.26) at large = we get,

_8 ac’ dz' ' f(x C)
A(%C)—B?/_ / 2R 17 (5.31)

As an algebraic check of (5.31) we compute its Fourier transform in ¢ to find

Ak(x):xi x (z /Oooeaf (1+k> fk(ac’)) k>0
B 0

This result exactly matches the large x limit of (5.16).

w

(5.32)

w

5.3.2 Boundary stress tensor

Moving back to unscaled coordinates, we find that the normalizable tail of the metric at
infinity is given by
, 8 (oode [_dLa )
(dt — d¢) y 3J0 2w (x’Q(C—C’)QJ,-l)Q
1-w rv1—w

The boundary stress tensor is then given by multiplying the coefficient of % by miG [38].

(5.33)

Therefore, for the boundary stress tensor we get

' f(@',¢)
hie = 27G(1 — w) %/ / & a(¢ = ()2 +1)2° (534

500ne can check this equation using the following property in 2d (¢,y) plane, we know,
V2, log [(C — )+ (y— y’)Q] =4m6(¢ — ¢')0(y — y'). Then use the coordinate transform, y = <.
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From (4.24) we see that the total boundary energy is given by
/ dpdf sin® 0T}, . (5.35)

However, the stress tensor is peaked about ¢ = 0 and has an ‘order one’ width in ¢ (more

™

details below). It follows that the stress tensor is highly peaked around § = 7, and so

sin?# in (5.35) can just be set to unity, and (5.35) can be rewritten by changing integration
variables (from 6 to () as

E=Vi_ w/dgzdeTtt. (5.36)
Inserting (5.34) into (5.36) we find

da’ [, @ f(@, ()
E= /d¢d< / 7r/dg(gjlz(g_gl)ul)g. (5.37)

The integral over ( is easily performed, and we find

1 ! ! / !
= q=op /dqﬁdm e f(o, ') (5.38)

in perfect agreement with the bulk expression for the energy of the gas.
The expression (5.34) can also be used to estimate how peaked the stress tensor is
about 6 = 7. It follows from (5.34) that at large values of (,

da’ [ f(@, )
Ty = (1_w <4/ ﬂ/dg el (5.39)

It follows that the fall off of T}; with 66 is of the form
o
V1I—w(06)t”

It follows that the energy contained at values of 0 s.t. |5 — 6| < (00)0 is of order

Ty ~

1
V1—w(0)3

Provided that (d6)g is held fixed as w — 1, it follows that this energy tail is subleading
3

by a factor (1 —w)2 relative to the total energy. It follows, in other words, that the gas

contribution to the boundary stress tensor is ¢ function localized about the equator 6 = 7.

5.4 The small = limit

It is easy to verify that when x is small

8z 1
K@ () % 55 5.40
z,C\L 3 (ngg + 1)2 $/3 ( )
5! The term ——2— in (5.40) is well approximated by unity when (¢ is either small or of order unity, but

(¢2e2+1)

not when (¢ is of order 1/z, a fact that will become important below.
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It follows that the metric at small z (and arbitrary () is given by

Awo= [T [Case wcl0)

_ 3(<2:v2+1)2/ dc’/ 2, (5.41)

_ coT
(¢2a2 + 1)

where

Co =

5.42
o [ e (542)
Note this A(z, () is zero at x = 0 and increases linearly with x at the leading order.

As an algebraic check of (5.41), we use this formula to compute the Fourier transform
(at zero frequency) of A(z,() at small x. We find

Ao(e) = /Zji (@)

> dC cox
\/2 222 4 1)
m (Gt £ 1) (5.43)
_ CO

3/ 3f°

in perfect agreement with the (5.24), the small x limit of (5.23)

5.5 Large ¢ limit

Let us see the behaviour of the metric at large ¢. In this limit, the kernel takes the
following form:

8
Kx7<‘($’/, C/) ~ W . (544)
Integrating this with the source, we get the metric correction at large ( as:
8 o dz! ~n V2Te
Az, ¢) = 3333(4/0 ﬁfo@) = 3t (5.45)

Note, in particular, that A(x, () decays rapidly for large . It follows that the correction to
the AdS metric is everywhere sharply localized around the equator of the S2. The constant
cp is defined in (5.42).

5.6 Summary of our final answer for the bulk metric

It follows from the discussion of the previous subsubsections that our final answer for the
bulk metric of the Grey Galaxy solutions is given as follows.
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o Forr < 11_w

Kerr-AdS black hole with the paremeter m given by (2.23). The free parameter a of

the metric is given by a Kerr-AdS metric (2.2) with w =1, i.e. by a

these solutions forms one of the parameters of the Grey Galaxy saddles.

o At r > 1 our solution is given by the pure AdS metric (the second of (5.2)) plus
two small correction terms d1ds? and dads®. §1ds? is simply the tail of the black hole
solution i.e.

2m (dt — a sin? ¢ dgf))2
2 _ _
s’ = S g (5.46)

(see (2.39)). When this tail is written in terms of the coordinates x, ¢, ¢, this term
in the metric is of order (1 — w)%

e The second of these corrections is the metric response to the gas, and is given by
Sods® = k? A(C, x)do~do~ (5.47)

where A((, z) is given in (5.26). The coordinates used in (5.47) are defined in terms of
r,0,t,¢ by (4.43) and (5.1). Note that dads? is proportional to  defined in (5.5), and
so is of order 1 — w. Note that dods? is parametrically larger than d;ds? (by a factor

of \/11_7) when measured pointwise. However, while 6;ds? is nonzero over a range of
order unity in 6, dods? is nonzero over a @ range of order v/1 — w. As a consequence,
these two metric contributions correspond to stress tensors that carry total boundary
energies of the same order. While the stress tensor from §;ds? is smoothly spread
over the boundary sphere, the stress tensor from dods? is ¢ function localized on the

boundary sphere.

6 Comparison with other solutions

6.1 Comparison with numerical evolutions

Consider a Kerr-AdS black hole with parameters [9]
m = 0.2375, a = 0.2177. (6.1)

The reader can verify that this black hole lies in the shaded blue region of figure 3 (it sits on
the black point in that diagram) and so is superradiant unstable. In an interesting paper [9],
Chelser numerically perturbed this black hole and followed its subsequent evolution. He
constructed two different numerical solutions, starting with distinct initial conditions. On
both occasions he found that the solution initially evolved rapidly in time, settling down
into ever slower evolution at later times until the simulation was halted. Chesler observed
that his two initial conditions did not evolve to the same final configuration, but that their
two entropies (at the time of stopping the simulation) were very similar. In particular, the
horizon entropy, in each simulation, had increased by about 11.2%.

In this section, we will examine the implications of these findings for our proposal for
the endpoint of the superradiant instability of Kerr-AdS black holes.
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o Let us first analyze our proposed end point of this instability quantitatively. Using (2.5)
we find that the original Kerr-AdS black hole had an outer horizon radius given by

ry =0.2650. (6.2)

Then using (2.13), it follows that the scaled charges and the chemical potentials of
this black hole are given by

€=0.26172, j=0.05698, s=0.12345 w = 1.9810. (6.3)

As w > 1, the black hole is the superradiant unstable. Now using (2.26), it is a simple
matter to compute the parameters of the black hole that sits at the centre of the Grey
Galaxy solution with the same charges: these are given by

w=1, a=0.1276, €=0.2346, s=0.1462, j = 0.0299. (6.4)

Note that the increase in entropy of the Grey Galaxy solution over the initial black
hole is by 18.4%. It follows that our Grey Galaxy black hole could be the eventual
end point of Chesler’s evolution, as it has a higher entropy than the configuration
reached at the time of stopping the simulation.

e The fact that Chesler’s two different initial conditions did not approach the same
configuration is also easily explained within our framework. Recall that the Grey
Galaxy solution represents a thermodynamical ensemble of configurations rather than
a particular field configuration. While we have argued that the ‘coarse-grained metric’

(i.e. metric in scaled coordinates) and, particularly, the boundary stress tensor has

small fluctuations, our solution still represents an ensemble, and we should not expect

two different initial conditions to reach precisely the same field configuration at any

given finite time.

e When Chesler stopped his simulation, his configurations were continuing to evolve
slowly. The rate of evolution was slower at the end than at the beginning of the
simulation. This fact matches the observation (see the introduction) that the time
scale for superradiant decays of large | modes diverges exponentially with [; as a
consequence, we should expect the time scale for settling into the final Grey Galaxy
saddle to be exponentially large.”?

®21f one were to continue Chesler’s evolution [9] to later times, we feel that it is plausible that the solution
will go through a cascade of (quasi-)resonator metastable states. These resonators will involve modes
with increasingly large [, in equilibrium with black holes whose w approaches nearer and nearer to unity
from above. A very crude estimate of the entropy of a resonator in equilibrium with a mode with angular
momentum [ would be given by the non interacting model involving this mode and the black hole. As we
have explained in the introduction, we expect this qualitative behaviour to continue until [ is of order %
At these late times we expect the nature of our solution to change qualitatively (see appendix J) from a
solution in which a few bulk modes are dominantly occupied to a solution in which all modes with angular
momentum below a critical number are almost equally occupied. It would be very interesting to check this
expectation against numerical simulations like those of [9], but continued to longer times.
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In summary, while the intriguing detailed results of [9] certainly do not concretely verify
our conjecture, they do not contradict it either. In fact, the observations of [9] appear to us
to be in broad general agreement with one quantitative aspect (the entropy increase) and
a couple of qualitative aspects (ensembles and slow evolution) of the picture spelt out in
this paper. It would certainly be interesting to have further concrete evidence — either for
or against our conjecture for Grey Galaxies as endpoints of the superradiant instability of
Kerr-AdS black holes.

6.2 Comparison with black resonators

We also compare our solutions with the black resonators in AdSy [5, 16]. Black resonators
are solutions whose charges are below the w = 1 (red) line of figure 1. The black resonators
by themselves have extra instabilities but have larger entropies than the unstable Kerr-AdS
black holes at the same charges if they exist in the blue region of figure 1 [5]. If our
Grey Galaxies are the final states at given charges F,.J below the w = 1 line of figure 1,
perturbating black resonators should also evolve to our solutions. So the Grey Galaxies
should have larger entropies than all known black resonator solutions at the same charges.
To test this, we compare the entropies of the black resonators reported in [5, 16] with those
of our solutions at the same charges.

We consider the case in which E and J are small, meaning that they are given by G~!
times a parametrically small number independent of G. (Still, E,.J are at G~! order so
we can rely on the two-derivative gravity.) In this case, [16] found an analytic expression
for the entropy of small black resonators for the ‘scalar mode’ in the metric perturbation
with [ = m, based on earlier works on the ‘non-interacting mix’ picture of hairy black
holes [10-12]. The expression is given by

she =4 e - (1+m_1)j}2. (6.5)

We expressed their formula with our rescaled quantities defined in (2.12), and m is the
angular momentum parameter of the perturbation mode. The subscript ‘br’ stands for the
black resonator. Since the numerical resonator solutions of [5] satisfy (6.5) very well (see
their figure 2), say for € < 0.11 and j < 0.008, we will show here that the entropies of small
Grey Galaxies are always larger than (6.5) for arbitrary values of m.

To see this, recall that the entropy of our Grey Galaxy is given by that of the core
black hole at w = 1. The charges carried by the core black hole and the total system have
the same € — j. So € — j can be parametrized by the rotation parameter a of the core black
hole at w = 1, which is obtained from (2.26) by

N

a

) (6.6)

€E—jJ =

To stay in the regime ¢,j < 1 in which the approximation (6.5) is valid, we take a < 1,
thus obtaining

[NIE

a
5

eE—J =

(6.7)
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Figure 5. Entropies of Grey Galaxies (red curve), black resonators of [6] (various dots) and
Kerr-AdSs black holes (black curve) at energy e = 0.02. (The black curve ends at the extremal black
hole point on the lower right side.)

The entropy of the core black hole, or that of the Grey Galaxy, is given from (2.26) by

a

Sgg = 7, O (6.8)

Now consider the entropy (6.5) of small black resonators at the same €,j. One finds

str < dle — j? = a = s (6.9)

The first inequality is only asymptotically saturated for m = oo, and we plugged in (6.7)
and (6.8) at the second/third steps, respectively. We have thus shown that the small Grey
Galaxy solutions have larger entropies than small black resonators of [5, 16] at arbitrary m.

As we shall briefly comment in section 8, the key ideas of our Grey Galaxies are quite
simple and should generalize to other AdSp with D > 4. In particular, in AdSs, there
are two angular momenta Ji, Jo and two angular velocities wy,ws. For instance, for an
over-rotating black hole satisfying wi,ws > 1, we naturally conjecture that its endpoint
is given by the Grey Galaxy which contains the core black hole at w; = wy = 1. (See
section 8 for more discussions on the shape of the full solution.) Generalizing the discussions
of section 3.2, we consider the constant £ — J; — Jo plane in the 3-dimensional space of
(J1, J2, E) passing through the point of our Grey Galaxy charges. The core black hole
charge is where this plane meets the w; = wy = 1 curve. This way, we can identify the core
black hole parameters and compute the Grey Galaxy entropy by the Bekenstein-Hawking
entropy of the core.

In AdSjs, many black resonator solutions were constructed at J; = Jy [6], by employing
an U(1) x SU(2)r C SO(4) invariant ansatz and numerically solving the ordinary differential
equations of the radial variable. For instance, figure 7 of [6] shows the entropies of various
families of black resonators at fixed energy ¢ = 0.02 and different values of the angular
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momentum j. (See appendix K for our charge convention.) By following the procedure
explained in the previous paragraph, one can check that the AdSs; Grey Galaxies have
larger entropies than all the black resonators shown in figure 7 of [6] at same charges.
figure 5 shows the entropies of the Kerr-AdSs black holes (black curve), various black
resonators (coloured dots, for different families with n =0,1,---,6) and our Grey Galaxies
(red curve). They all carry energy € = 0.02. The dots are taken from [6],% while the
two curves are plotted as follows. To plot the black curve, one first solves the equation
e(m,a) = 0.02 in (K.3) for m(a), and then plug this in (K.4) to obtain 72 (a) by solving the
cubic polonimial equation for r%. Then plugging in m(a) and 7 (a) into j, s in (K.3), one
obtains (j(a),s(a)) at € = 0.02. The black curve of figure 5 is obtained by a parametric plot
of the last (j(a), s(a)). The red curve is obtained by plugging in (K.9) into s of (K.7) to
obtain the expression for s(e — j), and then plotting s(0.02 — j). The red curve is plotted in
the region in which the Kerr-AdSs black hole is unstable, i.e. w > 1. We see that, for all the
black resonators in this figure, our Grey Galaxies at the same charges have larger entropies.

6.3 Further collapse of the gas into a black hole?**

The Grey Galaxy configuration is one in which we have removed some energy (equal to
angular momentum) from the rotating black hole and put it in the chiral gas (this process
increases the entropy of the central black hole). The reader may wonder if it is possible
to further increase the entropy of our solution by collapsing the gas into a black hole that
revolves rapidly around AdS. This does not work, for a reason we now explain.

To very good accuracy, the gas that makes up the GG solution has £ = J. On the
other hand a black hole revolving around the big central black hole has £ > J. If the
moving black hole is small, this difference is also small, but it must be accounted for. For
this reason the gas cannot, by itself, collapse into a black hole.

The only way that such a black hole can be formed is if the required energy is somehow
extracted out of the central black hole. However such a process always turns out to lower the
entropy of the central black hole by an amount that is larger than the entropy created in the
newly formed small black hole. For this reason such a process is entropically disfavourable,
and so will not happen. In the rest of this subsection we explain this point in equations.

Let us suppose that the central black hole has energy F; and angular momentum J;.
Let us suppose that the smaller black hole has rest energy and rest angular momentum
FE5 and Jo, and that it has been sent zooming around AdS by acting on the corresponding
‘black hole creation’ boundary operator with 07. It then follows that the total energy,
angular momentum, and entropy of our system is

E=F+E+n
J=h+J+n (6.10)
S = Spu(Er,J1) + Spr(E, J2)

Let us now compare this setup with a Grey Galaxy type configuration with energy and
angular momentum n put in the gas. The configuration (6.10) is entropically dominant

®*We thank the authors of [6] for providing the numerical data to us.
54We thank A. Zhiboedov and Z. Komargodski for raising the question that led to this subsection.
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Figure 6. The black dot here depicts the Black hole with charges Fy + E5 and J; + Jo defined
in (6.10). Its position is chosen at random. The middle blue curve is the extremal bound for the
black hole with charges F; and J; (all legal solutions lie above this curve). The green curve is
the extremal line for the black hole with charges Fs, Jo, but plotted in the E7,J; plane. All legal
solutions lie below this curve. Therefore, the allowed values of E7, J; lie in the shaded blue regions.
We have used mathematica to create a (roughly) 40 x 120 grid in each of these two allowed regions,
and have explicitly checked, at each lattice point, that the entropy of the black hole with charges
E1 + E5 and Jy + Jo is always greater than the sum of the entropies of the black holes with charges
FE4,J; and Es, Jo. We have repeated this computation for several different choices for the location
of the black dot within the shaded blue region.

only if
Spu(Er, JJ1) + Spu(E2, J2) > Spu(E1 + Ea, J1 + J2) (6.11)

Note that the condition (6.11) is now one for stationary black holes (the zooming around
has left the equation). We believe (6.11) is never satisfied for values of (E; + Eo, J1 + J2)
that lie under the super-radiant curve (the red curve in figure 1).°> Analytically, it is easy to
check this is the case if 5 and Jo are small. At a few randomly selected values of Fy + Fo
and J; + Jo, we have also numerically checked (see figure 6) that (6.11) is never obeyed for
any choice of the decomposition of charges.

In conclusion, the chiral gas cannot gain entropy by collapsing into a black hole.

7 Comments on supersymmetric black holes

Analogues of the solutions presented in this paper may well turn out to play a role in resolving
a puzzle about the spectrum of supersymmetric black holes in AdSp spaces for D > 4. We

55In particular, if the point (E1 + Ea2, J1 + J2) lies below the extremal curve (blue curve in figure 1), then
it is impossible to decompose the charges into a sum of two nonzero terms.
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remind the reader of the puzzle in the familiar context of N' =4 Yang-Mills theory. Recall
that the bosonic part of the A/ = 4 superconformal algebra is SO(4,2) x SO(6). The Cartan
subgroup of this algebra is spanned by the energy, the U(1) rotations in SU(2), and SU(2)g,
and the three Cartans, Hy, Hy, H3 of SO(6). To make our point in a simple manner, it is
useful to specialize to a subsector of states of the theory: states with Hy = Hy = H3 = H,
and states whose angular momentum lies entirely in SU(2), (with z angular momentum
J.). The Cartan charges in this sector are the energy, H and J,. The BPS bound is

E>2J,+3H.

One might, naively, have expected there exist supersymmetric black holes (saturating the
BPS bound) for every value of J, and H. In fact, such black holes — the so-called Gutowski
Reall black holes [39] — are actually known only on a curve in H, J, space. Remarkably
enough, black holes everywhere on this curve have w = 2 (w is the chemical potential dual
to J,) and g = 3 (p is the chemical potential dual to H).

What is the field theory interpretation of the fact that Gutowski Reall black holes exist
only on a curve in J — H space? This observation would naively appear to suggest that
the dual field theory hosts order eV ? states only at these particular charges and angular
momenta. Such a result seems hard to understand from field theory. As has been suggested
and studied in [11, 40, 41], it seems likelier that there exist new, previously overlooked,
black hole solutions away from this curve.

In this context, it is interesting that, at least, the revolving black hole solutions (see
appendix C) have a clear supersymmetric analogue. As we have explained above, the
classical entropy of Gutowski Reall black holes captures the contribution of supersymmetric
primaries. We can act on these primaries with the two supersymmetric derivatives which,
respectively, have (JF, JF) = (%, i%) If we act on the primary with n copies of each of
these derivatives, we increase JZ by n leaving .J* unchanged. This mechanism would appear
to produce a two-parameter set of new black holes — the first parameter parameterizes the
Gutowski Reall black hole, and the second one characterizes its revolution. If the charge
relation for the black hole of [39] is J = f(H ), the generalized 2-parameter solutions satisfy
J > f(H) because they are the conformal descendants of the former. Thus revolving black
hole saddles appear to fill out at least one-half of the H — J plane! While they may or
may not be the dominant solutions, their entropy (which is easy to compute in the large
N limit, mimicking the work out of this paper) gives a lower bound on the entropy of
supersymmetric black holes as a function of H and J,, at least over the over-rotating half
side of the H — J plane.

It is also possible that supersymmetric analogues of the Grey Galaxy saddles described
in this paper exist. Indeed the analysis of section 4 of the very recent paper [42] suggests
this may be the case. [42] studied the possibilities of perturbing Gutowski-Reall black holes
by small BPS scalar hairs, finding that such perturbed configurations exist for large enough
mode angular momentum. At least when the core BPS black hole is small and the gas of
BPS gravitons is dilute, it seems likely that the noninteracting mix picture of [10, 11] will
apply. We leave a detailed investigation of this fascinating possibility to future work.
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Figure 7. Phase diagram of solutions. Above the red line, the boundary field theory has a smooth
tensor spread over S2. Below the red line, the stress tensor has an extra delta function localized
contribution on top of the smooth distribution. The Grey Galaxy solution is a parametrically (in
Newton’s constant G) good approximation the true solution for every value of (F,J) in the blue
shaded region.

8 Discussion and future directions

In this paper, we have presented a conjecture for the microcanonical ‘Phase Diagram’
(entropy as a function of energy and angular momentum) of a large N CFTj3 with a two-
derivative gravity dual. Our phase diagram is depicted in figure 7. Above the red curve
(in the pink-shaded region) the dual bulk solution is a Kerr-AdS black hole. Between the
red and blue curves (in the blue-shaded region) the dual bulk solution is the Grey Galaxy
constructed in this paper. The red curve denotes a (microcanonical) phase transition for the
system. The nature of the boundary stress tensor dual to these solutions constitutes an order
parameter for the phase transition. Just above the red line, the stress tensor is smoothly
distributed over S2. As one crosses the red line, along with the smooth distribution, the
stress tensor includes a contribution that is highly localized around the equator of the
boundary S2. This localized term becomes a delta function in the large N limit. The
presence of this delta function is the boundary smoking gun for the Grey-Galaxy phase.

While we conjecture that Grey Galaxies dominate the micro-canonical ensemble in the
blue region of figure 7, we emphasize that these solutions never dominate the canonical
ensembles: they are always sub-leading compared to the thermal gas. Viewed as saddle
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points of these ensembles, they are not even stable. Their status in this regard, we believe,
is similar to that of small Schwarzschild black holes in AdS.

It is interesting to contrast the central proposal of this paper with the endpoints of
the superradiant instabilities of charged black holes in AdS, that were extensively studied
about 15 years ago. In that case, the endpoints were superfluid hairy black holes — see
e.g. [43-45]. An explicit time evolution simulation was also performed that indeed ends in
the expected hairy black hole solution [46]. There are three main qualitative differences
between these hairy black hole solutions and the ‘Grey Galaxies’ presented in this paper.
First, Grey Galaxies are black holes in the background of a gas of a very large number of
modes no one of which is macroscopically occupied, while the superfluid hairy black holes
describe black holes immersed in a macroscopically occupied Bose condensate of a single
mode. Second, while the condensate that supports hairy black holes lives in the vicinity of
the black hole, the gas that supports Grey Galaxies dominantly lives far away from the
black hole. Third, while hairy black holes represent a single classical configuration, Grey
Galaxy saddles are an ensemble of configurations. Moreover, the ensemble in question does
not exist in the purely classical theory but is stabilized by quantum mechanics.?®

In this paper, we have focussed on the study of large N CFTs whose dual description
is Einstein gravity in the bulk. While the physics that underlies our Grey Galaxy solutions
makes crucial use of the large N limit, it seems to us that the two derivative nature of the
bulk description did not play a qualitatively crucial role. For concreteness let us consider
ABJM theory parameterized by N and A. In this paper, we have constructed the ‘phase
diagram’ of this theory (as a function of £ and J) at large N and large \. Let us now
consider the same theory at large N but a fixed finite value of A. Since the thermodynamic
charges of black holes are, presumably, continuous functions of %, it follows that the ‘phase
diagram’ of Kerr-AdS black holes in such a theory will be qualitatively similar to figure 1, at
least when the fixed value of X is large. It seems likely to us that the dominant gravitational
phase below the (analogue of the) red line in figure 1 will continue to be given by the
analogues of Grey Galaxy solutions, which, we conjecture, will continue to be distinguished
by the presence of a § function contribution to the boundary stress tensor even at finite
values of . It would be very interesting to further investigate this question.

%6The thermodynamics of the gas of any classical field theory suffers from the ultraviolet catastrophe.
This paradox is famously resolved in quantum mechanics. In the current context, the ultraviolet catastrophe
shows up in (3.6). The classical version of (3.6) is obtained by Taylor expanding the exponential in that
formula at a small value of its argument, and is given by

oo 21

InZ = Z Z—ln(ﬁ(A—&—2n—|—o.za)—ﬂ(l—o.))l)7

n,l=0 a=0

an expression that is clearly divergent. It follows that the quantum nature of the underlying bulk theory is
essential to the Grey Galaxy solutions. As we have explained in the introduction, the Grey Galaxy solution is
classical in a coarse grained sense, even though it is sourced by a quantum gas, only because all fluctuations
— quantum as well as statistical — are suppressed, in this solution, by the central limit theorem. In other
words, the classical description applies to our solution for the same reason that the hydrodynamics of a
highly quantum liquid — like strongly coupled N' = 4 Yang-Mills — is parametrically well described by
classical equations at large N.
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From the point of view of the field theory, the black hole part of the Grey Galaxy
solution is a ‘quark-gluon plasma’; an interacting configuration of N2 ‘gluons’. On the other
hand, the gas part of the Grey Galaxy solution is composed of local singlets, and so can be
thought of as the moral analogue of ‘glue-balls’. In field theory terms, as w is scaled to unity,
the quark-gluon plasma manages to increase its entropy by expelling fast-rotating glue-balls.
These glue-balls carry very large angular momentum, and so are sharply localized around
the equator of the boundary S?, accounting for the § function contribution to the stress
tensor. It would be very interesting to understand this phenomenon — in any reasonable
approximation — directly in the field theory. In this context we note that Grey Galaxy
solutions have several similarities with the field theory configurations studied in [47]. It
is possible that the effective descriptions of [47] will allow us to better understand the
dynamics of Grey Galaxies.

As we have mentioned in section 7, it is even possible that Grey Galaxy solutions have
supersymmetric analogues. If this turns out to be the case, it would likely allow for a more
precise understanding (e.g. at finite N) of the solutions presented in this paper.

As we have explained in subsection 1.5, w > 1 Kerr-AdS black holes are classically
unstable, and we expect classical perturbations of such black holes to evolve into Grey
Galaxy solutions. It is interesting that quantum effects also lead to a similar evolution,
even in the absence of a classical perturbation. The relevant quantum effects are simply
Hawking radiation. Over time scales of order unity, this effect will populate low [ modes,
at (classical) amplitudes of order G. These amplitudes will then be amplified to order
unity over time scales of order (—In G) by the exponential classical instabilities. From this
point on we expect the subsequent evolution of the system to proceed along the lines of the
discussion in subsection 1.5. Note that the delay in the quantum process, compared to its
classical counterpart, is much smaller than the time scales associated with the complete
formation of the Grey Galaxy solution.

Although the focus of this paper has been on Grey Galaxy solutions, in appendix C we
have also presented a detailed construction of another class of new solutions, the so-called
Revolving Black Hole saddles. These new solutions are intriguing because they describe
large classical black holes in a coherent quantum state. These configurations are essentially
descendants of classical black holes that sit at the centre of AdS, and so are extremely
easy to construct. As their construction involves only symmetry analysis, it seems to us
that the construction is precise enough to be applied to supersymmetric contexts. As we
have explained in section 7, the simple construction of appendix C already appears to have
nontrivial implications for the spectrum of supersymmetric states in, e.g., AdSs x S°. It
would be very interesting to further investigate this point.

As RBHs are (marginally) entropically subdominant compared to Grey Galaxy solutions,
we expect that RBHs will eventually decay into GGs. The net effect of such a decay process
will be to transfer the rotational angular momentum from the RBH orbital motion into
the gas. This dynamics would presumably be initiated by the Hawking radiation of gas
modes (recall that the gas would like to be very heavily populated at w = 1 — O(G)
as is appropriate for RBHs), but the qualitative nature of the subsequent dynamics is
not completely clear to us. We leave further exploration of this interesting question to
future work.
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An unusual feature of RBHs is that they are macroscopic objects that occupy highly
quantum wave functions. Standard lore asserts that quantum states for macroscopic objects
decohere rapidly. It would be interesting to work out this lore in the context of RBHs.
In this context we emphasize that the charges of any particular localized revolving black
hole are very different from those of the RBH. Perhaps decoherence effects effectively
turn the RBH state into a density matrix that gives equal weight to every position of the
(now localized) revolving classical black hole. It would be interesting to better understand
this point.

The bulk gas stress tensor, in the Grey Galaxy solution, is a sum of terms, one associated
with each bulk field. In this paper, we have presented detailed formulae for the ‘gas stress
tensor’ (and consequent metric back-reaction) due to a bulk scalar field dual to a boundary
operator of dimension A. It would be useful to work out the corresponding expressions for
bulk fields of higher spin (and, in particular, the bulk metric). Given that we already know
that the total energy in the higher spin gas is given in terms of the energy of associated
effective scalars by (3.8) and (3.9), it is tempting to conjecture that a similar formula holds
also for the corresponding local bulk stress tensors. We leave these issues to future work.

Through this paper, we have focussed on the special case of the superradiant instability of
Kerr-AdSy. As we have mentioned in the introduction, similar instabilities exist in AdSp for
all D > 4.°7 Although the precise technical details will change from dimension to dimension,
it seems clear that Grey Galaxy (and, certainly, revolving black hole) solutions will have
analogues in every D > 4. It would be interesting to explicitly construct these solutions.

While we expect some qualitative aspects of the D = 4 solutions to persist in all
dimensions, we also expect some qualitatively new features to arise in D > 4. Our

expectation stems from the fact that the number of inequivalent angular velocities is
[D—l

2
that this S? is embedded into C?, and the two complex numbers in C? are called z; and

> 1 for every D > 4. For instance, AdSs contains a spatial S3. Let us imagine
y g

z2. In this situation, we have two angular velocities, w; and we, that are respectively dual
to rotations in the z; and zo planes. This observation suggests that we will now have
three qualitatively different varieties of black holes. The first variety consists of Kerr-AdS
black holes with |wi| < 1 and |wa| < 1. The second variety consists of black holes with
one of the two angular velocities — let us say w; — parametrically near to unity, while
the second angular velocity is less than and well separated from unity. We expect the
Grey Galaxy solution in this situation to be closely analogous to those presented in this
paper. In particular, we expect that the gas that makes up the galaxy will continue to be
centred around a two-dimensional disk of a large radius; the disk in question will live on
the plane zo = 0.

The third kind of saddle is one in which w; and wy are both parametrically close to
unity. In this case, we expect a halo spread on a large 4-dimensional spatial ball. For
instance, when wy = we approach 1, the U(2) C SO(4) symmetry rotating z1, z9 is unbroken.
Since there are no preferred directions for the disks in this case, we expect a graviton halo

5In D = 3, on the other hand, the angular velocity of black holes never exceeds unity (w tends to unity
from below as the black hole energy is lowered to extremality). As a consequence, black holes in D = 3 do
not suffer from the superradiant instability, and Grey Galaxy solutions do not exist in this dimension.
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whose stress-energy tensor depends only on the radial coordinate. It would certainly be
interesting to work all this out in detail. We leave this to future work.

Another new feature in AdSp in D > 4 is that a larger variety of black holes with
angular momentum exist in this case. For instance, there exist black rings [48] and black
Saturns [49]. It thus is possible that thermodynamically dominant solutions in D > 4 involve
these new elements in a nontrivial manner — perhaps together with Grey Galaxy-like
saddles. We also leave investigations of this point to future work.
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A A brief review of superradiant instabilities in AdS

Consider a charged rotating black hole in a flat space. Let the chemical potential and
angular velocity of this black hole, respectively, be denoted by p and w. Now consider a
fluctuation about the black hole background, of frequency f, angular momentum j and
charge ¢. If such a fluctuation is sent toward the black hole, one might expect that some
of it would be absorbed and the rest will be reflected. However, it was discovered over 60
years ago [2] that this is not always the case. When the fluctuation is such that

qp + jw > f, (A1)

it turns out that more of the wave comes out than was sent in. In other words the wave
extracts energy, angular momentum and charge from the black hole. This remarkable
phenomenon is called superradiance.

Superradiance for AdS black holes differs from the flat space version in two qualita-
tive respects.

o In flat space one asks about the fate of a wave packet, at a particular frequency,
that is incident on a black hole. The question is posed in the language of scattering
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(computation of a reflection amplitude) and makes sense precisely because free asymp-
totic states exist in flat space, and their properties are unaffected by the presence
or absence of a black hole at the centre. In contrast, AdS is a box. The form (and
spectrum) of generic fluctuations about empty AdS, and AdS with a black hole, are
different from each other. Consequently, a scattering-type superradiance question
cannot even be posed for generic fluctuations, about a generic AdS black hole solution.
There are two exceptions to this rule. First, if the black hole under study is small, in
AdS units, then local physics is approximately that of flat space and flat space results
apply.®® Second, if the fluctuation mode under study has parametrically large angular
momentum then the centrifugal barrier ensures that it dominantly lives at a very
large value of the radial parameter, and interacts very weakly with the black hole.
Superradiant-type scattering computations are, thus, well-defined for such modes even
for large black holes.

e When the superradiant phenomenon is well defined in AdS, its consequences are very
different from flat space. Recall that the superradiant enhancement for modes that
obey (A.1), is a ‘one off’ condition in flat space. In AdS, however, this is not the
case. A mode incident on the black hole is amplified. This mode hits the AdS wall
and is reflected back onto the black hole, which once again amplifies it. This process
continues ad infimum giving rise to exponential instability.

Let us now suppose we are in a parametric regime where the superradiant phenomenon
is approximately well-defined in AdS (either because the black hole is small or because the
modes in question have high angular momentum). In that case, the mode that first goes
unstable is the one with the largest ratio of % (in the case of charged black holes) or of
% (in the case of rotating black holes). Let us first consider the case of a charged field of
charge ¢ propagating in the background of a charged, non-rotating, black hole. In this case,
all fluctuation modes carry a charge q. Consequently, the highest ratio of % is achieved
for the fluctuation mode with the lowest energy. This mode is the ‘primary state’ of the
corresponding charged field (its frequency is the scaling dimension A of the dual operator).
The mode in question carries zero angular momentum. As we have explained above, the
language of superradiance is only appropriate for the study of such modes for small black
holes. In this case, it was demonstrated in [10] that the black hole is unstable if pug > A,
and that the end point of the instability is a charged black hole sitting inside a cloud of the
scalar (which is approximately in its primary state). As the black hole is so much smaller
than the scalar cloud, these two elements interact only weakly with each other. Roughly
speaking, the superradiant instability produces a Bose condensate of a single scalar mode,
weakly interacting with the black hole. This picture is accurate when the black hole is
small. It is corrected, order by order, in a power series in the black hole radius, and can be
qualitatively inaccurate when the black hole radius exceeds the AdS scale.

With all this preparation, let us now consider the case of prime interest to this paper,
namely the case of a rotating black hole in AdS that is not necessarily small in AdS units.

58This intuition was used by [10] to compute the threshold of superradiant instabilities for small charged
black holes in AdS and to compute the endpoint of the superradiant instability in this case.
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According to (A.1), the modes that first go unstable are those with the highest ratio of
%. Now the CFT unitarity bound tells us that % is bounded from above by unity. The
fluctuation modes that most closely approach this bound are those with very large angular
momentum and correspondingly large energy. In the large j limit, the ratio of % tends to
unity for such modes.?® But, as we have explained above, these large angular momentum
modes are precisely those for which the superradiant analysis is self-consistent (for black
holes of arbitrary size). Referring back to (A.1), we conclude that all rotating AdS black
holes are unstable when w > 1. Given any w > 1 (no matter how close w is to unity) we
find that all modes with j greater than a critical value — and therefore an infinite number
of modes — are unstable. For this reason, the endpoint of the superradiant instability of
rotating black holes is qualitatively different from the endpoint of the instability for charged
(especially small charged) black holes.

B Free particle motion in AdSi11

In this appendix, we review aspects of the classical and quantum description of free particles
in AdSg41. The particles we study are dual to CFT operators with dimension A and ‘spin’
s (for d > 3 the ‘spin’ s is a catchphrase for an irreducible representation of SO(d)).

B.1 Quantization and group cosets

First, consider the motion of a single spinless particle in AdS;y1. The phase space of this
system is the set of all inequivalent geodesics and is 2d dimensional (‘d positions and d
velocities’). Satisfyingly, this 2d dimensional phase space is completely generated by the
action of the symmetry group. Consider, for instance, a geodesic that sits at the centre
of AdS. SO(d) x SO(2) transformations map this geodesic back to itself. However the
remaining symmetry generators — those that live in the coset SO(d,2)/(SO(d) x SO(2)) —
map it to a distinct geodesic. As the coset SO(d,2)/(SO(d) x SO(2)) is 2d dimensional,®”
it is plausible — and true — that the action of this coset action generates the full phase
space. In other words, the phase space is isomorphic to SO(d,2)/(SO(d) x SO(2)). The
quantization of this phase space — with respect to the group invariant symplectic form
inherited from particle action — produces the spin-zero, dimension A representation of
SO(d,2). From the spacetime point of view, this Hilbert Space is the space of solutions of
the relativistic Klein-Gordon equation with m? = A(A — d).

The generalization to particles with spin is complicated by the fact that the spin degrees
of freedom of a particle are already quantum. These quantum degrees of freedom may be

59Consider an example. Under the state operator map these modes map to the operator 827 2T... This
operator has z angular momentum j and dimension j + 1. In the limit that j is large % tends to unity, and
so these modes lead to a superradiant instability in the background of a black hole with w > 1.

50The infinitesimal generators of this coset are precisely the 2d P, and K,,. We emphasize that it is not
the case that the classical geodesic at the centre of AdS is annihilated by K, : if this had been the case we
would have too few parameters in our geodesics. The fact that K, does not annihilate the geodesic at the
centre, even though it quantum mechanically annihilates the primary state- is analogous to the fact that a
annihilates the vacuum of the Harmonic oscillator, even though it does not act as zero on the phase space
point x = p = 0.
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obtained by the quantization of the appropriate co-adjoint orbits of SO(d)(see e.g. [50]).
These orbits are generated as follows. We start with an SO(d) charge ‘matrix’ (this is an
SO(d) Lie algebra element — but with quantized but otherwise arbitrary coefficients, see
below). Without loss of generality, we choose this algebra element to lie in the Cartan of
SO(d). The co-adjoint orbit is the submanifold, in the space of (adjoint valued) charges,
that is generated by the action of the symmetry group on this chosen Cartan element. When
the initial Cartan is chosen so that all quantized coefficients are nonzero, this subspace
is isomorphic to SO(d)/H (H is the Cartan subgroup of SO(d)). The quantization of
the coefficients of the Cartan generator is necessary for the consistency of the quantum
problem.®! When the SO(d) system is taken in isolation, the endpoint of this quantization
is the irreducible representation of SO(d) whose highest weights are determined by the
quantized coefficients that define the original Cartan element.

It follows that the full phase space for the motion of spinning particles in AdSy is
given by specifying both a geodesic and an SO(d) charge (an SO(d) coadjoint element).
Let us choose our starting phase space element to be a geodesic sitting at the centre of
AdSy, with co-adjoint charges lying in the Cartan. Let us suppose that the co-adjoint
representation under study is generic (the coefficients of all Cartan elements are nonzero). In
this case, the only symmetry group elements that leave both the geodesic and the co-adjoint
element unchanged are those in SO(2) x H. So the phase space, in this case, is identified
with the group coset SO(d,2)/(SO(2) x H).%? The quantization of this coset produces the
corresponding representation of the conformal group SO(d,2).% From the spacetime point
of view, the Hilbert Space associated with this quantization is the space of solutions of the
relativistic higher spin equations in AdSg41.

Notice that H' = SO(2) x H is simply the Cartan subgroup of SO(d, 2). Consequently
SO(d,2)/(SO(2) x H) = SO(d,2)/H’. Tt follows that the quantization described above is
simply the co-adjoint quantization of the conformal group itself. This last statement is
exact and applies without restrictions.%*

One way of understanding the connection between particle motion and co-adjoint
quantization of SO(d, 2) is to realize that every geodesic defines an SO(d, 2) charge vector
simply because it carries specific values of each of the (d + 2)(d — 1)/2 SO(d, 2) Noether
charges. The discussion of the previous paragraphs explains that the charges label geodesics
(no two geodesics carry the same charge). It follows that the phase space of geodesics can
be identified with the coadjoint phase space.

The map between geodesics and charges can be developed as follows. To start with
let us evaluate the charges of our reference point in phase space: i.e. the geodesic at the

S1For instance, consider the special case d = 3. In this case, the co-adjoint orbits are generated by the
action of the rotation group on charge vectors and so consist of two spheres. The spin s representation is
obtained by taking the symplectic form to be the round magnetic field on the S? with s units of magnetic
flux. Flux quantization tells us that s must be an integer.

52Tn the special case d = 3, any particular unit vector on this S? is left invariant only by rotations around
the vector’s axis, i.e. by an SO(2) C SO(3). Consequently, the phase space is now SO(3,2)/(SO(2) x SO(2)).

53Even though the phase space now has a dimension that is larger than 2d, all but 2d parameters on this
phase space are compact, and their quantization produces the particles’ spin.

54Tn contrast, the description as the quantization of SO(d,2)/(SO(2) x H) = SO(d, 2)/H’ applies only for
co-adjoint orbits that are generic, i.e. that have nonzero entries for all quantized coefficients.
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centre of AdS; — with SO(d) charge vectors to be H; that lie in the Cartan of SO(d). The
spacetime SO(d, 2) Noether charges for this system lie in the Cartan of SO(d, 2), and in fact
are given by (A, H;) (A is the energy, i.e. the SO(2) charge). As we have mentioned above,
the most general classical solution is an SO(d, 2) rotation of our reference solution. The
charges of this new solution are thus the SO(d, 2) rotation of the adjoint element (A, H;).

In the next few subsections, we present a completely explicit construction of the ‘right
moving part of the phase space’, and also its quantization, the especially simple case d = 2.
We present this analysis for the following reasons:

o The right moving AdS3 phase space (and its quantization) constitute a submanifold
of the phase space of the motion of spinning particles in AdSy11 (and a sub Hilbert
Space of this larger quantization). Moreover, this submanifold of phase space (and
subspace of Hilbert Space) turns out to be precisely the ones that will prove to be
relevant to the construction of revolving Black Hole solutions (see the next appendix).

e The discussion of spinning particles is particularly simple for the special case d = 2.
As the co-adjoint orbits of SO(2) are a point, the full phase space is simply the space
of geodesics. Consequently, it is much simpler to directly study this simple subspace
(and its quantization) than to study the full set of geodesics in AdSy;1, and then
focus on the solutions of interest.

B.2 Coordinates and symmetries in AdS3s

Let us first study the action of the six-dimensional symmetry group SO(2,2) on coordinates
in AdSs. AdSs can be thought of as the submanifold

— X2 X2+ XP 4 XI=—1 (B.1)
of R?2. The four embedding space coordinates can usefully be packaged into a 2 x 2 matrix
X1-X1 Xo— Xy
X = where detX =1 B.2
<X0+X2 X1+Xy (B:2)
(the condition detX = 1 reproduces (B.1)). Clearly the transformation
X' =fxfr (B.3)

(where f and fT are independent real® 2 x 2 matrices, each of unit determinant) preserves
the condition detX = 1. It follows that SO(2,2) = SL(2, R) x SL(2, R), a fact that is, of
course, well known.
In order to obtain intuition for the matrix parameterization of AdSs, ((B.2)) it is useful
to perform a few exercises. If we parameterize global AdSs3 as
X_1 =coshpcosT
Xop =coshp sint
X1 =sinh pcos¢
X9 = sinh psin ¢

55The reality condition follows from the requirement that X and X’ are both real.
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then the time translation 7 — 7+7T is generated by the SO(2, 2) transformation that acts as
X', =cosTX_1 —sinTXy, X)=cosTXp+sinTX_y, (B.5)

while the rotation ¢ — ¢ + © is the transformation that acts as
X =cosOX; —sin®Xy, X, =cosOXs+sinOX; (B.6)

In other words, the f matrix

fa= (cosA —sinA) (B.7)

sinA cosA

generates time translation by A accompanied by a rotation by A, while the f matrix

fB _ ( cos B sinB) (B.8)

—sin B cos B

generates time translation by B together with rotation by —B.5¢ Following usual conventions,
we say that the matrix (B.7) generates left moving time translations by A, while the
matrix (B.8) generates right moving time translations by —B.

Now consider a group f in the neighbourhood of identity, i.e. one that takes the form

I+ foé’ﬁ’,y, fa,ﬁ,'y = o3 + Y01 + ﬁ(iag) (B.Q)

where «,  and v are infinitesimals. f, g, is a generator of SL(2, R), and transforms in the
adjoint representation of SL(2, R). In particular under a left moving time translation by A
this generator transforms as

Fafapafit = farg (B.10)
with

o =cos2A a —sin24 v

g =8 (B.11)
v = asin2A + ycos 24

It follows that the generator Siocs commutes with left moving time translations, and
so oo should be identified with Ly. On the other hand, a and v transform like a two-
dimensional vector under left moving time translations. We can diagonalize this action as
follows. Define

CMZAZ+A5

B.12
'VZZ.(AZ_AE) ( )

56Tt follows that the choice A = —B = —% gives a rotation by angle © while the choice A = B = g gives
a time translation by time 7.
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then the transformation of A, and Az under left moving time translations is given by

A/ — efiQAAZ
AL =244, (B.13)
g=p

It follows that A, and Ajz, respectively, parameterize infinitesimal translations and special
conformal transformations. Notice that A, and A; are complex conjugates of each other.
The factors of 7 in (B.12) are one way of understanding the well-known equation

P, = K.

B.3 Geodesics in AdS3

In this subsection, we present a detailed description of the space of geodesics in the special
case d = 2, i.e. geodesics in AdSs. In this special case, we have 4 parameter space of
geodesics.

Consider a geodesic sitting in the centre of AdS3. The geodesic sits at X_1 = cos,
Xo =sin7 with X; = X9 = 0. The geodesic is obtained by varying over 7. The X matrix
corresponding to this configuration is

X — (COST—SIHT) (B]_4)

sinT cosT
The only nonzero charges for this solution are
LO = ihUg, I_/O == 7;710'2 (B15)

h and h are the left and rightmoving weights of the dual d = 2 primary operator.
We now produce a new right-moving geodesic by acting on the original geodesic by
SL(2, R)/U(1), i.e. by the action

X' =XxfT (B.16)
where f lies in SL(2, R)/U(1). To start with let us take
= cosha sinha
= B.17
J < sinha cosha ) ( )

It is easy to verify that the coordinates of this geodesic are given by

/
X', =coshacosT

X{, = coshasint
, (B.18)
X =sinhasinT

/ .
X5 =sinhacost

We see that this geodesic sits at the fixed value of p, p = a and rotates in ¢ so that Z—f =1.
This rotation is purely right-moving and approaches the speed of light as p — oo. Note
that the particle is displaced in the Xy (rather than X;) direction at 7 = 0.
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As the SL(2, R) transformation f, is purely right-moving, it leaves all left-moving
charges unchanged. However right-moving charges are transformed. The right-moving
SL(2, R) charges for this new geodesic are

Qo= (fN7'Qofl = E (cosh2a(ios) + sinh 2a o3) (B.19)

Note that @, is a boost of ()¢ into the o3 direction. The fact that the boost is in the o3
rather than the o direction is related to the fact that our geodesic is displaced in the Xs
(rather than the X) direction at 7 = 0.

We can obtain a more general right-moving geodesic by choosing f in (B.16) to be
fafa, i.e. by the construction

X =Xfifh (B.20)
where, as above,
- cosA —sin A
= B.21
fa (sinA cos A ) ( )

The coordinates of this more general geodesic X are given by
X_1 = coshacos(t — A)
Xo = coshasin(r — A)
X, = sinhasin(r + A)
X, =sinhacos(r + A)

(B.22)

This geodesic traverses the same orbit as (B.18) except that it is rotated on the circle by
O — ¢+ 2A.
The charges corresponding to these configurations are also rotated

Qaa= () N QofT i = h(cosh2a(ioz) + sinh 2a(sin 24 oy + cos 24 03)) (B.23)

So we see f4 has rotated the charge — which was proportional to o3 in (B.19) to a charge
proportional to (cos2A o3 + sin2A o) in the new solution. In other words, the charge of
this new solution tracks the position of the particle at 7 = 0.57

We have, so far, described the construction and charges of the 2 parameter set of
purely right-moving geodesics. The construction (and charges) of the 2 parameter set of
purely left-moving geodesics — and indeed of the most general 4-parameter set of left and
right-moving geodesics — proceeds along entirely similar lines. We do not pause to present
these constructions, as only the right-moving geodesics appear in the study of Revolving

Black Hole solutions in the next appendix.

B.4 Solutions of the wave equation in AdSs

In this section, we study the right-moving solutions of the wave equation in AdSs3. In other
words, we find the quantum states that result from the quantization of the two-parameter
set of right-moving geodesics constructed in the previous subsection.

We will start by this section studying the motion of scalars, and then turn to the study
of spinning particles.

57Let us say this more clearly. From (B.22) it is clear that the effective geodesic equation is 7/ = ¢’ — 2A.
This 2A offset in the initial condition is precisely reflected in the rotation of charges Qa,, by an angle 2A.
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B.4.1 Scalar motion in p, T, ¢ coordinates

Let us first study the quantization of geodesic motion in AdSs in the most straightforward
manner imaginable, i.e. by simply working out the minimally coupled scalar equation
in convenient coordinates, and examining the interplay with the group structure. This
subsubsection is a review of the analysis of [51].

The metric of AdSs is given by

ds® = — cosh? pdr? + sinh? pd¢? + dp? (B.24)

Let us define u = 7+ ¢ and v = 7 — ¢. The paper of Maldacena and Strominger [51] informs
us that the Killing vectors for the leftmoving SL(2, R) are given by

Lo =i0,
_:., [cosh2p 1 i
L_y=¢e" — Oy + =0,
L= Linth “ sinh2p vt 2 p] (B.25)
.. [cosh2p 1 )
Ly =¢e" — Oy — =0
L= [sinth “ sinh2p " 2 p}

The generators above obey the commutation relations

(Lo, L+1] = FL+1

(B.26)
[L1,L_1] =2Lg
(we have discussed one SL(2, R). The second is given by the interchange u <> v).
Define the Casimir operator L? by
LiL_y+L_ 1L
L? =24 2! ; Y L Ly — Lo(Lo — 1) (B.27)

Consider a primary state (annihilated by L;) with weight Lo = h. When acting on this
state, the Casimir evaluates to —h? 4 h. Consequently, the wave equation takes the form

L1Ly—Lo(Lo—1)=—h*>+h (B.28)

A similar derivation (B.28) also holds when we add a bar to every term on the lLh.s.
of (B.28) (recall that, for the operator dual to a scalar field, h = h). These two equations
are consistent: using (B.25), and its barred version, it is easy to verify that

_ - V2
L Ly —Lo(Lo—1)=L_1L;—Lo(Lop—1) = e (B.29)

so that (B.28) becomes
V20 = —(2h)(2h — 2)® (B.30)

Recall that in the case of a scalar field, the famous AdS/CFT formula asserts that

A(A = d) = m?
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(here d is the field theory dimension, and A is the scaling dimension of the field). In the
case d = 2 under study here, we find

2h(2h — 2) = m? (B.31)
and so (B.30) is the minimally coupled scalar equation.%®
The explicit form of the primary function (obtained from the condition that it is
annihilated by L_; and L_) is,

ef'ih(quv)
Vho0 = “(cosh )7 (B.32)
where c is a normalization constant.
Let us now define the descendants of the primary states as
— n’
Vhnn = (Lo1)" (L—l) ¥h,0,0 (B.33)

Clearly the Ly and L weights of these states are given by h +n and h + n’. By using the
explicit form of L_; and L_; we find the explicit expressions

Ciu n efih(u+v)

Yhno = Cn (e tanh P> W
. (B.34)

- ) n e—th(utv)

wh,O,n = ¢, (efzv tanh P) W

here, ¢, and ¢,, are normalization constants. The formula for more general mixed descendants
— those obtained is much more complicated (it is the 2+1 dimensional analogue of (4.10)).
We will not need these expressions and do not present them here.

As we have mentioned above, our interest in right-moving solutions of the wave equation
in AdSs comes from the fact that these solutions effectively produce solutions to the wave
equation in higher dimensional AdS spaces. In the next few paragraphs, we illustrate this
fact by direct comparison.

In (4.10) we have presented the most general solution to the radial part of the wave
equation in AdSy. Let us translate the wave functions (B.34) into the coordinates used
in (4.10). Using (B.4), the first of (B.34) can be rewritten in terms of the embedding space
coordinates. (4.1) and (4.2) can then be used to rewrite the embedding space coordinates
in terms of the coordinates used in (4.10). The net result of this exercise is the following —
the wave function (B.34) can be reexpressed in terms of the coordinates of (4.10) by making
the replacements

rsinf
coshp —+ V1+7r2, tanhp - ——.
P P V14172

58 Equivalently
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(the time and ¢ dependences remain unaffected between the two expressions). This replace-
ment rule turns the second of (B.34) into

. - sin! 97!
T/Jh,O,n — ¢ zt(2h+n)+l¢n71+2h (B35)

(1472)z

Let us now compare (B.35) with the most general solution in AdS; presented
around (4.10). This solution is proportional to

efit(A+lJr2n)Y*lm(g7 Qb)Fnl(T)
If we choose a = 0 then the spherical harmonic takes the simple form
Y o< €® sin! 0

If we also choose n = 0 the hypergeometric function that appears in (4.10) reduces to

unity and
Tl

Foyox ——
T aemS

Putting everything together, we find the wave function
) ) : 19 l

o= i(A+)tilg S Tﬂ (B.36)
(1+41r2)72

We see that (B.35) agrees exactly with (B.36) once we make the identifications 2h = A and
n =1 (n here is the symbol used in (B.34), denoting the descendent level). We see that the
solution to the AdS3 wave equations are, indeed, also solutions to the AdSy wave equations,
as expected.

B.4.2 Scalar fields in embedding space

We will now repeat and generalize the analysis of the previous sub-subsection using the
embedding space formalism. In this sub-subsection, we continue to work with scalars: we
will generalize to the study of particles of spin n in the next sub-subsection.

Consider the R?? space in which AdS3 is embedded (see (B.38)). We can coordinatize
this embedding space as

X,1 = T£U71
Xo=Tx
0T (B.37)
X1 = Txl
X2 = T:BQ
where
—x2_1 - x% + x% + x% =-1 (B.38)

The z; themselves should be thought of as being determined by the three coordinates on a
unit AdSs. The metric of embedding space, in these coordinates, takes the form

ds* = —dT” + T?dQ% g, (B.39)
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It follows that the Laplacian in embedding space is given by the equation
2 1 3 L oo
V - —ﬁaTT 8T + ﬁvAdsg (B40)

Let us now study harmonic functions (i.e. functions that obey V?f = 0) in R?2. Let
us also demand that our functions are of homogeneity (degree) —2h = —A in the Cartesian
embedding space coordinates. It follows that, when acting on such functions, the operator

1
ﬁaTT3aT

gives —m?/T? where m? = A(A — 2). Tt follows such functions when restricted to the AdSs
sub-manifold, are solutions to the AdSs Klein Gordon equation with the above-quoted value
of the mass.
We have thus found a very simple way to generate solutions of the scalar wave equation
in AdSs. We need simply construct Harmonic functions, of a specified homogeneity, in R%?2.
Let us now study the symmetry algebra, SL(2, R) x SL(2, R), in embedding space
language. It proves useful to define

o X1+ iXo
V2
. X_l\}z'Xo
2 (B.41)
X1 +1X9
7 =
V2
5 XXy

Generators of the left moving SL(2, R), given in equation (B.25), take the following
form embedding space
1 _ _
Ly = 3 (W@W —Woy — Z0z + Zaz)
Ly =Z0w + WaZ (B.42)
L_y=—Z05 — Wy

Similarly, the right moving SL(2, R) generators are given by

_ 1 _ _
L= (Wow — Woy, + 205 — Z0,)
Ly = Zow + Wy (B.43)
L= —Z 0w —Woy
Let us now identify the primary wave function. Any expression independent of W, Z
and Z is clearly annihilated by both L; and L;. Consequently,
1

b=r (B.44)
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is clearly a primary state for a scalar of weight A = 2h. As (B.44) is a function of W only,

it is harmonic as required. Using W = coshpeiiuTH and Z = sinhpe’ 2z , it is easy to
check that (B.44) is indeed the same as (B.32).
By acting n times with L_; or L_; we find that

1 (Z\"
Yhno = o <W>

1 Z\"
nan = 7 (77

These expressions are also easily checked against (B.34).5

(B.45)

Notice that the expressions in (B.45) are everywhere regular in AdSs, despite the fact
that they have powers of W in the denominator. This is because W unlike Z and Z never
vanish on the AdS3 sub-manifold. This observation also explains why our expressions never
have Z or Z in the denominator. The reason that we have W, rather than W in the
denominator, is that we are looking for positive energy solutions (the wave functions that
multiply a rather than a' in canonical quantization).

B.4.3 Higher spin solutions in embedding space

Let us now attempt to generalize the analysis of the previous subsubsection to fields of
higher spin. In particular, we are interested in square integrable solutions of the Laplace
equation in embedding space (B.39)

Vs, S e = (=2h)(—2h + 2)§H1Hs (B.46)

A spin-s primary solution also satisfies the following equations

LLO SQHLHs — | GH1 " Hs CZ SHL s — | QH1 s
) 0 )

(B.47)
Ly, SH ke =0, Ly SHts =0

where £ denotes the Lie derivative.”?:71

59Note that (B.45) are clearly homogeneous of degree —2h. Moreover, these functions depend only on
either Z or Z (never both) and W, and so consequently are harmonic.
"Here Lie derivative £ of tensor THY R L, with respect to vector X* is defined by,

(LxT)M P, = X.VT" e

— (chm)Tcug»-.,:ﬁmub L (VCXHQ)TMI“'”‘;I—}”C%

+ (Vo XO)TH ey + o+ (Vo XOTH R e

"1t turns out that these equations have a consistent solution only when h — h = +s.
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Primaries of the spin-s field are given very simply in terms of scalar primaries. It is
easy to check that these are given by,
G mipaps — wh,o,oilfl f/lﬂ . [‘/1157 h—h=s

(=) 11 a2 pas W1 p2 Ws 7 (B.48)
S\ :1/1;%0’0[/1 L2 .. Lye, h—h=—s.

Maximally rotating descendants are also given very simply in terms of their scalar
counterparts. The solutions have the following form,

|
>
I

(4,1 p2 s THLT 7
Gl = Ypaoly " LY* - LY,

(=) mapa-p BT B2 7
S; T = ¢B,0,¢L1 Ly - L7,

S,

(B.49)

IS

73

|
>
|

—-S.
Using the SL(2, R) commutator relations one can also check that S,(Li) transforms under
SL(2, R) generators as follows,

ELOS7§L+),/L1M2---MS = (h+ n)ST(LJr),muz---us

Ly, SRt — py(2h 4 — 1) S Tz we

n—1

ﬁL_IST(L+),H1H2"'Hs — 87(:'_)1:#1#2'”/13 (B.50)

Lr S mipaps — f, §(+)p1p2-ps
o n n
0

L; Gk 2 pis
1 n

L; G(=)mipeps (h+ n>5£—)7u1uz~-us

0Pn
Li fl*),uluzu.us _ n(2fz tn— 1)57(;)1,#1“2...%
ﬁi_lsqgf)z,ull‘b---us — 57(11)1,“1;12..4“5 (B51)

ACLOS)(L_)”““Z”'“S = hS;L_)v.U'IHZ"'Hs
L, Shmmmps —
B.5 Probability distribution function and classical limit

The solutions (B.45) and (B.49) and not yet properly normalized. We work with the Klein
Gordon Norm. Consider a constant time surface, 7 = u + v = ilog/ % = 79. The unit
normal vector to this surface is given by,

a1 [ Wy W
A= =i, O+ 00 = 5 | 30w — 0w (B.52)

The induced metric on this constant time surface takes the form

ds?|;—r, = sinh? pd¢? + dp? (B.53)

"2Using chain rule in Lie derivative, L1 ¥n,00 = 0, and [L1,L1] = [L1, L1] = 0 one can easily convince
that (B.45) are indeed spin-s primaries.

"30ne can see for (£1,)* descendant we used the S primary from equation (B.48) since L; does not
interact with the L; vector indices and the problem reduces to exactly like the scalar problem. A similar
argument works for the anti-holomorphic (S <7)) solution.
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The volume form in the constant time surface is,
VYind dp dp = sinh pdp de = V2| Z| dp do (B.54)
Now consider the tensor

4 . oz
SHI.UQ"'/—LS — 1/}h,n,OL1 MlLl pa Ll Iis

)+ - B _ (B.55)
St frz--ops = (-1) ﬂ’h,n,oLflmLfluz o Loy,
Its Klein-Gordon norm is given by the integral, over the constant time surface of
ddt\/Ginai (S5 )5 2 VSHIPBe — gRB-Be g 5L, )
1 VA
=51 <(2h +n) ’W’ + 25ZW|) [¥h.n.,0 2 (B.56)

1 ) tanh2" )
= 51 ((2h 4 n) tanh p + ssinh 2p) m

In the problem of physical interest in this paper (see the next appendix) h, s and n are

all very large (and, generically, comparably large). In this case the spatial distribution of
the probability density (B.56) is dominated by the expression

tanh?” p
cosh*” p’
This function is peaked at
po ~ sinh ™! % (B.57)
with a width of order 1

2vVh
Note that the parameter s affects the spatial distribution of the probability density
only at the first sub-leading order in a large parameter expansion. In particular, the peak
of the probability density function lies at the same position for every value of s.
Similarly for the other solution

S)L(I‘IIZ‘Q"')U‘S = wﬁ,ole le po Ly s
S,SI,ZZ...HS = (_1)swi,0,nL—1#1L—1 M2 " L s

repeating the same calculation, we find that the probability density is given by

(B.58)

JOindi (Sé;)*ﬁsﬁ_vs(*)ﬁr"ﬁs _ S(*)ﬂl---ﬁsﬁ_vsé:.?fﬁs)

1 = A

tanh?" p

= —— ((2h + n) tanh p + ssinh 2p =
951 ( ) cosh? )

The peak of probability density of the S (=) wave function lies at,

~sinh~!, /% B.60
po=sinh [ (B.60)
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Let us summarise. For all values of the spin of the primary field, the probability
distribution associated with the n* descendent wave function is highly peaked at the radial
location (B.61). However, the wave function is completely delocalized in the ¢ direction
(indeed the only dependence of the wave function on ¢ is through the phase e where
m is the z component of the angular momentum). In other words, this wave function is
extremely well localized around a particular classical orbit. But it is completely delocalized
in the ‘where on the orbit one happens to be’ coordinate.

B.6 Matching the geodesic and the wave function calculation

As we have explained in the previous subsection, in the limit that n and h are both large,
the wave function corresponding to the n** descendent is strongly localized around the
radial location
L1 [m
po = sinh o7 (B.61)
Localization of wave functions at large quantum numbers is usually associated with a
classical limit. In the current instance, the classical limit of the primary wave function is
the geodesic that sits at the centre of AdS, (B.14). The classical limit of the n” descendent
of this primary is a geodesic obtained by ‘boosting’ the primary, (the boost in question lies
in the right moving SL(2, R)). The boost in question should be chosen so that the resulting
geodesic carries Ly = h + n. Precisely such geodesics were studied around (B.22). Recall
that these geodesics were obtained (see (B.20)) by acting on the geodesic at the centre of
AdS by faf, from the right (see (B.17) and (B.7) for definitions). The Lg value of the

resultant geodesic is h cosh 2a,”* and the resultant geodesic lives on an orbit located at
p=a. (B.62)

We see that the charge and radial locations of descendants and geodesics both agree with
each other if we choose (h,h) of the primary to match the corresponding charges for the
geodesic at the centre of AdS, and also make the identifications

n=>0
.- (B.63)
n' = h(cosh2a — 1)
We can invert the last of (B.63) to solve for a in terms of n and h. We find
a=sinh~! |~ (B.64)
2h

Comparing (B.64) and (B.61), we see that the wave function of the descendant state
Yn0.n is peaked at exactly the same value of p as the location of classical orbits of a massive
particle of mass m that carries the same value of Ly and Lg charges.

Note that our matching procedure above has completely determined the value of a.
However, it has had nothing to say about the parameter A. Geodesics at the value of a
presented in (B.64) — but at all values of A — have the same charge and radial location

"The Lo value of this geodesic is unchanged at h.
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as the descendent wave function. We can understand this fact in the following terms. As
we have explained in subsection B.1, the phase space of geodesics in AdSs is the coset
S0(2,2)/(SO(2) x SO(2)) = SL(2,R)/U(1) x SL(2, R)/U(1). The left-moving part of this
co-set plays no role in the current discussion and so can be ignored: effectively our classical
phase space is SL(2, R)/U(1). The quantities a and A are parameters on this phase space.
The quantum wave function corresponding to the n" descendent is a state that is highly
localized in a but completely delocalised in A. As A determines the angular location of
the particle at 7 = 0 (see (B.22)), the fact that the wave function does not single out a
particular value of A is simply a restatement of an already noted fact (the last paragraph
of the previous subsection), namely that the wave function is not peaked at a particular
position on the orbit, but is uniformly smeared all over the orbit.

The fact that no particular geodesic (B.22) can well approximate the descendent wave
function could have been anticipated from a consideration of SL(2, R) charges. As we
have explained in (B.23), the geodesics described at particular values of a and A all carry
definite SL(2, R) charges. Geodesics at a given value of a (but different values of A) all
carry the same value of Ly. This is the value we have already matched with the descendent
wave function earlier in this sub-subsection. However, geodesics at different values of A
each carry a different, A dependent, values L; and L_; (see the second term on the r.h.s.
of (B.23)). In contrast, our descendent wave function is such that (L1) = (L_1) = 0 on this
state. It is thus impossible for our descendent state to be well localized around any one of
the classical geodesics (B.22). In fact, the descendent state is an equal linear combination
of these geodesics at all values of A, explaining how its average L1 and L_; charges vanish.

We could obtain a state that is highly peaked in ¢ at ¢ = 0 (and so more closely
resembles a classical geodesic) by considering a linear combination of descendants n. Let us
suppose we want to achieve a definite value of the location, ¢, of our particle on its orbit,
with accuracyd¢. This can be achieved by a state of the sort

M

Ungoss = p_ larle™®noni (B.65)
k=—M

where M ~ % but M < n. Here the functions |ay| are some smooth envelope functions
like a Gaussian that is maximum at k = 0, is symmetric in k <> —k, and is very small at
k = M. Roughly speaking we can think of |ax| = x(k/M) where x is a smooth function
that interpolates from zero (when its argument is minus one) to unity (when its argument
is zero) to zero (when its argument is one). Saddle point type reasoning tells us that this
wave function is peaked at a value of ¢ given by

¢—t=do (B.66)
Note, comparing with (B.51) we see,
b0 = 24 (B.67)
Using (see (B.51))
Eoﬂ;h,om = (h+ n)@Z)h,O,n
Lm0 = \/1(2h +n = 1) 001 (B.68)

L_1non = \/n(2h + 1 — 1) 0041
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it follows that, on such a state in large h, n limit,

(L) = (<L1>)* = €124\ /n(2h + n) (B.69)

Using (B.64) allows us to re-express (B.69) as
— — * 2A
(L1) = ((L-1))" = e*Ahsinh(2a) (B.70)
in precise agreement with the value of the off-diagonal charge in (B.23).

B.7 Primary and descendant contributions in the saddle point approximation

As we have explained in great detail in subsection B.1, the state space of an irreducible
representation of SO(d,2) may be obtained from the quantization of geodesics (plus the
co-adjoint orbits of SO(d) charges) in AdS. Similarly, the thermal partition function over
this state space may be obtained by performing a world line path integral over particle
trajectories in thermal AdS space.”™

In the limit that A is very large (with spin held fixed) the path integral over worldline
trajectories (that wind once around the thermal AdS circle) may be computed in the saddle
point approximation. The saddle point geodesic (the one with the shortest Euclidean length)
sits at the centre of AdS space,”® and its contribution to the path integral is e~ #2.

We have still to perform the integral over the SO(d) co-adjoint orbit, and also the
integral over fluctuations of the trajectory over its saddle point value. The first of these
produces the partition function over the SO(d) representation in which the particle lies.
Combining it with the saddle point value gives us the partition function overall primary
states, Zprimaries-

The one loop path integral over fluctuations of the trajectory about this saddle point
captures the contributions of descendants, and so evaluates (in the special case d = 3) to
. Putting these pieces together we obtain (for d = 3)

1
(l—e_ﬁ(l_w>)(1—e_ﬁ(1+w))(176*5)
(1= e POD)(1 — e PO (1 = =B’ (B-71)
(where we have used the fact that when d = 3 and in the spin s representation

m=s
ZPrimaries = e_ﬂA Z eﬂwm

m=—s

7 =

Of course, this is the exact answer for the partition function over the given (long) SO(3,2)

representation module.

"SMore precisely, this partition function is obtained by restricting particle trajectories to those in which
the worldline circle winds the spacetime circle precisely once. These are the trajectories we study in this
subsection. Trajectories that wind n times capture the contributions of n particles in AdS: summing over all
such windings yields the partition function over the Fock Space of particles in AdS. As mentioned above,
our interest, in this section is in the partition function over the single-particle Hilbert Space, so we restrict
our path integral to trajectories that wind the time circle exactly once.

"0The centre of AdS has the following definition. AdS, space hosts a unique time-like geodesic that is
everywhere tangent to the Killing vector 0; where ¢ is the global time. Translations J; are generated by
the energy operator 2. Through this paper, we refer to any point on this geodesic as lying at the centre of
AdSs. Note that the notion of a centre only makes sense once we have made a particular choice of E (or
global time). Of course the entropy S(F, J.) and partition function Z[8,w] are also meaningful only once
we have made such a choice.

- 79 —



We emphasize that the saddle point contribution to Z captured only the contribution of
one primary state. The contribution of all other primary states — as well as the contribution
over descendants came from the one-loop determinant over this saddle point.

In the discussion above we were able to perform the integral over particle trajectories in
the saddle point approximation, but were constrained to perform the integral over co-adjoint
orbits exactly (in order to obtain the group character of the primaries in the numerator
of (B.71)). The situation in this regard simplifies if s, like A, is also large. In this, the
integral over the co-adjoint orbit can also be performed in the saddle point approximation.
To see how this works let us, as above, specialize to the case d = 3. In this case, the saddle
point configuration is the one in which the coadjoint charge vector — whose length is s
-points in the positive z direction (we assume that w is positive). Consequently, the saddle
point approximation to the partition function is simply

676A+,8ws

The exact answer (B.71) is this saddle point answer times the extra factor

2s _—fwa
a=0°¢

(1 — e BO-0))(1 — ¢ BOFT))(1 — )

(B.72)

"

Up to exponential accuracy in s,”” we can ignore the upper limit of the summation in (B.72)

and approximate (B.72) as

1
(1 — e Pw)(1 — e BU-w))(1 — e Al+w))(1 — e=F)

(B.73)

(B.73) is easy to understand. Recall that the phase space, in the case under study,
is 8 dimensional. 6 of the 8 coordinates have to do with the position and velocity of
the particle in AdSy, while the remaining two coordinates are locations on the S? that
parameterize SO(3) co-adjoint orbits. Moving to Lorentzian space for a moment, we might
the linearization about this saddle point configuration (in the 8-dimensional tangent space
of phase space) to yield 4 normal mode oscillator degrees of freedom. The determinant
of the Euclidean path integral should, then, reduce to the product of thermal partition
functions of these four normal mode oscillators. This exactly matches the form of the final
result (B.73), provided the four normal modes have the following charges.

e One of the normal modes carries angular momentum —1 and energy zero. This mode
arises from the degrees of freedom in SO(3) co-adjoint space.

e The remaining three normal modes each carry unit energy, but carry angular momenta
1, —1 and 0 respectively. These modes describe wiggles of the geodesic in AdSy.

The contribution of each of the four normal modes produces a factor of the form (C.2),
yielding the four factors in the denominator in (B.73).

""In the next appendix s will be of order é Consequently, this approximation is good for all orders in
perturbation theory.
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We conclude that the exact answer for the thermal partition function (B.71) can be
reproduced, up to exponential accuracy in the saddle point approximation by retaining
only the saddle point and determinant contributions. The determinant is generated by four
normal modes

C Revolving black hole solutions

In the introduction (see subsection 3.3.2) we have briefly discussed the divergence of
entropy leading to the construction of the sub-leading ‘revolving black hole’ solution. In
this appendix, we elaborate on the thermodynamics and the physical interpretation of
these solutions.

C.1 Zero mode contribution to the black hole determinant

In subsection B.7 we have explained that the world line path integral for large A and large
spin particles in thermal AdS can be performed in the saddle point approximation. The
saddle point captures the contribution of the highest spin state to the partition function,
while the determinant around the saddle point captures the contribution of all other
primaries plus descendants.

Now Kerr-AdS black holes are also classical saddle points that sit at the centre of AdS
space. Of course, black holes capture the contribution of an ensemble of representations of
SO(d, 2) rather than the contribution of a single representation. Given the discussion of
subsection B.7, it is natural to expect (and we conjecture) that the classical entropy of a
spinning black hole (whose spin, for simplicity, lies in a single two plane, let’s say the 12
two plane) approximately computes the entropy of only the highest spin primaries. The
contribution of all other primaries — as well as of descendants — will be captured by the
one-loop determinant.

We now describe, in much more detail, precisely how we expect this to work at the
technical level. It was demonstrated in [34, 35] that the one loop partition function about
a Euclidean black hole is given by a product of factors, one associated with each of the
quasinormal modes of the black hole. This observation is the black hole analogue of the
well-known fact (one we have used extensively in the main text, as well as at the end of
appendix B.7) that determinant around (say) thermal AdS is the product over terms, one
associated with each of the definite energy solutions of the Lorentzian theory. Each of these
individual terms is simply the partition function

Tre PH+wB7 (C.1)

over the Hilbert Space obtained by quantizing the phase space generated by the corresponding
Lorentzian solutions. If the mode in question has energy F and angular momentum J, its
contribution to the partition function is given by

1

g (C.2)

The chief new element that arises in the case of Black Holes is that the quasi-normal
modes have complex frequencies. As a consequence, their contributions to the determinant
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are that of a harmonic oscillator with friction [34, 35]. If the black hole under study
happens to possess some normal modes (modes whose frequencies happen to be real) then
the contribution of these modes to the black hole determinant continues to take the usual
form (C.1), i.e. the form (C.2). While almost all quasi-normal modes around Kerr-AdS
black holes have complex frequencies, one class of modes has real frequencies. These are
the modes that are generated by the action of the symmetry group SO(d,2) on the black

hole solution.™

The manifold of solutions so obtained is precisely the co-adjoint orbit
(see subsection B.1) associated with a primary, whose highest weights are the spins of the
original black hole (the one that sits at the centre of AdS). The phase space thus obtained
is precisely the one described in subsection B.1. It follows that the quantization of this
phase space gives the answer described in subsection B.1.

Let us specialize, for concreteness, to the special case of a rotating black hole with spin
s in AdSy. This is precisely the case studied at the end of subsection B.7. As explained
in that subsection the space of black hole solutions so obtained is 8 dimensional. At the
nonlinear level, this space is isomorphic to the group Coset SO(3,2)/(SO(2) x SO(2)) (see
subsection B.1). However the determinant around the Kerr-AdS black hole saddle does not
see this full nonlinear manifold of gravitational solutions, but only accesses the tangent space
around the saddle point. We studied the quantization of this tangent space under (B.73).
As explained there, the tangent space consists of four normal modes, whose energies and
angular momenta are completely determined by symmetry considerations, and are given as
explained at the end of subsection B.7. We have one mode with zero energy and angular
momentum —1, together with three modes with unit energy and angular momenta 1, 0 and
—1. The formulae of [34, 35] then tells us that the contribution of these modes to the black
hole determinant is given by (B.73).

To reiterate, symmetry considerations assure us that the quasinormal mode analysis
about this d = 4 Kerr-AdS black hole will have four normal modes with charges described
above. The contribution of these modes to the determinant is (B.73). In the next subsection,
we will now explore the physical consequences of these technical results.

C.2 Divergence from descendants

The physical importance of the contribution (B.73) to the partition function is the following.
1

The factor m,

captures the contribution of the J, = 1 derivative, 04, to the partition function. This

which appears in (B.73), clearly diverges as w — 1. This factor

derivative is Boltzmann unsuppressed at w = 1. We conclude that, unlike thermal AdS
space (see subsection 3.3.2) the black hole saddle hosts one mode whose contributions to the
determinant diverge in the limit w — 1.7 We conclude that the logarithm of the partition

"®This family of black holes may be constructed by performing coordinate transformations on the original
solution. As the coordinate transformations are non-vanishing at infinity, the resultant solutions are related
by large gauge transformations, and so are physically distinct.

™The mode in question is one of the ‘zero modes’ for the centre of mass motion of the black hole, as
described above. Note that this mode is missing in global AdS for two related reasons. From the point of
view of the bulk, the zero modes are absent because global AdS is empty, it contains nothing that can move.
From the viewpoint of conformal representation theory, these modes are absent because the vacuum module
is uni-dimensional (it has no SO(3,2) descendants).
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function receives the divergent contribution
In 7descendants ln(l _ e—ﬁ(l—w)) (C3)

from this descendant mode.

As a brief aside, we note that the discussion of the previous paragraphs can immediately
be turned into the following general theorem. The partition function of every CFT diverges
for w > 1. This result follows because — as we have explained above, the contributions
of descendants to the partition function diverge for w > 1. Since the result follows from
simple representation theory considerations, it holds for any CFT.

Using the usual thermodynamical formulae

1
J=-0,InZ
B

E=-0sInZ+ %aw InZ (C.4)

S=InZ-pB0gInZz

(where all 3 derivatives are taken at constant w, and all w derivatives are taken at constant
f) we find that the charge and energy associated with the descendant derivatives is

1
J=FE=—1+— C.5
Bi-w) (€9
while the entropy, as usual, is negligible.’0 It follows, in particular, that when 1 —w ~ VG
(as is the case for the Grey Galaxy solution), the charges in descendant derivatives are of

order % and so are subleading compared to the energy and angular momentum of the gas

and that of the classical black hole.5!

Despite the fact that the contribution of descendants is subleading compared to that of
the gas, in the next subsection we will attempt to better understand the physical nature
of the gravitational solutions in which charge and energy are redistributed between the
classical saddle and descendants (with the gas completely unoccupied) in a manner that
maximises the black hole entropy. As descendants — like the gas — carry E = J, the
classical thermodynamics of the solutions we study more in the next subsection are identical
to that of the Grey Galaxy solutions. In fact, the discussion of section 3.2 applies unchanged
to the new saddles of this appendix except for one change: the subleading entropy of the
gas in the Grey Galaxy solutions — which we computed to be of order 1/v/G in (3.11), is
actually zero in the current context. This is because a condensate of derivatives carries
no entropy (there is exactly one way to build a state of any given charge). In fact, from

80While thermodynamics assigns this solution a nonzero entropy of order In(1 — w) this answer is an
artifact of thermodynamics being only marginally applicable to the case under study. The actual entropy
associated with descendants is clearly zero, as there is a unique descendant state with energy and angular
momentum n units larger than that of the primary.

810n the other hand, were we to scale 1 —w ~ G, then the descendants would carry the energy of order é
— comparable to the classical black hole — but the energy of the gas, at these values of w, would be ~ é,
and so superclassical. We conclude there is no thermodynamically sensible saddle in which descendants

contribute comparably to the gas.
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the viewpoint of section 3.2, the reason that the Grey Galaxy saddle dominates over the
‘revolving black hole’ saddle of this section, is that the former carries an extra entropy of
order %, while the revolving black hole solution of this appendix carries zero entropy.

Given the fact that the revolving black hole saddles that we construct in this appendix
are always subleading, the reader may wonder why we bother to further study these solutions
in the next subsection. We offer three reasons

o It is often interesting to study subleading saddles, even if they are not dominant,
particularly if they are long-lived. In the current context, we do not see a clear classical
mechanism for the decay of the revolving black hole solutions to the Grey Galaxy
solutions. We thus suspect that the revolving black hole solutions are very (possibly
non-perturbatively) long-lived, even though they are not entropically dominant.

e In the case of black holes in AdSy, the temperature of black holes with w = 1 was
bounded from below (see subsection 2.8). It is possible that this will not be the case
in some other situations (e.g. either rotating black holes in higher dimensions or black
holes that have both charges as well as rotation). In this case, it could well turn out
that revolving black hole solutions actually dominate thermodynamics at very low
temperatures (e.g. temperatures of order —In(1 — w)) because all gas modes have a
twist gap (a gap in E — J,) while the descendant modes have a twist gap of zero.

o Finally, as we have already mentioned in the introduction, while the revolving black
holes may not be dominant solutions, they certainly are (very simply constructed)
solutions, and so their entropy gives a lower bound for the true entropy of the saddle
point. As we have explained in section 7, this argument can be used to find a lower
bound for the entropy of supersymmetric states in A" = 4 Yang-Mills.

C.3 Physical interpretation of the Bose condensate of derivatives in terms of
Revolving Black Holes

As we have explained in the previous subsection, every point in the blue-shaded part of the
phase diagram figure 7 admits both a Grey Galaxy solution (as we have explained in detail
in the main text) as well as another solution describing a black hole ‘in equilibrium with a
Bose condensate of derivatives’ (described in the previous subsection). In this subsection
we explore the physical interpretation of this new solution, the black hole ‘in equilibrium
with a Bose condensate of derivatives’.

In fact, the physical interpretation we are looking for was already worked out in
appendix B. In that appendix, the motion of a spinning particle in AdS was analyzed.
In subsections B.5 and B.6 we constructed the wave function corresponding to the n'?

descendant state of a particle of left moving dimension (i.e. A;r ) equal to h. In the limit

that h and n are both large, we demonstrated there that the wave function in question was
given by a wave function over geodesics of the form f4f,X. f, and f4 are the SL(2, R)
elements respectively given in (B.17) and (B.7), and X is the geodesic sitting at the centre
of AdS, given by (B.14). The geodesics that make up the wave function have the definite
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value of a given in (B.64), but do not have a definite value of A. In fact, the correct
description of the state puts it in a wave function for A proportional to

b= / dA¢™ | A) (C.6)

Although the discussion in B.5 and B.6 were presented in the context of AdS3, the results
apply without modification to AdSy. Consider those geodesics moving in the space (4.1)
that everywhere have X3 = 0. Such geodesics are identical to geodesics in AdSs3. Similarly
wave functions of the form (B.48) and (B.49) also represent solutions to the wave equation
in AdSy: they are simply those solutions that happen to be independent of Xy. It is also
easy to convince oneself that (B.48) are maximal spin primaries from the viewpoint of
AdSy. The solutions in (B.49) are precisely those corresponding to primaries of maximal
spin acted on with derivatives which further increase this spin. These are precisely the
modes that give rise to the divergence in (B.73).

Although the discussion in appendix B was performed for spinning particles, all the
actual analysis used only symmetry considerations, and so applies without modification to
black holes.

We conclude that the physical interpretation for the black hole ‘in equilibrium with
a Bose condensate of derivatives’ is the wave function (C.6). In this context, the ket |A)
denotes the metric of the Kerr-AdS black hole boosted (coordinate transformed) by the
symmetry element f4.%? The completely remarkable aspect of this interpretation is that
the state in question is quantum in nature, even though it describes the motion of a highly
macroscopic object which happens to be a black hole.

Each individual classical configuration that contributes to this wave function is a black
hole whose centre of mass revolves around one of the geodesics in (B.22).

It is very unusual for macroscopic objects to live in wave functions that are not well
approximated by classical configurations. The standard reason offered for this observation
is that macroscopic objects are easily entangled with orthogonal environmental degrees
of freedom, which prevents interference, effectively reducing such systems to a classical
ensemble over possible values. There may well be a sense in which this happens in the
current context. We leave this question for further investigation.

D Spherical harmonics at large m

6 dependent part of the spherical harmonics with ¢ dependence of the form e”"? satisfies
the following equation:

2
—ﬁ% (si eapg';(e)> msfz;’”‘ég) =1(l+1)Pyn(0) . (D.1)
To convert this to standard Schrodinger equation form, we perform the following change
of variable:
P (0) = V1) (D.2)

v/sin 0

82Note that fa belongs to the left moving SL(2,R) in SO(2,2), which, in turn, is a subgroup of the
symmetry group SO(3,2).
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1 (0) then satisfies the following equation:
Vi (4m? — (1 + sin? 9))
4sin® 6

Clearly, this potential has a minima at ¢ = 7. At large values of [ and m with a =1 —m,

~ Vi + =1l + 1)Yum (D.3)

fixed, the potential at § = T becomes steeper and steeper. Therefore, we work in the

T _

coordinate 6 = § — 6. In the limit of small 66, we get the following equation:

§6%(4m? — 1 Am2 — 2
(o) + Uy (zu b1)- 4> i (D.4)
Taking large I, large m limit with a =1 — m fixed, we get
1
1 (66) + 2661, =21 (a4 3 ) b (D.5)

This is the Schrodinger equation for a harmonic oscillator with unit mass, A = 1, frequency
[ and energy [ (a + %) which means that a is the level of the harmonic oscillator.
It follows that when [ is large but a is of order unity

1
I\ 1 1 o 8 (56)2 L wHO((SQ)
0= ()} Lm0 sy o 0
1, ( ¢) T \/ﬂm ( ) o ( )
where m = | — a and H,(y) a'* Hermite polynomial, normalized in the usual manner, i.e.
normalized so that

/OO ™V Ho(y) Hy(y) = 0ap(2%aly/m)

—00
Here ¢©(56) is the unit normalized wavefunction of the harmonic oscillator at level a
with frequency [. There is a factor of v/27 in the denominator since the spherical Harmonic
must be unit normalized when integrated with respect to 6 and ¢.
In the main text, we need to compute the sum

S [Vioa(6,6)Pe (o) D7)

a=0

Focussing on the contribution of large [ but a of order unity we find

) 2 1
Y 2 —a(a—&—%) ~ W}la’ —l(a—l—%) _ = —aH D.
3 (6. >t Ligleoton) (D)

83The Gaussian decay of this function may directly be understood in the following terms. A spherical
Harmonic with total angular momentum ! and z component of angular momentum ! — a is proportional to
sin'~? @ times a degree a polynomial of cosd. The exponential dependence in (D.6) comes from the factor of
sin'~? 4. Setting 6 = 5 — 60, with 562 < 1 we have

(1—a)562

2\ 2\ 507 ’ (=a)(30)?

in agreement with (D.6). This exponential kills the function unless 46 is small. When 46 is small cos 6 ~ §6.

The polynomial in cos §, mentioned above, thus turns into a polynomial in 66, and in fact, turns out to be

Ha(y/mdb).

— 86 —



The last expression on the r.h.s. of (D.8) is simply matrix element of the evolution
operator of the Harmonic oscillator. This quantity is well known (for instance it is easily
computed via using Feynman’s path integral method), yielding

CoH B Vi _ 2(308hl04—1>
(00|e |06) = Toroiiia exp ( 166 “nhla (D.9)

E The radial dependence of AdS wave functions at large [

In this appendix, we demonstrate that in the large [ limit, the radial part of the mode
wavefunction obeys a Schrodinger equation obeyed by the angular momentum L sector
of a three-dimensional harmonic oscillator where L = A — 2. (Note that L is a fictional
angular momentum, and, in particular, should nowhere be confused with the real angular
momentum /). We use this connection to compute the wave function — and a relevant sum
over mod squared wave functions weighted by energy — in this limit.

Let the wave function for our scalar field of mass M = \/A(A — 3) take the form

¢ = Yime EUR(r). (E.1)

It was shown in [36] that the field redefinition

F(r) = <), ™ (.2

transforms the equation of motion into the following Schrodinger-type equation for x where
x(r) satisfies the following Schrodinger equation in the variable

I(1+1) M?*+2

- = F? E.4

X'(€) + ( et s ) X(€) = E*x(¢) (E.4)
. . . . . o 1 85

where the variable £, used in this equation is defined by cos & = T

The effective potential for mode with large angular momentum [ has a minima at

_ (M242)1/4 . .. . .. - . .
§~ 75— i in large [ limit. Since this is very near to 7, let us work in the variable
§ = § — z. Note that, to leading order, z = % In the large I limit, Schrodinger’s equation

takes the following form:

—X"(2) + (l(l +1)22 + M;—i— 2) x=(E?—=1(1+1))x. (E.5)

Now the effective radial Schrodinger equation of the L angular momentum mode of a
3-dimensional harmonic oscillator with frequency f and mass 1 is given by

—X"(2) + <f2z2 + L(l;;—l)) x(z) =2Ex. (E.6)

84At large r this redefinition simplifies to

Py = X1) (E.3)

%1n this variable, boundary of AdS is at £ = Z.
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We see that (E.5) and (E.6) are identical once we make the identifications
fA=11+1)
26 =E?—1(14+1) = E=,/Il+1)+2&

LIL+1)=M*4+2=(A)(A-3)+2 — (L+2)(L-1)=A(A-3) = L=A-2
(E.7)

It follows from (E.7) that

E=\Jll+1)+2¢
LIL+1)=(A)(A-3)+2 = (L+2)(L-1)=A(A—3) = L=A—2

(E.8)

The angular momentum L sector of the 3d harmonic oscillator of frequency f has
eigenenergies given by

8:<2n+L+g>f, n=0,1... (E.9)

(the factor of % is the ground state energy of the three oscillators, L is the minimum number
of excitations we need to excite angular momentum L, and n is the number of ‘contracted
excitations’ that increase the energy but do not change the angular momentum). It follows
that at large [

B = JI(l+1) + 28

= \/l(l+1)+2l <2n+A—;) (E.10)

~l+2n+ A

in agreement with our expectations from the state operator map (see section 3).
The radial wavefunctions corresponding to these eigenvalues are given by
Y,
H LM
¢§LJ\? = e Xin (Z)

2 3
1 _3
z A 3

Xin(2) = NnyAzAfle* > L, *(12%) (E.11)

13 ontApl[A-2
Nn,A = -
m (2n + 2A = 3)!!
where the wave functions y,,;(z) solve the equation (E.6) with eigenvalues £ listed in (E.9).
Using (E.3) and the relation z = 2 it follows that

N _3
Fo(r) = Xin = Y =5 1 (872) (l) (B.12)

r r r2

where F},; can now be inserted in (E.1).56

861n that equation we have (F — Fn) together with (E — Ey;); where E,; was listed in (E.10).
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In the main text (see the first line of (4.32)) we are interested in the quantity

_ _1\a8 KRHO r,r,T
2 3 sl teracty = Snon) (£.13)

Using L = A —2 and f =1 and (E.9), we see that (E.13) can be recast as

Krio(r,r,r) = 3 [yo(r)Pe
n=0 (E.14)
_ 4
o

Just as in the discussion under (D.8), Krpo is an effective Feynman propagator. More
precisely, it is simply the projection of the matrix elements of the Euclidean evolution
operator of the three-dimensional harmonic oscillator®” onto the angular momentum L
sector. This projection yields (see eq. 3.3.6 of [52])

l [ coshlt l
ol = (LY (L)

rsinhlr r2 sinhlr r2sinhlr
l [ coshlit
= exp| —— ——
rsinh {7 P r2 sinh 7

X 7l A + : ! Fi|A=-1.2A-2 7%
- _ _
2r2sinh T PN sinnir F(A—%) S ’ ’:':1“2 sinh T

(E.15)

F The thermal stress tensor of a free conformal scalar on S? x S?

In this appendix, we compute the stress-energy tensor of a free massless scalar field in 2 4+ 1
dimensions, on a unit S?, at inverse temperature 3 and angular velocity w. We perform
this computation first using an algebraically simple Euclidean computation, and second
using a conceptually clarifying (but algebraically more complicated) Hamiltonian method.

F.1 Euclidean Computation

In this subsection compute the one-point function of the thermal stress tensor directly in
Fuclidean space. We do this by2 first evaluating the Euclidean two-point function of ¢
on S? x S, taking appropriate derivatives on the two ¢ insertions, and then taking the
coincident limit so that the operator so obtained is the stress tensor. After an appropriate
normal ordering, the answer is finite and gives the stress tensor on the sphere.

F.1.1 Euclidean two Point Function on S2? x R

As the first step in our computation, we compute the two-point function of free fields on
S? x R. As S? x R is Weyl equivalent to R3, this computation is easily performed. We
take the two-point function in R? and apply the conformal transformation that takes us
to S? x R.

8"Which is given by the product of three copies of (D.9); one for each of the Cartesian coordinates.
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The two-point function in R? is simply the following:

1

(@(z1)®(22)) 3 = m

(F.1)

To go to S? x R, we need to apply the conformal scaling e = r. The scaling dimension of
the free field in 3d is %, and so we obtain

671;7'2
) ) =
(@(z1)®(22)) 525 R An|eT Ry — ey
T1+72
e 2
B 47\/e2m + 2™ — 2eTF72(cos 01 cos Oy + sin 0 sin O cos(d1 — ¢2))
1
N 47+/2\/cosh (1] — T9) — cos 01 cos B — sin 6y sin O3 cos(p1 — ¢p2)

(F.2)

where 7 is the Euclidean time.

F.1.2 Two Point Function on S? x S?

The two-point function on S? x S! is obtained from that on S? x R by the method of images
just as we did in subsection 4.3. If 3 is the inverse temperature and w, the angular velocity,
the thermal two-point function can be written as a sum over zero temperature two-point
functions(see (4.38)). Therefore, for the thermal two-point function, we have

[e.e]

(P01, 71, 01)P (2,75 d2))g = D (P01, 71, 91)@ (02,73 + qB, b2 —igBw)))o.  (F.3)

g=—00
F.1.3 The stress tensor

The stress tensor of a free CFT on the sphere can be obtained by varying the action with
respect to the metric on the sphere. The action of the free scalar field on S? x R with the
conformal coupling is the following:

S[®) = % / /=g (—g“”(’)lﬁb@l}b - ;Rqﬂ) (F.4)

where R is the Ricci scalar of S? x R which for a sphere of radius r is R = T% Taking the
variation of the action above with respect to the metric, and using the fact that G, =0
on the sphere, we get the following formula for the stress tensor:

2
_ [y 2 P 1 2 1 2 2
T;u/ —8M(I>a,/(1) — 7 ((8‘13) + 2) + gGm,(I) + @(QWV - VMV,,)@

2
=0,90,P — % ((8@)2 + q;) + %(gwcbv?q) + g (0®)? — ®V,V,® — 0,00, P)
(F.5)

where,
1
GNV = RHV — iRgl-“/'
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F.1.4 Evaluation of the Stress Tensor

To compute the stress tensor, we use the same procedure as in subsection 4.3. We can
compute various derivatives K fj and then the stress tensor will be the sum of those derivatives
over all the images. Just as in subsection 4.3, we can easily see that in the limit w — 1, the
contribution of the non-derivative quadratic term will be subdominant in (1 —w). For e.g.,
the tt component of the stress tensor takes the following form:

Ti(x)) g = i° Ory Ory (P (1) P(x
T = 3 Dndal@eesanl
_ ~~  —4coshgp (cos? 0 + sin? 0 cosh gBw) — cosh2¢B + 5 (F.6)
=1 32mv/2 (Bq(1 — w) sin? @ sinh g3 + cos? f(cosh ¢ — 1))5/2
< 3 sinh? g3 88

- qzjl 872 (662(cosh g3 — 1) + Bq(1 — w) sinh ¢B8)>/%’
This matches with the form we obtained in (F.14).

The fact that the summation in (F.6) runs over all values of g except ¢ = 0 follows
from the following considerations. If we were to honestly compute the expectation value
of the stress tensor, we would first need to carefully specify its definition (i.e. the local
subtractions we use to give this composite operator meaning). We sidestep all these issues
using the following device. In (F.6) we have really computed not the expectation value
of the stress tensor itself, but, instead, the expectation value of the stress tensor minus
its expectation value at zero temperature. All ambiguities of definition disappear in this
difference. As the zero temperature expectation value of the stress tensor is given precisely
by the ¢ = 0 term in the summation, the difference computed in (F.6) involves a summation
with ¢ = 0 removed.

Following along the same lines, we can also see that in the limit w — 1, Ty = —Tiy =

F.2 Computation using Hamiltonian method

In this subsection, we present the (elementary) computation of the free CFT stress tensor
on the sphere.

The single particle eigenstates for free scalar fields on S? are labeled by the angular
momentum quantum numbers, (I, m). Explicitly, the eigenfunctions (units normalized in
the Klein-Gordon norm) are given by

Vim(0, 6,) = V%mm(e,qﬁ)e-w (F.7)

where F; =1 + % The field operator ® admits the expansion

P = Z ¢l7mal7me_iE’t + wzmalmemlt (F.8)

lym

88The factor of i? is due to the fact that stress tensor contains derivatives with respect to Lorentzian
time ¢ = 7.
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where
{ahm, a}/’m,} = 5um5mm/ (Fg)
The computation of the expectation value of the stress tensor in the thermal ensemble is

straightforward (a similar computation is performed in more detail in subsection 4.2). One
finds that

tlm
T\ — [ F.10
L) lzn; BE+aw+i(1-w)) _ 4 (¥.10)
where tZl", is simply the classical stress tensor of the field configuration ¢; ,,. tiZ} is easy

to compute, but we do not need all its details. For very similar reasons to the discussion
around (3.6), the only modes at large | and large m contribute to the part of the stress
tensor that is singular (as w — 1). Let us consider the mode with (J,.J,) = (I,] — a) with
[ > 1 and a of order unity. Acting on such 9, and 0; are of order [, and are much larger
than the action of dp on the same mode (which turns out to be of order v/1).%? Retaining
only the leading order contributions (see around (4.22) for details of the computation in a
very similar context) we find that tl#",} boundary stress tensor is given by

1

2(l+%)
4/ 1 2

! T —1662 712 (F.11)

— | == H>(V166

27T /2aa! € (Z(\/> )

l

_ Yy HO 2
— 5 [WHO )|

th = —tin =t ~ 212 | Vi |?

Q

where € (56) is the ' wavefunction of a Harmonic oscillator with unit mass and frequency
l.
Inserting (F.11) into (F.10) we find that, at leading order,

1 S Upiose)?
T=T'= T =To v — | di 5
tt to ol o’ / QZ:;) eﬁ(%Jraw) eB(l-w)l _ 1

— 2i i/dl lef(q+1)ﬁ(17w)lz ‘¢50(59)‘26—(q+1)5(%+aw)
™
q=0 a

(F.12)

The sum over a is simply the quantity

B(a+1)
1

(66)e~ Hro|50)

where Hpgo is the harmonic oscillator Hamiltonian.
This is the standard path integral in Euclidean time. We use the following result:

ﬂ la? (coshliT—1)

(x]e_THHO |7) = ———=¢smnir

V2w sinh T

89Also note that we get some extra terms in the stress tensor in (F.5) because of the conformal coupling.

(F.13)

However, these terms are like derivatives of ® which means that in the mode stress tensor, they appear as
derivatives of 1}, %im. Since the oscillating factors in ¢t and ¢ cancel, these derivatives are subdominant in
large [ limit. Therefore it is only the first term (F.5) that contributes in the limit w — 1.
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: : : : _ Blg+1)
Using the above identity, and taking 7 = =5 —

— 1i/dl le—(q-i—l)ﬁ(l—w)lz’wHO(50)|2ef(q+1)ﬁ(%+aw)
(s — ¢

S B [ — . 592(Cosh((q+1)ﬁ)—1)>> 1
%Z/dll p( l<(q+1>5(1 * sinh((¢+1)8) V2msinh((g+1)73)

Z sinh? ¢
87T\f (¢B(1—w)sinhgB+662(coshgB—1))>>

(F.14)

Let us compute the total energy by integrating the stress tensor over the sphere. Since the
stress tensor is dominant at values of 6 close to §.Therefore we integrate over the variable ¢

which is order unity here. We will have an extra factor of /w from this change in variables.

E:27T\/1—w/ dCTOO

sinh? ¢
(1-w)? Z/ 87r\f (gBsinh g8 + (%(cosh ¢ — 1))5/2 (F.15)
= 30w Z

The thermal expectation value of energy can also be computed in the same way as we

2sinh q/B

did in (4.50). Following the same steps we get the following:

E = ZZ/d”e*qg a+i+(1-w)l)

g=1 a

vfg

1 e
S G w e o

q
1
= 2 G s &

which is exactly the same as in (F.15).

G Sourced solutions from homogeneous solutions

Let us pause to discuss some differential equation theory. Suppose we are given an equation
of the form

Cla)y” + C'(@)d/ (x) + E(x)y = s(x) (G.1)
Let us suppose that ¢1(x) and ¢o(z) are known to be solutions of the homogeneous

equation. We want to solve the inhomogeneous equation. Then one particular solution of
the differential equation is given by

— iz Pa(z)s(x) b1 (x)s(x)
W =-00) | Crmmse—swa@ " | ComEa e -a @D
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When studying (5.11) we can choose ¢; = et (1 - %) and ¢g = e <1 + g) We find

3
& (2)0alx) — dha)a(x) = o

It follows that the general solution to (5.11) is given by (5.14)

H Canonical quantization of a the free scalar in AdS,
The symplectic current J, for a free scalar field in AdSy (see around (4.4)) is given by
Jy=—06p N0,0¢ (H.1)

Using the equations of motion of the scalar field, it is easy to see that V#.J,, = 0. It follows
that the symplectic form is given by

0= [var' = [ Vag™, (H.2)

(the integral is taken over a constant time surface; the conservation of current guarantees
that this integral is independent of our choice of time). Inserting (4.4) into (H.2), we find
the symplectic form

Q=i Z Sanim N 0ay, (H.3)
nlm
It follows that the Poison Brackets are
{anlma a:/l’m/} = _iéll’(smm’ 6nn’ (H4)

Upon quantization, the canonical commutators are given by

[anlm, aTn’l/m’} = 511’5mm’57m’ (H5)

I Derivation of the Kernel in (5.27)

In this appendix, we will derive the kernel we used in (5.21) which calculates the back-
reaction of the matter stress tensor on the metric. Fourier transform of Ag(z) in k variable
will give us the correct metric correction in the following form,

Az, () = O:o j%e““c [<V<51\3 /OOO e (1 + ’f,’) fk(a:’)) (e_wk (1 + ‘i’))
s (- e (1 )
reot (e BY e (0 B )
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= /oo@|k|3 l’%{ da'e H(z+3) <1+|f,|> <1+ ’k|) fr(x')
T
- [ e %)( |k)( |k|>fk(m )}

T TR
/ da'e Mz %) (1 = ‘f;') (H’f,‘) F@.¢)
/ dar'e WG - 1/)( ’k> (“f’) f(a,¢)

LB LS e (22)(22)
e (-
a0 5)

Going from the second line to the third line we used the inverse Fourier transform of fi(x).

In other steps, we rearranged various terms in this expression. Now to perform the k
integral we can rearrange the integrals in the above expression and rewrite in the following
suggestive form,

awo =" [[Cara ) [T e W e (1 Y (14 1)
-/ " f, ) I ” ‘Z"i,)e—kl<;—;>+m<c—<f> (1 B \i\) (1 . rxk\ )
- [T [T e MG e (1 ) (-]

There is a total of three k integrals but all the k integrals have similar forms except
changes in + signs. So we generalized these + signs by ¢; and cy. Let us define,

Kﬁc@(x',c’):/oo dk (G +2)+ik(c—c) <1+ Iﬁ\) (1+ 2Vfl) (L3)

oo TR

(L2)

Using this definition (I.3) we can rewrite the metric in (I.2) in the following manner

Az,

/4 d<' [/ ' o RS0 - [ Or ) - [T r )|

(L4)
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where various choices of ¢1, co = £1 will give us all the integrals. Now let’s evaluate this
integral exactly keeping c; and cy arbitrary,

Kop )= [ e MEreo (140 1) (14 o)

oo !k\s

dk_ (=42 ) simcc i :
_/ —k:3 +2)+ik(¢ <>(1—01:U,> (1—C2x)
k k

+/ k(42 ) Fik(C—¢") (1+61/) (1+02>

x z L.5)

B . e_k(—,+;) ik(¢— C)( +c1,) (1+02>

K v v

+/ k(42 )ik~ (1+le,> (1 +c2i>
_k(i—l,+62) cos [k(¢ — ¢')] (1 + qf,) (1 + czi)

In the above steps, we simplified the integral of k by removing the modulus of k and

ok?’

changing the limit of integration from (—o0,00) to (0,00). Mathematica can easily perform
the indefinite k integral and we get,

2 %eik(iﬂrl)cos[ () (1—‘{—015/) <1+62£]Z)

((C 4= +12> Bk (~itc—¢) 2= 2)]4mi [k (itc-¢)- 2 - 2)])
_iek(—%—%-ﬁ-i@—(’)) <(;,1J'_ZQ/—H;(C_C/)—I_]i)_Qlkek(_;l_?/—i“_c)) <2+3_i(§_€/)+i)

= Tere2 (k) (let)
(1.6)

Now we need to evaluate this function Z¢“?(k) at k = 0 and k — oo. This function is zero
at k — oo though it is not regular at £ = 0. So we will evaluate this function at k = 75
where 7 is a small finite positive number that is approaching zero. In very small 7 limit
Z¢(n) has the following expansion

lim T (1) = 771<(C ¢+ ;2) logﬁ+C2+(’7) ( ! >

n—0T
rae L g)+1+ s (242) - <>)

Hence, from (I.5) we get,

K;?Q(x' ¢')=0— lim Z¢%(n)

n—0+

:?72+(<<—<’>2+12+1,2) log—(¢~¢P = (5-) ((c~¢)+ 25+ 55
C;;z <(C 2+ 12)1og<<; 6;02) +(¢— C))
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In the above answer since c1, ¢o comes always as a product, we can see that K ;152 (', ¢")
satisfies,

Ko@) =K, () (1.9)

Now we can use the result of (I.8) and (1.9) in (I.4) and after simplification we get,

A(m,o:/ ¢’ U d' f (o, YK (o /d:zf @)
/ da' f(x (CC)}
_ [ ac / i’ f(z [ L) - K@)
-/ dC’ = [T Ol ) (lt).

where, KC; ¢(2',¢’). Finally, we get the metric in the form,

(1.10)

Koc(2' () = K++(:U', ¢ — K+7(1:’, ¢

=5 ((cere gt 1><log [(c—@h(béﬂ -
efeeere ()2

This is the kernel we used in subsection 5.2.

J Quasi-Thermodynamic analysis

In this appendix, we perform a quasi-thermodynamic analysis of the gas studied in this
paper at w > 1.

The reader may find the study of the system at w > 1 surprising, given the fact that
its unstable nature seems to rule out the use of thermodynamics. Concretely, when w > 1,
modes with [ > % are unstable, and are infinitely occupied in the canonical partition
function. As we have explained in the introduction, however, (see subsection 1.5), even
though modes at large | are unstable, the time scale for their emission scales like €% at
large [. At any given finite time, therefore, modes with [ > [,,, (where [, is a suitably
increasing function of time) are not occupied. For this reason, it seems to us that canonical
thermodynamics with a cut-off on angular momenta (I < [,;,) might well turn out to be a
reasonable model for the nature of the configuration as a function of time (parameterized
through 1,,) as the black hole approaches the end point of super-radiance, in the manner
described in subsection 1.5). In this appendix, we study this model.

The specific question we ask is the following. Suppose we are located at a specific point
in E, J Space in figure 2. When [,, is large compared to unity, then our solution will have
traversed almost all of the distance, along the dotted line, to the solid black line in figure 2.
Let us denote the difference between E and the energy of the intersection of the dotted
lines with the black curve, as Eou. When [, is large, the energy Fou lies outside the black
hole. Note that E,y is of order é In this appendix, we model the distribution of this
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energy between various bulk modes by a quasi-thermodynamic ensemble — one in which
we apply the rules of thermodynamics after simply throwing away all modes with | > [,
The quasi-thermodynamics of our system is defined by the quasi-partition function

oo lm 21

InZ = ZZZ ln( —B(A+2n—a+wa)—Bl(1— w)) : (J.1)

n=0[=0 a=0
together with the requirement that the energy contained in this ensemble is Eqyt (the last
requirement will be used to find the effective value of w in (J.1)).

J.1 The Bose Condensate Phase

If [,,, is not too large we might intuitively suspect that the energy of the ensemble (J.1) can
be very large only if w is less than but very close to w. the maximum allowed value of w,

A
Let
W= w,— ow (J.3)

If dw is very small then the mode with n =0, a =0, [ = [,,, will be very strongly occupied:
our system will then consist of a Bose condensate in this mode. The occupation of all
other modes can be ignored if the energy in these modes is much smaller than the energy
contained in the mode with [ = [,;,. We will now work out the condition for this requirement
to be self-consistently met.
Recall that the energy contained in a mode with n = a = 0 is given by
l

B = Garaon -1 (J.4)
It follows that the energy contained in the mode with | = [,,, is given by
l 1
E; m (J.5)

™ Bl (we —w)  Bow’
(where we have used the fact that e#(A+(1=@)lm) must be near to unity for macroscopic
occupation of this state).
If we assume that all the energy lies in this mode, it must be that
1
BEout
Now the result (J.6) is self-consistent only if the energy contained in all other modes is

dw =

(J.6)

small compared to Eu,t. Let us check when this is the case. The energy contained in all
other modes E,;;, may be estimated by

L —1
< l
Eoth = g BAT(I-w)) _ 1
!
iz Iy, — b
= (J.7)
I;@B(A—i—(&u——)(lm—b)) 1
lm b
=Y ST
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(we have retained only modes with n = a = 0 because the contribution of modes with
nonzero n and nonzero a is much smaller).

Let us first consider the contribution of terms with b < al,, to the summation in (J.7).
For such terms, the exponent in the last of (J.7) can be Taylor expanded. We will see
self-consistently that

Swi?, <1 (J.8)
Using this condition the relevant range of summation in the last line of (J.7) is approximately
given by
alm 2 2
Im by Iz Inl
In al,, ~m T .
2 ﬁ A (In oy, — @) N (J.9)

(where we have kept only the leading term in the large [,, limit). It is easy to convince
oneself that the summation in b from ad,, to I, is subleading in (J.9), and so can be ignored.
We have a Bose condensate (almost all energy in one state) when

12, Inl,,
BA

& Eout (J.10)

i.e., very approximately, when

. 2v2BAEqu
" In(2BAEout)

Plugging (J.11) into (J.8) and using (J.6), we see that (J.8) is indeed obeyed (because
In Eoys is a large number).

(J.11)

In summary, we conclude that our system is well approximated by a Bose condensate
in the single mode | = l,, when (J.10) is met. When [,, becomes so large that (J.10) is
no longer obeyed, the system is better thought of as a gas (with energy spread over many
modes) than a Bose condensate.

K Kerr-AdS;s black holes

The mass F, angular momentum J = J; + Jz (in the special case J; = J3), angular velocity
w = wy = wy and the entropy S of the Kerr-AdSs black holes are given in the convention
of [6] by

mp(a® +3) , w2ry 2ua? 2ua
=GEF=————- =GJ = =GS = 1 =
‘ 4 J e, s 2 + rd “ i+ 2a%p
(K.1)

where p, a are the two parameters of the solution, and rj, is the location of the event horizon
which is given by the largest root of

2u(1 — a?) n 20211
r4rg) o r(rR)

G is the 5d Newton constant, and we have set the AdSs radius to 1. Although we present

0=1-

(K.2)

the expressions in the convention of [6] for comparisons, it is often more convenient to
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ri—i—aQ
1

use the parameters 74, m of [23] instead of rp,, u above, which are related by r2 = —,

0= ﬁ In terms of these parameters, the expressions above are given by

wm(a® + 3) , Tma w2 (r3 +a?)? o a(r? +1) (K.3)

Tua-a2p YT - " T 2 (1—a?)? 2 1 a2

and

(R34

K.4
27“3L (K-4)
To have a black hole solution with a regular event horizon (non-negative Hawking tempera-
ture), r, a should satisfy [23]

1 1 a?
4 2 2 2
2r++r+—a ZO_>7'+Z_Z+ E—i_? (K5)

The extremal black holes saturate this inequality. a satisfies 0 < a < 1. In this range, ¢, j
satisfy the bound € > j.

The black hole at w > 1 suffer from superradiant instabilities. This condition is
equivalent to

i <a. (K.6)

The black holes saturating this inequality, 7“3 = a will be the core black holes of our AdSs
a(l+a)?

Grey Galaxies satisfying w = 1. These black holes satisfy m = ===~ and
ma(a® + 3 ) ma? a3
8(1—a) 2(1—a) 2(1—a)
In particular, one finds
ma(3 —a)
= K.8
¢ 8(1 —a)? (K.8)

for the core black holes at w = 1. One can invert this relation to obtain

3 9
S4+0—4/5+20 —
a="2 & , 6EM>O. (K.9)

1+0 T

Inserting it back to s in (K.7) expresses the entropy is given in terms of the charge ¢ — 2j.
The €, j charges of a Grey Galaxy and its core black hole have the same values of € — 2j.
Therefore, s of (K.7) expressed as a function of € — 2j is the entropy of the Grey Galaxy in
terms of its independent charges e, j.
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