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ABSTRACT

Topology Optimization for
Mechanism Synthesis Considering
Dissimilar Mechanical Components

Neung Hwan Yim
School of Mechanical and Aerospace Engineering
The Graduate School

Seoul National University

The mechanism topology optimization design approach offers several
advantages, including the ability to synthesize mechanisms of various topologies
and dimensions without the need for preliminary design outlines. This approach
has been successful in designing innovative general mechanical devices. The
majority of general mechanical devices consist of rigid links and joints, whereas
robotic mechanisms incorporate dissimilar mechanical components, including
elastic components, gear components, and pulley components, to improve
performance. Unfortunately, previous mechanism topology optimization

approaches have only been capable of synthesizing rigid links and joints, thereby



limiting their applicability to robotic mechanisms. To overcome this limitation, this
dissertation proposes an integrated design strategy for rigid-elastic mechanical
components, with a focus on a lightweight and cost-effective 1-DOF planar
mechanism with a single driving actuator.

This dissertation considers two types of 1-DOF planar mechanisms: 1-DOF fully
actuated and 1-DOF underactuated mechanism. The fully actuated mechanism can
be synthesized using various dissimilar rigid mechanical components and is ideal
for performing precise operations. On the other hand, the underactuated mechanism
can be designed by incorporating both elastic and rigid mechanical components,
and its underactuated DOF from the elastic components can be utilized to
overcome obstacles or adapt to changes in the surrounding environment.

To incorporate dissimilar mechanical components into the mechanism topology
optimization approach, the proposed technique utilizes a novel shape spring
connected rigid block model (shape-SBM). This model represents the topology and
dimensions of diverse mechanisms using fewer design variables and a low
discretization resolution. To represent multiple mechanical components, an
integrated modeling method is necessary, and the proposed stacking method of the
multi-component design space over the shape-SBM serves this purpose.
Furthermore, the dissertation suggests new definitions of gear and pulley blocks,
which correspond to gear and pulley components, respectively. Additionally, spring
components connecting the mass centers of rigid blocks are also taken into

consideration for spring components, which provide an elastic force corresponding



to changes in elongations.

To define each component-related design space, we discretize the design domain
with gear blocks, pulley blocks, and spring components respectively. These
component design spaces are then stacked over the linkage design space, which is
the shape SBM with a rigid block. For the component design space, the
corresponding rigid block is placed over the gear and pulley blocks with artificial
zero-length springs connecting the gear block and pulley block to a rigid block at
the four corners, known as gearing springs and pulley springs, respectively. In the
case of spring components, we use spring configurations that utilize the stiffness
value to represent the spring itself. This modeling method is referred to as multi-
stacked SBM. Through this approach, the shape of the blocks and the stiffness
values of the various springs can describe the various mechanism topologies and
dimensions.

To achieve efficient mechanism topology synthesis, we define an optimization
formula based on the integrated mechanical components modeling approach
(multi-stacked SBM). Given that the mechanism comprises nonlinearity and many
design variables, gradient-based optimization methods are more effective for
mechanism topology optimization than global optimization. Accordingly, we
formulate new definitions of the objective function and constraint equations to
determine the shape of the blocks and the stiffness value of the various springs,
thus enabling efficient optimization.

Our proposed method utilizes a multi-stacked SBM and optimization



formulation. In order to validate its effectiveness, we will apply this approach to
the synthesis of gear-linkage mechanisms, pulley-linkage mechanisms, and spring-
linkage mechanisms, each with varying topologies and dimensions. Although each
synthesis problem will be considered with its corresponding stacked-SBM
separately in this dissertation, we anticipate that this technology will enable the
integration and expansion of rigid-elastic mechanism synthesis and the synthesis
method for integrated dissimilar mechanism components. Furthermore, we expect
that this technology will encompass not only gear, pulley, and spring components

but also other dissimilar mechanism components.

Keywords: Mechanism synthesis, Topology optimization, Dissimilar
mechanical component, 1-DOF fully actuated mechanism, 1-DOF

underactuated mechanism, Spring-linkage mechanism.

Student Number: 2017-26804



CONTENTS

ABSTRACT ...t bbb bbb be e sae e i
CONTENTS ...ttt sb et e e bbb sae e v
LIST OF FIGURES....... oottt ettt nbe et ix
CHAPTER 1. INTRODUCTION ....ccoooiiiiiiiiiiiie ettt 1
L1 MIOEIVALION .ttt ettt sttt ettt sb e nneene e 1
1.2 PIEVIOUS WOTKS ...veiiviiiiii ittt ettt st sttt nne e 3
1.3 ReSEAICh ODJECTIVES ...vviiiiiitieieeieestee sttt 5
1.4 Outline of diSSEIrtation ..........ccvveeiriiriiiiiiieere e 8

CHAPTER 2. Spring connected rigid block model for shape and topology

OPHIMIZATION..........ooiiiiiiie e 14
2.1 OVETVIEW ...ttt sttt ettt ettt ettt b e b bt st e nn b nresneene s 14
2.2 SBM for unified mechanism modeling ...........ccccoovvevininineniniic e 17
2.2.1 MOAEING ...ttt 17
2.2.2 ANALYSIS 1viiiiieiiiire e 19

CHAPTER 3. Topology Optimization of Planar Gear-Linkage Mechanisms .26

3.1 OVEIVIEW ..ttt ettt ettt bbbt bbb b e e 26

3.2 Modeling and ANalySiS........ccccerirerriniiieeneeenese e 32

3.2.1 MOAEING ..ottt e 32

3.2.2 ANALYSIS cvoveieiiriecee e 39

3.3 Gear-linkage mechanism synthesis formulation .............ccccvvveiinineennenn. 49
\'% , -:;



3.4 Synthesis of various mechanisms by the proposed method ...................... 54
3.4.1 Case Study 1 : Gear-linkage mechanisms with a gear of different
EAT TATIOS e veeviestee sttt ettt e bttt skttt b e e bt sb e e sbe e sa e st b e e b e e reenreas 56
3.4.2 Case Study 2 : Gear-linkage mechanisms with a gear at different
JOCALIONS ..ttt ettt sttt et et bbbt neeas 60

3.4.3 Case study 3 : Gear-linkage mechanisms having a different number

OF GRATS ...ttt 61
3.5 Synthesis of various mechanisms with shape optimization. ..................... 64
3.0 SUIMMATY. ...cceeeieeiieie e nres 66

CHAPTER 4. Topology Optimization of Planar Pulley-Linkage Mechanisms86

4.1 OVEIVIBW .ttt ettt sttt ettt sttt sttt b e e st e et e e e nn e e be e sbe e saeesnn e 86
4.2 Modeling, analysis and optimization formulation...........c.cccccceeveverernnnne 89
4.2.1 Modeling method of multi-stacked SBM.............cccccoorviviiiinennn. 89
4.2.2 Analysis method to multi-stacked SBM.........cccccoviiviiiiiininninnnnn, 92
4.2.3 Optimization formulation for stacked SBM..........c.ccccevvrieenennnnn. 94
4.3 Synthesis of various mechanisms by the proposed method ...................... 96
4.4 SUMIMATY......eeiirieireereesre ettt esr et e r e nreenneenen e 99

CHAPTER 5. Topology Optimization of Planar Spring-Linkage Mechanisms

....................................................................................................................... 109
ST OVETVIEW .ttt ettt ettt sb ettt sttt e e b sbe e sae e e 109
5.2 Modeling and ANalySiS........ccccoerireeiirieeinenee s 117
5.2.1 Spring-linkage stacked spring connected block model ................ 117

vi "



5.2.2 Kinematic analysis of stacked spring-linkage SBM.................... 121
5.3 Optimization formulation for synthesizing spring-linkage mechanism .. 125
5.4 Synthesis of various mechanisms by the proposed method .................... 130
5.4.1 Case Study 1: synthesis of various shapes of obstacles ............... 131

5.4.1 Case study 2: Synthesis of the 1-DOF adaptive gripper mechanism

............................................................................................................... 136
5.5 SUMMATY ..vviiiiiiic e 140
CHAPTER 6. CONCIUSIONS ... e 157

mechanism topology optimization..................cccocovviiiii 161
AT OVETVIEW ..ttt ettt sb et sb ettt et be e sbe e beeenneene e 161
A.2 Generation of big data using the SBM for neural network training ....... 166
A.2.1 SBM for unified mechanism modeling ............c.ccoovnvvricninicnnens 168
A.2.2 Screening for selecting fully rotatable 1-DOF mechanisms........ 169

A.2.3 Representation of the mechanism dataset for the neural network

............................................................................................................... 171
A.3 Mechanism SyNthesis PrOCESS........ueiviiiiieririenierienie sttt 176
A.3.1 Topology SYNthesis StEP .. ...covureeriririerireeirenesee e 176
A.3.2 Dimensional Synthesis StEP ........cevvririeriniieierieienese e 178
A.4 Mechanism Synthesis PrOCESS.......cvviieerrrireerrineree e 181
A4 T TeSt PrODICINS. ...ccveieeeiireiie s 182
A.4.2 General mechanism SYNthesiS........cvvviviiiiiiiiiiiieeniee e 185
vii ] :



A.4.3 Examination of the performance of the neural network-based

APPTOACK 1.ttt 186

ALS5 CONCIUSION....cvviiriiii it 192
REFERENCES ........oooiiii e 208
ABSTRACT (KOREAN) ......ooiitiiiiiiieitseee e 221
ACKNOWLEDGEMENTS .......coiiiiiiiii e 226
viii -ﬁ—ﬁi ‘ :



LIST OF FIGURES

Fig. 1.1 Illustration of dissimilar mechanical components and previous related
studies to be covered in this diSSEItation. .........ccocveriiriiriiriieeesee e 10
Fig. 1.2 (a) a 1-DOF fully actuated linkage mechanism. (b) The 1-DOF
underactuated spring-linkage mechanism can overcome obstacles due to
deformable SPring COMPONENLS. .......c.eicviiiiieriieiieiie st seees 11
Fig. 1.3 Illustration of key concept of stacking method for dissimilar mechanical
03101 010) 1 1<) 1L TP PP RPN 12
Fig. 1.4 Illustration of two main class in this dissertation and its corresponding
chapter. Firtly, we consider the rigid mechanical components in chapter 3 and 4.

Secondly we will consider the rigid and elastic mechanical components in chapter

Fig. 2.1 Representation of general linkage mechanisms using the SBM. (a) The
interpretations of two adjacent blocks connected by springs and the effects of the
shape-controlling variable & are illustrated. (b) An illustrative example to
represent a 4-bar mechanism using the SBM. Blocks of the same color function as
a single mega-block (rigidly connected larger component). ..........ccoeevvrrveereerieenens 24
Fig. 2.2 Configurations of the deformation of the springs. Each configuration

consists of (a) B", B™, and the block-connecting spring (k ), and (b) B, the

ground, and the anchoring spring (Ky ).....ccooovvniiinini, 25



Fig. 3.1 (a) A typical geared mechanism we aim to synthesize by the proposed
topology optimization method and (b) the proposed block ground model consisting
of two design spaces, the linkage design space S , and the gear design space

(13 2
r

S, . (The superscript in “”S; denotes the gear ratio.) .........ccovvveiiiiinnnn, 68

Fig. 3.2 Representation of various joints in the S, -based SBM. The stiffness of

the block-connecting and anchoring springs take on the bound value (k. and

K. ) to sSimulate various joint States. ... 69
Fig. 3.3 Representation of gear and link components in several simple mechanisms
using the new notations, “"BY and “"BY ..., 70
Fig. 3.4 (a) A geared five-bar mechanism (GFBM). (b) The representation of the
GFBM by the developed modeling approach. (c) The representation of the GFBM
in terms of M-blocks, a floating block, and a gear block. ...........ccceoeriiieninininne. 71
Fig. 3.5 Various configurations inducing the deformation of springs. Each

configuration consisting of : (a) B®, B™ (an adjacent block of B™) and the
block-connecting spring k¢ ; (b) B", the ground, and the anchoring spring k, ;
and (c) B, “~G", and a set of gearing springs denoted by Ky .....ccocvsrunne. 72

Fig. 3.6 The synthesis of a geared five-bar mechanism having an output gear with a
gear ratio of 1 by the proposed formulation: (a) The target mechanism, (b) its
representation in terms of rigid and gear blocks, (c) the ground model consisting of

S, ® S, ®°”S, employed for the synthesis, d) the convergence history of



and 7, and ¥, =F€{r112aA>‘(lT}V/t, (e) the values of the design variables (&) at

COTIVETZEIICE. .o it iitis sttt sh bbb s b e e b b e s b e s b e e s b e e b e e b b e s ab e s sab e 73
Fig. 3.7 The synthesis of a geared five-bar mechanism having an output gear with a
gear ratio of 0.5 by the proposed formulation: (a) The target mechanism, (b) its
representation in terms of rigid and gear blocks, (c) the ground model consisting of

S, ® S, @S, employed for the synthesis, d) the convergence history of

and 7, and ¥, =t*€{rP2a§T}y/t, (e) the values of the design variables (&) at

COTIVETZEIICE. vvevrieiuritsstriesbee s sb e b bbb e e b e s b e s sb b e s b b e e s b e e sb b e s e b e e s b b e s sab e e s sab e sar s 74
Fig. 3.8 The evolution history of the synthesized mechanism expressed by the
proposed block ground model for the synthesis problem defined in Fig. 6. The
numbers in the figure represent the block number. ...........c.ccooiviiiiiiniicie 75
Fig. 3.9 The evolution history of the synthesized mechanism expressed by the
proposed block ground model for the synthesis problem defined in Fig. 7. The
numbers in the figure represent the block number. ... 76
Fig. 3.10 The synthesis of a geared five-bar mechanism having an output gear with
the gear ratio of 1 located at the block 2 location. (a) The target mechanism and (b)
its representation in terms of rigid and gear blOcks. ...........cooveiiiiniiniiieninieee, 77
Fig. 3.11 The evolution history of the synthesized mechanism expressed by the
proposed block ground model for the synthesis problem defined in Fig. 3.10. ...... 78
Fig. 3.12 The synthesis of (a) a linkage-only mechanism and (b) a geared

mechanism with two gear trains (i.e. two output gears). The ground model

Xi



consisting of S @ S, ® S, is used in applying the proposed topology
optimization based synthesis method. ...........ccooviiiiiiiii e 79

Fig. 3.13 The convergence histories of 7 and v, = *E{max Ve and the values
tefl,2,-T

of the design variables (& ) at convergence for (a) the problem depicted in Fig. 12(a)

and (b) the problem in Fig. 12(b). The design variables having intermediate values
are associated with the anchoring springs connected to floating blocks. Therefore,
they do not affect the synthesized mechanism configurations. ...........cccoeeevverinenne. 80
Fig. 3.14 The evolution history of the synthesized mechanism expressed by the
proposed block ground model for the synthesis problem defined in Fig. 12(a)......81
Fig. 3.15 The evolution history of the synthesized mechanism expressed by the
proposed block model for the synthesis problem defined in Fig. 12(b). ................. 82
Fig. 3.16 The shape SBM modeling method with geometric center to represent the
block shape and gear COMPONENES ........cccoviiirieiiiiee e 83
Fig. 3.17 The proposed shape Gear SBM with the shape design variables. With
shape design variables we can represent the shape of gear-linkage mechanism.....84
Fig. 3.18 The three synthesis case studies: (a) linkage only mechanism (b) GFBM
and (c) two gear linakge mechanism was synthesized..........ccccccooviininicninininnne, 85
Fig. 4.1 The main concept of proposed pulley multi-stacked SBM. (a) the previous
gear stacked-SBM only stacked one layer. However, the proposed pulley multi-
stakced SBM stacked multi design space for rotational relationship with each rigid

[0 L0103 < 101

Xii



Fig. 4.2 The representation of pulley blocks and pulley design space.................. 102
Fig. 4.3 The representation of pulley-linkage mechanism with proposed modeling
method. (a) the corresponding modeling method can represent the pully linakge
mechanism. (b) the details of linakge design space and (c) pulley design space..103
Fig. 4.4 (a) the definition of synthesis problems with 3X3 descritized design space.
(b) the results after the optimziation process and (c) its coresponding results of
pulley-linkage MeChaniSIm..........cccviiiiieeiiiice e 104
Fig. 4.5 The iteration history (a) and the evolutionary history of the synthesis
03401 0) 133 s PP PR TR PRR 105
Fig. 4.6 The synthesis results of different types of mechanism (a) pulley-linkage
mechanism, (b) linkage only mechanism, and (c) gear-linkage mechanism
(anchored pulley-linkage mechanism). ..........cccceveeriiieieieeieiee e 106
Fig. 4.7 The synthesis results of multi pulley components mechanism. ............... 107
Fig. 4.8 The synthsis results with simultaneously consider the shape of pulley
components with its evolutionary hiStory..........ccoceriiieiinienieneieee e 108
Fig. 5.1 Depending on the situation, different mechanisms are needed for a single-
driving actuator. (a) If the desired motion is the only consideration, a 1-DOF fully
actuated linkage mechanism is required. (b) However, if adaptive motion is
necessary, such as overcoming obstacles, a 1-DOF underactuated spring-linkage
mechanism 1S NEEAEM. .......cueeiuiiiiiiiiiii e 142
Fig. 5.2 The proposed method for synthesizing the spring-linkage mechanism

involves (a) outlining the topology and dimensions within a stacked block ground

Xiii



model. This model includes two design spaces: (b) a link design space (S, ) and (c)
a SPIing design SPACE (S )..overvrrrrrriririiriisiiise s 143

Fig. 5.3 In the proposed stacking method, state variables are shared between the
linkage and Spring deSiZn SPACES. ......ccvveererriiriiieriie e s st 144
Fig. 5.4 The stored elastic energy of actual spring components in stacked SBM. 145
Fig. 5.5 (a) Target motion of case study 1 and (b) three different obstacle shape
[oTe) 1 e U () 0T~ FOT PRSP TR PTRRURPPN 146
Fig. 5.6 The results of the first condition of case study 1 include: (a) the
synthesized results and their corresponding topology and spring design variables
(note that the red ticks in the bar graph represent the dummy block and dummy
springs), (b) the convergence history of the constraint equations and objective
function, and (c) a comparison between the desired motion and the synthesized
1001015011 PSP PR UPTOUTOURPPRRUPTPRN 147
Fig. 5.7 The evolutionary history of the synthesized mechanism, as expressed by

the proposed block ground model, pertains to the synthesis problem defined in Fig.

Fig. 5.8 The synthesized results for the second and third obstacle conditions in
Case Study 1 are presented as (a) and (b), respectively. (Note that the red ticks in
the bar graph indicate the presence of dummy SPrings.).........ccocvvvvervrvernnienieennn 149
Fig. 5.9 (a) The 5-bar underactuated spring-linkage mechanism synthesized for the
big obstacle conditions is capable of moving into a perturbed motion. (b) As the

corresponding perturbed region is situated over the shape of the big obstacle, the

Xiv



synthesized mechanism is able to successfully overcome it. ..........ccccocrvviriernennn 150
Fig. 5.10 Regarding the synthesized spring-linkage mechanism from the small
obstacle condition, (a) the perturbed region is situated over the small obstacle,
allowing it to successfully overcome such obstacles. (b) However, it is not capable
of overcoming the big obstacle from the second obstacle condition..................... 151
Fig. 5.11 The synthesized mechanism and its perturbed domain obtaind from
different initial design variables. In (a), the initial design variables close to the
synthesized results shown in Fig. 5.8(a), while in (b), randomly generated initial
design variables are USEd. ........o.cveveiiiiiierieie e 152
Fig. 5.12 The problem definitions of synthesizing 1-DOF adaptive gripper. ....... 153
Fig. 5.13 The overall results of synthesizing the adaptive gripper include: (a) the
successful synthesis of a 1-DOF underactuated 10-bar spring-linkage mechanism,
as well as (b) its corresponding design variables (note that the red ticks in the bar
graph represent the presence of dummy springs). The success of the overall
synthesis can be confirmed by (c¢) the iteration history of objective functions and
constraint equations, as well as (d) its evolutionary history. Furthermore, (e) the
synthesized 1-DOF adaptive gripper is capable of generating the desired motions
CITECTIVELY. 1. 154
Fig. 5.14 The overall results of synthesizing the adaptive gripper using the
optimization formulations presented in Eq. 17 include: (a) the successful synthesis
of a 1-DOF underactuated 7-bar spring-linkage mechanism, along with (b) its

corresponding design variables. The success of the overall synthesis can be

XV



confirmed by (c) the iteration history and (d) the generated motions. .................. 155
Fig. 5.15 (a) the simulation grasping situation for the synthesized adaptive gripper.
(b) the simulation results between different SiZes. ........cocovvviiriiiiniieiniie e 156
Fig. A.1 (a) The overall process of the proposed method for mechanism synthesis,
(b) data generation using the SBM and a method to confirm full rotatability using
the work transmittance efficiency (77 ), and (c) a constructed neural network. ....194
Fig. A.2 Examples of the generated mechanisms using randomly generated

variables ?;K, &X and 1, based on the SBM. The end-effector locator (Pg) in

the figure is used to indicate the location of the block to which the end-effector is
ATACKEA. .viiiiii e 195

Fig. A.3 Description of a given target path using the Fourier coefficients of the

central distance function f(5). (a) Analysis needed to calculate the central
distance function f(S,), (b) sketch of the centroid distance function of a typical

path using the dimensionless arc length S, and (c) Fourier descriptors of the

centroid diStance fUNCHON. ......ocuiiiiiiiiiiiie e 196
Fig. A.4 Visualization of the mechanism dataset by dimension reduction by means
of a Principal Component Analysis (PCA) using the path data (FFT descriptors)
and topology of the mechanism. The spaces of (a) three major component axes and

(b) two major component axes are used to visualize. Dots of the same color have an
identical [E',PE] in both fIGUIES o...vvveeeeeceeeeeeeeeeeee e 197

Fig. A.5 Test problems using known mechanisms to generate the target paths: (a)

XVi



Case Study 1 using a 4-bar mechanism and (b) Case Study 2 utilizing a 6-bar
INECRATISIIL ...ttt bbbttt sbe et e e sbneenbeebe e 198
Fig. A.6 Detailed procedures of the proposed synthesis method for Case Study 1. (a)

Procedure to compute the Fourier descriptor vector C (with p=15) of the
target path, (b) topology synthesis step to determine éK and PF, (c) dimensional

synthesis step to determine ?’;X , and (d) the synthesized mechanism with the

ENETALEA PALN. ..oviiiiiiiie e 199
Fig. A.7 Evolution history of the dimensional synthesis step for Case Study 1. ..200
Fig. A.8 Paths considered for general mechanism synthesis: (a) Target path 1 (the
path describing the trajectory of a finger in the reference frame of a swimmer over
his/her full stroke cycle), (b) target path 2 (the path describing the anteroposterior
and dorsoventral motion relative to a turtle’s body throughout the limb cycle), and
(C) target PAth 3 . ..o e 201
Fig. A.9 (a) Procedure to synthesize a mechanism generating Target path 1, (b) the
synthesized mechanism (its end-effector location is indicated by the red square)
and (c) comparison of the target path and the path generated by the synthesized
INECRANISINL ...ttt bbbt st esbn e b e re e 202
Fig. A.10 (a) Procedure to synthesize a mechanism generating Target path 2, (b) the
synthesized mechanism (its end-effector location is indicated by the red square),
and (c) comparison of the target path and the path generated by the synthesized

F001STed 0 T2) 1) o 4 W 203

XVii



Fig. A.11 (a) Procedure to synthesize a mechanism generating Target path 3, (b) the
synthesized mechanism (its end-effector location is indicated by the red square),
and (c) comparison of the target path and the path generated by the synthesized
INECRATIISINL. 1.ttt bbb et et esbe e b e e sbbeenbeebe e 204

Fig. A.12 An illustrative example to show that (nearly) the same path can be
obtained with different values of (?;K,PE). The path generated by a reference
mechanism is (nearly) recovered by a synthesized mechanism (having a different
(?;K ,PE ) from that of the reference mechanism) with the developed approach...205
Fig. A.13 Mechanism data plotted on the three major principal axes used in Fig. 6.

Blue filled dots: mechanisms having (“&",®P®) with various values of &* .

Orange open dots: mechanisms having (°&", ®P®) with various values of &* .206

Fig. A.14 (a) The target mechanism and the generated path at its end-effector (this
problem is taken from Ref. ) and (b) comparison of the proposed big data approach

and the gradient-based method given in Ref. in terms of computational cost....... 207

xviii



CHAPTER 1.
INTRODUCTION

1.1 Motivation

As technology evolves rapidly, new hardware systems need to be developed,
often requiring complex synthesis conditions. For example, electric cars'
suspension and steering systems must be designed to minimize space and make
room for battery storage, and highly adaptive robots must be able to adjust to
environmental changes. To meet these new design challenges, novel mechanism
configurations and various mechanical components are necessary. However,
traditional mechanism design approaches heavily rely on the designer's experience
and intuitional knowledge. These approaches typically start with the conceptual
design stage, where the mechanism's topology is determined based on the
designer's prior knowledge, followed by the detailed design stage, which
determines the specific mechanism dimensions. Unfortunately, this approach can
result in trial-and-error design processes and limit creative results, making it

unsuitable for designing novel hardware systems that require complex design



conditions.

Keeping up with above rapidly evolving technology and complex design
conditions requires a new approach to mechanism design. Mechanism topology
optimization is a promising method that simultaneously determines a mechanism's
topology and dimensions, without relying on reference baseline information, by
using mathematically defined mechanism design problems. Recently, this method
has gained significant attentions due to its successful applications in various fields,
including electric vehicle suspension, transformable wheels, and exoskeletons.
However, current mechanism topology optimization design methods are limited to
linkage mechanisms and cannot consider dissimilar mechanical components.

To overcome this limitation, we propose a novel mechanism topology
optimization approach that considers dissimilar mechanical components, including
gear components, pulley components, and spring components, in addition to the
linkage mechanism. However, previous researches have relied on trial-and-error-
based design methods to incorporate various dissimilar mechanical components. As
a result, in this dissertation, we will discuss a mechanism topology optimization
method that considers dissimilar mechanical components, which has the potential

to produce more diverse and efficient mechanism designs.



1.2 Previous works

The optimization of mechanism topology began with Felter's dissertation [1],
which introduced a modeling method and energy formulation. Kawamoto and his
colleague [2] then built on this work, advancing the field through the development
of a nonlinear bar modeling and a formulation for controlling the degree of
freedom of the mechanism. These developments resulted in the successful
resolution of converter problems and path generation problems using global
optimization algorithms [3, 4]. However, despite these successes, limitations
existed for the application of mechanism topology optimization to real-world
problems. This was because the nonlinear bar model was restricted to linkage-only
mechanisms with revolute joints, and optimization formulations based on global
optimization methods were not suitable for highly nonlinear mechanisms due to the
high time costs and local optimization issues.

In order to overcome these limitations, researchers have investigated alternative
modeling techniques to describe diverse mechanisms and control the degree of
freedom (DOF) [5, 6]. For example, Kim et al. [7] introduced a spring-connected
rigid block model (SBM) to model linkage mechanisms, indirectly representing
them through the stiffness of artificial zero-length springs. This approach allowed
for the incorporation of various joint types, expanding the scope of the model.
Building on this, Kang et al. [8, 9] further developed the SBM by connecting
blocks with double artificial zero-length springs, successfully addressing a wider

range of joint types in mechanism topology optimization.



The control of DOF in mechanism synthesis is a significant challenge, and
researchers have employed various techniques to address it, such as adjacent matrix,
graph theory, and numbering methods. However, as DOF cannot be represented by
continuous design variables, global optimization was usually used. To tackle this
challenge, physical quality-based approaches have been proposed by Nam et al.
[10], Osaki and Nishiwaki [4], and Sedlachek and Eberhardt [3]. Additionally, Kim
and Kim [11] also developed a physics-based work transmittance efficiency
function for DOF control, enabling the use of gradient-based optimization
algorithms. Consequently, mechanism topology optimization has been successful in
addressing various mechanism synthesis issues, including mobile robots and
exoskeletons, using the work transmittance efficiency function and SBM modeling.
Nevertheless, these approaches are restricted to linkage mechanisms with rigid
links and joints. To overcome this limitation, the proposed stacked-SBM can
express dissimilar components, and a new physics-based optimization formula will

be presented in the following dissertation.



1.3 Research objectives

This dissertation proposes an integrated design strategy for dissimilar rigid-
elastic mechanical components using topology optimization. The focus is on
developing a novel approach to topology optimization for 1-DOF planar
mechanisms that incorporate dissimilar mechanical components, such as gear,
pulley, and spring components with linkage mechanisms. The main proposed
approach involves stacking dissimilar mechanical component design spaces over
the existing spring-connected rigid block model of the linkage mechanism.
However, to reduce the complexity of optimization caused by the increasing
number of design variables, the proposed approach considers only rigid links and
revolute joints in this dissertation.

To optimize mechanisms with low discretization resolutions, we can
simultaneously optimize the block shape and the stiffness of artificial springs in
SBM. However, when synthesizing dissimilar mechanical components, it becomes
challenging to consider dimensions of both the dissimilar components and the
linkage mechanism together. This is because the addition of more design variables
makes the optimization process more time-consuming and difficult. To address this
issue, we propose a new shape SBM modeling approach in our mechanism
topology optimization design method. This approach utilizes the geometric center,
in addition to the block's shape, to determine the topology and dimensions of
different mechanical components. This novel modeling method eliminates the need

for extra design variables. And this technique will be presented in Chapter 2.



Moreover, we can modify the SBM into JBM and DSBM to reflect the linkage
mechanism. This modification will allow us to theoretically consider prismatic
joints or other joint types. However, as part of our all proposed design process in
this dissertation, we will apply the newly proposed shape SBM to represent the
mechanism topology and dimensions.

This dissertation proposes a synthesis approach that can be divided into two
parts. The first part involves integrating dissimilar rigid mechanical components,
such as pulley and gear components, to the linkage mechanism using a stacking
design technique. With these components, we can design a 1-DOF fully actuated
mechanism that can repeatedly and precisely generate the desired motion at the
end-effector, as shown in Fig. 1.2(a). Furthermore, we can synthesize the 1-DOF
fully actuated mechanism more effectively and compactly with dissimilar
components. To achieve this, we propose a mechanism topology optimization
approach for synthesizing the 1-DOF fully actuated mechanism with gear and
pulley components. Therefore, we propose a new gear block and pulley block in
Chapters 3 and 4, respectively to consider these components with a linkage
mechanism using SBM. The stacking method is a crucial technique for integrating
dissimilar rigid mechanical components simultaneously in topology optimization.
We stack the design space for mechanical components with the corresponding rigid
block over the linkage design space (SBM). Additionally, the configuration of
mechanical components should be represented by the stiffness of newly proposed

connected artificial springs. After proposing the multi-stacked SBM modeling



methods, we present a new optimization formulation with a physics-based function
to carry out gradient-based optimization. This is a critical step in achieving optimal
synthesis results, and we will discuss it further in this dissertation.

The second part of our design technique involves the consideration of rigid-
elastic mechanisms, which allow for the incorporation of 1-DOF underactuated
mechanisms using spring components and a linkage mechanism, as shown in Fig.
1.2(b). These mechanisms can adapt to environmental changes by using spring
components to provide underactuated DOF, which is particularly useful for
adaptive mechanisms like grippers and gait robots. To address this, we propose a
topology optimization approach for synthesizing the 1-DOF underactuated spring-
linkage mechanism while taking environmental variables into account. We stack
the spring components over the linkage SBM and consider the necessary design
requirements for environmental changes. Consequently, we offer analytical
techniques and optimization formulations with new physical quality in this second
stage, which will be detailed in Chapter 5.

For mechanism synthesis through topology optimization with dissimilar
components, the multi-stacked SBM method can be utilized, as shown in Fig. 1.3,
which stacks the SBM to represent different components. This approach has the
potential to be used for all types of components in theory, and the proposed
optimization formulation can also be expanded accordingly. However, in this
dissertation, we will focus only on a single dissimilar component with a linkage

mechanism.



1.4 Outline of dissertation

The dissertation is organized as follows.

In Chapter 2, we will introduce the ground modeling methods for linkage
mechanisms used throughout the dissertation, including the novel shape spring
connected rigid block model (shape SBM). The design domain is discretized by
rigid blocks connected by artificial zero length springs, and the combinations of
stiffness of these artificial springs can represent the topology of a mechanism.
Moreover, the geometric center of rigid blocks can be used to represent the
dimensions of dissimilar mechanical components, which is the key improvement of
this shape SBM over previous models. This novel approach allows for a reduction

in the number of design variables, leading to a more efficient optimization process.

Chapter 3 will describe the topology optimization method for developing gear-
linkage mechanisms. We propose a new gear block and its gear design space to
represent the gear components, and we stack the SBM in the gear design space
with four gearing springs at each node. This enables us to use the stiffness of
gearing springs to represent the gear components. Additionally, this chapter

provides a formulation and analysis approach for optimization.

In Chapter 4, we will introduce the topology optimization method for

synthesizing pulley-linkage mechanisms, building upon the gear optimization



method proposed in Chapter 3. Specifically, we will propose the use of a pulley
block and multi-stacked SBM approach to represent pulley-linkage mechanisms,
with the potential for expansion to include gear blocks. This approach will offer a
new method for optimizing topology and expanding the range of mechanisms that

can be synthesized.

In Chapter 5, we will present the topology optimization method for developing
spring-linkage mechanisms. These mechanisms can overcome environmental
changes due to the presence of spring components, making them underactuated. We
propose a stacked spring SBM along with a novel optimization formulation that

considers the target motions and environmental changes simultaneously.

In chapter 6, the conclusion of paper is presented.

In Appendix A, we propose a method to streamline the optimization process by
minimizing the number of design variables involved. Specifically, we explore how
to simplify the gradient-based mechanism topology optimization process by
utilizing mechanism big data to pre-determine the mechanism's topology design

variables.
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CHAPTER 2.
Spring connected rigid block model for shape and

topology optimization

2.1 Overview

In order to proceed with the mechanism synthesis by topology optimization, a
ground model that can represent various topology and the dimensions of the
mechanism in one manner is required. This ground model discretizes the design
area into various components, representing the topology and dimensions of various
mechanisms through connectivity and shapes of components. The ground structure
models used for mechanism topology optimization were mainly nonlinear-bar
model [11] and spring connected rigid block model (SBM) [7-9, 12-14]. Because it
can express the topology and dimensions of various mechanisms using the shape of
blocks and stiffness of artificial zero length springs rather than the topology of the
mechanism itself, SBM is known to be more expandable than the nonlinear bar
model. For this reason, it was possible to simultaneously consider various joint

types such as revolute joint, prismatic joint and pin in slot joint in mechanisms
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topology optimization through SBM (8, 9]. In this dissertation, we hope to expand
the rage of mechanism topology optimization with various types of mechanical
components, SBM will be used to represent the mechanism.

However, in the case of using such a ground structure, complicated mechanisms
can be expressed through high resolution design domain. And these high
resolutions increase the difficulty of mechanism synthesis. But in the case of SBM,
as the shape of the block is also altered, a mechanism synthesis result from high
resolution design domain is obtained even in low resolution design domain. In
addition, when the mechanical component is included in the mechanism topology
optimization, new dimension design variables should be added in order to
synthesize the dimensions of each mechanical components. However, previous
shape SBM only change the four nodes of each rigid block and it can only affect
the dimension of linkage mechanism. Therefore, we suggest a new SBM modeling
method which consider the geometric center of rigid block. When the four nodes of
each rigid block are changed with the shape design variables, the geometric center
of rigid block is also changed with the relationship between four nodes. And this
geometric center can be used to synthesized other mechanical components. In this
dissertation, we will use this geometric center of rigid block to represent the
dimensions of gear components and initial lengths of spring components.

This chapter proceeds as follows. Because this proposed shape spring-connected
rigid block model (shape SBM) is used to model mechanisms with various

mechanical types, this Section 2.2 presents a brief description of the shape SBM
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and its kinematic analysis.
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2.2 SBM for unified mechanism modeling

2.2.1 Modeling

Fig. 2.1(a) shows the novel SBM [15] employed to represent the diverse
mechanisms of different configurations (including topologies) in this dissertation.

The design domain of linkage mechanism synthesis is discretized into N, rigid

blocks that are inter-connected by zero-length block-connecting springs of variable
stiffnesses. Each of the rigid blocks is also connected to the ground by zero-length
anchoring springs of variable stiffnesses. The SBM in the section is discretized into
3x3 rigid blocks. Clearly, the use of a more refined block discretization can
represent more complicated mechanisms, though it also incurs a higher
computational cost. A recent study [12]. showed that if a low-resolution mesh
yields a mechanism within an allowable error bound, the use of a high-resolution
mesh can yield the same mechanism. It has also been demonstrated [12] that a large
class of 4-bar, 6-bar and other multi-links mechanisms can be represented by an
SBM using 3x3 rigid blocks. While this work considers revolute joints only, an
extended SBM version [8, 9] capable of representing prismatic and general joints.
Although the use of an SBM with more than 3x3 blocks allows the synthesis of
more complicated mechanisms than those mentioned above, a 3x3 SBM will be
used here to avoid excessive computational time for the generation of the

mechanism configuration data.
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To explain how the SBM represents a linkage mechanism, first we note that two
adjacent blocks (a rigid block and the ground) can represent different linkage
components depending on the stiffness values of the block-connecting springs (the

anchoring springs). If the stiffness of a block-connecting spring is denoted by k_,
it is set to vary between its lower bound k. =0 (numerically, k. =£~0) and

upper bound k. =k, (k : a pre-selected value). The anchoring spring

max
stiffness k, also varies between k,=0 and k, =k, . Different connection
states of a linkage mechanism can be realized when block-connecting or anchoring
springs take on their lower or upper bound stiffness values, as illustrated on the

right side of Fig. 2.1(a). Instead of using 0<&. <1 and 0<§&, <1 directly as the

independent variables, it is more convenient to use normalized design variables
0<&.<1 and 0<&,<1 such that k. =k -(E.)° and k,=k -(E,)° , as in
earlier studies [12, 13]. We will use the vector symbol &* to represent a set of
variables determining the stiffness values of all springs (block-connecting and
anchoring). These are henceforth referred to here as the topology variables.
indicated real-valued variables, however, & has to represent integer variables
taking on either their lower (0) or upper (1) bound values, which corresponds to a
disconnected or connected state between two adjacent rigid blocks when the
optimization process is over. These spring values are used to identify the
connectivity of rigid blocks and thus the mechanism topology these blocks

represent. Another set of variables used to generate various mechanisms is denoted
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by the vector symbol &*, which determines the coordinates of the grid points used

to discretize a given design domain into rigid blocks and thus to determine the

dimensions of the rigid blocks.

2.2.2 Analysis
The generating path at the end effector r,e at time step t* can be expressed in

terms of the global Cartesian coordinates ( X ,Y ). This can be expressed as

roe =X, Y]. On the hand, the state vector g of the /-th rigid block at time
step t* in the SBM is expressed using its center coordinates [X!,Y"] and
rotation angle (4" ) with respect to the global coordinate system:

g =[X®. YO 40T (2.1)
Note that the connectivity between the end-effector block and the adjacent blocks
by the block-connecting spring determine where the end-effector is located (which
link is the coupler link). Moreover, the center coordinates will vary if the shape
design variables &* vary (the relative dimensions of the end-effector in the
coupler link are determined). The input link, which is assumed to provide simple
rotation, can be associated with any block. However, Block B® is chosen so as to
make full use of the design domain. Regarding the selected values of &%, &*, and

I, ,» the movements of all blocks for a prescribed input rotation motion can be

determined by a quasi-static force equilibrium state. If the states of all rigid blocks
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except for input block 1 are denoted by the state variable vector v. at time step
t", this can be expressed as
ve =[@) @) @)1 2.2)
In terms of v ., the quasi-static force equilibrium can be written as [11, 12]:
Foe (Vo) —F, - =0for (t"=1,2,3,---,T; where T is the total time step) 2.3)
where F . and F . are the internal and external force, respectively. The
external force (F, . ) is intentionally introduced to facilitate the subsequent

analysis, which is defined as (see [11, 12])

Mo =T
2 (R =) (2.4

=
"I’ Qt* rQ,t*—l

ext,t*

:FO

where F, is the magnitude of the force applied at the end-effector. As Eq. (2.4)

indicates, the external force acts in the opposite direction relative to the motion of
the end-effector.

The internal force F_. is caused by the elastic deformation of the block-
connecting and anchoring springs and is calculated as dU,./dv., where U,

denotes the total elastic energy stored in the springs. The state variable vector for

each time step (V.. ) can be obtained through the quasi-static equilibrium of Eq.
(2.2), and the path generated by the end-effector (r, . =[X{,Y{"]) can be obtained
through the state vector g% of the Ith rigid block at time step t* through the

relationship expressed as Eq. 2.2.
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=

int,t”

is the internal force caused by the stretched artificial springs in the design
domain. In Eq. (2.3), F_. canbe determined as the differential value for the state
variables (v,. ) of the elastic energy from the stretched spring (U,. ) stemming from

the input motion and external force (F__ . ) in the design domain,

du, [(du,) (du.\ (du, Y du. Y|’
= 21 "1 da® | "l da® | | gg™e 2:5)
dv.. dq¥ dq® dq¥ dg®

where

du. [du. du. du.)’
(2.6)

dg¥ | dx ¥ av dg?

The total elastic energy (U.) from the springs in the design domain can be

obtained from the summation of block-connecting springs which connect the
blocks and the anchoring springs which connect the block to the ground.

Here, we assume that the corner node (N ;) of rigid block B" is connected by
block-connecting spring (k. ) at the corner node (N ,) of rigid block B™ in Fig.
2.2(a) and anchoring spring (k, ) at the ground in Fig. 2.2(b). The corner nodes
(Ng 1, N ,) attached to blocks B and B™ are expressed by subscripts 1 and 2,

respectively. From the global coordinate system (X, Y), the position vectors to the

geometric center of blocks B and B™ (i.e., the XY values of q@ and q{™),

which are connected by the block-connecting spring (K ), are correspondingly

denoted as rc(:) and rc(i'") . The position vector from the geometric center of block
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B®(B™) to corner node N ,(N. ,) from the block fixed local coordinate is
denoted by sf’ (sI",). The coordinate transformation matrix from the global
coordinates of B" (B™) is denoted by T (T{™). Hence, the position vectors of
each of the corner nodes (N ,,N. ,) attached to blocks B"” and B™in the
global coordinates can be correspondingly expressed as rl +(T¢)*s?, and
r& +(TM) s, . The stretched length of the block-connecting spring (k) can be
considered as the displacement of the stretched block-connecting spring u. . The

displacement of the stretched block-connecting spring is determined using the
equation below.

Ug, = (0 +(T) s = (" +(T) 'sC) 2.7)
Therefore, the elastic energy U. from block-connecting spring K , which is

stretched about u , is expressed as shown below.

Ue, =3k (U )" () 3)

The elastic energy U, from anchoring spring (k, ) in Fig. 2.2(b) which
connects corner node (N, ;) of rigid block B” and the ground (block 0), can be
expressed by the stretched displacement u, . The stretched displacement u, is

determined as follows:

U, =+ (T0) 0 ) ~(r?) (2.9)
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Therefore, the stored elastic energy U, in anchoring spring k, is expressed as

follows:
1 :
UAJ :EkAl (uAj) (UAJ-) (210)

The total elastic energy U,. in the design domain at the certain time t* is the
sum of the elastic energy from the N. number of block-connecting springs and
the N, number of anchoring springs.

dF_ . (v. dU.
e (V) Lo (2.11)

dvt* - dvt*dvt* t

The Jacobian matrix J. can also be obtained from the union set of Jacobian
matrix (Jci ) from block-connecting spring (k, ) and Jacobian matrix (‘]A. ) from
anchoring spring (K, ).

Using a number of randomly generated variables &, &* and r, based on the

SBM, we can obtain the paths of the end-effectors of the generated mechanisms
using the quasi-static analysis described above. Accordingly, we can build the data

needed to train a neural network for mechanism synthesis determining M, and

r

, fora given end-effector path.
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25 :



CHAPTER 3.
Topology Optimization of Planar Gear-Linkage

Mechanisms

3.1 Overview

Mechanism synthesis refers to a method used to find a mechanism that produces
desired motion at its end effector for a given input motion. With linkage-only
mechanisms consisting of link and joint components alone, diverse output motions
cannot be generated. Accordingly, the synthesis of gear-linkage mechanisms
including non-circular gears for exact path generation has been investigated as an
important research subject [16-27]. In these earlier studies, sequential approaches
were mainly used, i.e., with the type, number, and dimension of the mechanisms
determined in sequence. Type synthesis determines whether a linkage-only
mechanism or a gear-linkage mechanism is to be used. The number of links and
joints in the mechanism is then determined by means of a number synthesis
approach, and the locations of gears and the sizes of the links are determined by

dimensional synthesis. Only with the sequential approach, however, it is difficult to
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find new mechanisms beyond the designer’s intuition. To overcome this limitation,
we aim to develop a new systematic method based on topology optimization for the
synthesis of gear-linkage mechanisms by which type, number, and dimensional
synthesis methods can be simultaneously performed. To the best of the authors’
knowledge, the synthesis of gear-linkage mechanisms using a topology
optimization method has not been explored or attempted thus far. Therefore,
several unexplored issues, such as the simultaneous handling of dissimilar
mechanism types in the context of topology optimization, must be newly addressed.

Because no baseline design is required, the methods based on topology
optimization have received much attention. With these methods, number and
dimensional synthesis can be so far conducted simultaneously [2-8, 10, 11, 13, 28-
32]. However, a method of topology-optimization based synthesis covering up to
type synthesis has not been proposed or attempted so far. Here we note that for
efficient mechanism synthesis by topology optimization, a gradient-based method
is undoubtedly preferred [2, 7, 8, 11, 13, 28, 30, 31]. A gradient-based method
requires the use of continuous design variables, calling for ground models that can
be used to generate various mechanisms when the design variables take on upper or
lower bound values. Currently, two major ground models, the nonlinear elastic bar
model [2, 11, 28, 30] and the SBM (spring-connected rigid block model) [7, 8, 13]
have been used for the synthesis of linkage-only mechanisms. The nonlinear elastic
bar model discretizes the design domain with nonlinear bars connecting pre-

defined grid nodes and controls their existence to configure the desired linkage
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mechanism. On the other hand, the SBM discretizes the design domain with rigid
blocks that are connected by artificial zero-length translational elastic springs, the
stiftness levels of which are varied as a function of the design variables. In the
SBM approach, the existence and types of joints can be determined by the values
of the spring stiffness. The issue here is that none of the earlier methods can be
directly used to synthesize mechanisms consisting of both linkages and gears
because they are of different types; the existing topology-optimization-based
synthesis methods cannot deal with type synthesis of mechanisms. Therefore, a
new topology optimization formulation is needed to perform type, number and
dimensional synthesis simultaneously.

Before presenting our method to synthesize gear-linkage mechanisms, it is
important to pinpoint several major issues that need to be addressed in developing
a topology optimization-based synthesis of linkage-gear mechanisms. First, we
should develop a new ground model that can represent not only the existence of
link and joint components but also the existence of gear components. Second, the
synthesis method should allow the use of continuous design variables so that a
numerically efficient gradient-based optimizer can be incorporated. Third, it should
be equally applicable to the synthesis of not only gear-linkage mechanisms but also
linkage-only mechanisms; this means that a type synthesis involving linkages and
gears should be also possible. To resolve these critical issues, we propose to extend
the SBM. As the connectivity between domain-discretizing blocks can be

controlled by zero-length springs in the SBM, the SBM may be better suited to
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determine the connectivity between gears and linkages in the synthesis of gear-
linkage mechanisms. To accommodate additional gear components in the model,
we introduce a new type of zero-length springs to represent the existence of a gear.
Below, we briefly explain how this new concept is realized. A more detailed
account of it will be presented in Sec. 3.2.

To handle both linkages and gears simultaneously in our topology-optimization-
based synthesis approach, we propose to introduce two design spaces occupying
the same physical domain, one design space (S, ) for the linkage synthesis ground
model and the other design space (S;) for the gear synthesis ground model, as
presented in Fig. 3.1. The linkage design space S, is identical to that used in the
earlier SBM [7] where the design domain is discretized by rigid blocks that are
connected by zero-length springs with variable degrees of stiffness. In the linkage
design space S, a linkage mechanism can be represented if the stiffnesses of the
zero-length springs take on upper and lower bound values (more precisely, the
stiffness is interpolated as a function of the design variable). On the other hand, the
gear design space S; is a space discretized by gear blocks, which are blocks
representing output gears. The gear design space will be elaborated below in more
detail.

The gear design space is assumed to occupy the same physical space as the
linkage design space. The number and size of the gear blocks are identical to those

of the rigid blocks used in the linkage design space. Each gear block is assumed to
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be always connected to an input gear which rotates according to a prescribed input
motion. However, gear blocks rotate independently of each other at a specified gear

ratio. If any gear block in S; is not connected to a rigid block in S _, the

corresponding gear block does not contribute to the output motion at the end
effector. In order to make an output gear contribute to the output motion, we

connect a gear block in S by a set of zero-length springs, which will be referred

to as ‘“gearing springs,” to its counterpart rigid block that occupies the same
location occupied by the gear block.

Therefore, the synthesis of gear-linkage mechanisms by the proposed approach
is to determine the distribution of the stiffness values of the two sets of springs, one

set connecting the rigid blocks of S, to each other and the other set connecting
the gear blocks of S, and the rigid blocks of S, . If the stiffness of the spring

connecting a gear block and its counterpart rigid block takes on the upper (lower)
bound value, a gear is regarded to appear (disappear) in the synthesized mechanism.
The details of the proposed approach are also explained in Sec. 3.2.

Because no earlier topology-optimization-based methods consider both linkages
and gears simultaneously, Sec. 3.2 is entirely devoted to the modeling technique,
which is followed by a kinematic analysis procedure. Sec. 3.3 presents a gradient-
based mechanism synthesis formulation in the framework of topology optimization
and the sensitivity analysis needed to update the design variables. Numerical case

studies are presented in Sec. 3.4, where the synthesis of both gear-linkage
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mechanisms and linkage-only mechanisms are considered. The main reason to
consider the synthesis of linkage-only mechanisms is to show that a mechanism of
different type can be synthesized; if a gear is needed to yield the desired
mechanism, a gear component will automatically be included in the synthesis

process. Otherwise, no gear will appear in the synthesized mechanism.
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3.2 Modeling and Analysis

3.2.1 Modeling

Figure 3.1(a) shows a typical gear-linkage mechanism (which will also be
referred to as a geared mechanism) that we aim to synthesize by topology
optimization. To carry out mechanism synthesis in the framework of topology
optimization, the design domain for mechanism synthesis should be discretized
into several components, the combination of which should be able to represent the
desired mechanism. Unlike in any of earlier topology-optimization-based
mechanism synthesis methods that are applicable to the synthesis of linkage-only
mechanisms, both linkages and gears should be simultaneously synthesized for the
problem under consideration. In what follows, we will explain how the proposed
modeling technique is suitable for the simultaneous synthesis of linkages and gears.

Figure 3.1(b) shows the proposed block ground model, in which the design

domain Q is treated as a superposition of two design spaces, S, and S . The
symbol S, represents the linkage design space discretized by rigid blocks
BO(1=1---,N;), while S, represents the gear design space discretized by gear
blocks ““G" (1=1---,N,) having a gear ratio of r. Here, N, =N, xN, is the
total number of the rigid blocks, where N, and N, denote the numbers of the

blocks in the horizontal ( X ) and vertical (Y ) directions, respectively. Note that the

number and size of the rigid blocks in S, are identical to those of the gear blocks
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in “S; . To consider gears having different gear ratios simultaneously, such as r,
and r,, multiple gear spaces “*’S;, “%°S., for instance, can be introduced.
Therefore, the design domain Q can be interpreted as a superposition of S ,
Ss, “¥°Sg,--- , which can be symbolically expressed as
Q=S ® S, ® S, - (3.1)

The notion of S, consisting of B" has been used in earlier studies [7], but the
notion of S, consisting of “"G" is newly proposed here to accommodate
gears. To facilitate the subsequent discussion, we will use simply “”S. to denote
the gear design spaces to represent any one or all instances of “*’S,, “?°S., .-
After a brief review of the modeling technique used in S, , a detailed account of
our new modeling technique using <~S, and “~"G" will be presented.

Figure 3.2 illustrates how two adjacent rigid blocks B" and B™ are

connected to each other in the design space of S, . It also explains how various

joint states can be represented by the stiffness values of block-connecting springs

when they take on the upper (k) and lower (k,;, ) bound values. As illustrated in

min

Fig. 3.2, two adjacent rigid blocks are assumed to be connected by zero-length

springs, denoted by k. and k. . These springs are called block-connecting

springs because they control the connectivity between adjacent blocks. Moreover,
the corner nodes of the rigid blocks are connected to the ground by zero-length

springs denoted by k,, k,, k,,and k, , referred to here as anchoring springs.

Ay o
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These springs are needed in order to fix a revolute joint to the ground.

The symbols k. and k, will also be used to represent the stiffness values of
springs. Because the stiffness values can vary between k_, and Kk as functions
of the design variables, various joint states can be represented when k. and Kk,

take on k., or k. values. (When the stiffness takes on an intermediate value

max

between k., and k., the situation corresponds to an artificial joint state that is

max >
needed only to allow the use of continuous design variables. Therefore, the
synthesis method should be so formulated as to avoid these intermediate states.)
The second to fourth columns in Fig. 3.2 illustrate how various joint states in a
linkage mechanism can be represented by block-connecting and anchoring springs
taking on their bound values. For instance, a revolute joint can be simulated if

ke, =Knex and k. =k n = Ka,

max

A =K, =Ky, . Similarly, other joint states can be

represented as illustrated in Fig. 3.2.

At this point, it will be worth to explain how DOFs can be estimated when two
rigid blocks shown in Fig. 3.2 are connected by block-connecting springs when
their stiffness values take on their bound values. Clearly, each of the rigid blocks in

Fig. 3.2 has 3 DOFs (two rigid-body translations and one rotation). If Kk =K,

and k; =k, =k, =k, =k, =k, between B" and B™ , the connection

implies the state of revolute joint connection at one of their common corner nodes.
Because the revolute joint limits the translation motion between two blocks, the

system DOF of the two blocks connected by the block-connecting springs is (3+3-
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2)=4. On the other hand, k, =k and k. =k. =k

max s T e, TR
(corresponding the configuration shown in the bottom of Fig. 3.2), B" has (3-2)
DOF while B™ has 3 DOFs. However, B™ is completed disconnected from
other block or the ground, B™ is ignored in counting the actual DOF of the
synthesized mechanism. However, there is no need to explicitly calculate the DOF
because an indirect energy based formulation [11] will be employed to ensure that
the synthesized mechanism has the correct DOF. This will be discussed in Sec. 3.

To facilitate the subsequent discussion, we will introduce what is termed a
megablock, denoted by M-block I-m. It consists of multiple rigid blocks (B" and
B™ in Fig. 3.2) that are rigidly connected to each other through zero-length

springs with k. =k. =K., . As illustrated in the second row in Fig. 3.2, the

megablock actually simulates a long link component. We often use the terminology
of a floating block to indicate a rigid block that is not connected to any other rigid
block. Because floating blocks do not contribute to the motion of a mechanism to
be synthesized, they can be ignored in the synthesized mechanism. More details
pertaining to the spring connected rigid block model can be found in the literature
[8].

At this point, we explain the role of the S, design space, which is newly
introduced to synthesize gear components in gear-linkage mechanisms. First, all of

the gear blocks “"G® (1=1---,N;) used to discretize S, are connected by

zero-length ~ gearing  springs  “"k;  to their counterpart rigid blocks
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B® (I=1---,N,), as shown in Fig. 3.1(b). The gear block "G is an output gear
having the gear ratio of r. It occupies precisely the same location as the rigid
block B" before an input motion takes place. Note that the four gearing springs

shown in Fig. 3.1(b) are controlled by the same stiffness value of “k .

To facilitate the explanation of the block ground model technique, we pinpoint
the key features of the gear block “~G" as follows.

KF 1) The center of the gear block "G is assumed to be fixed in space, but
it is connected to an input block in such a way that it rotates by &/r as
the input block rotates by 6. The input block is a block to which an input
rotational motion is prescribed. Although no explicit connection is drawn in
Fig. 3.1(b), all of the gear blocks “"G® (I=1-.-,N,) are assumed to work
as output gears that are connected to the input block. (In Fig. 3.1(b), the
design domain is discretized by 3x3 blocks in which one block located at
the lower left corner serves as the input block. Therefore, the remaining
eight blocks serve as gear blocks.)

KF 2) Referring to Fig. 3.1(b), the gear block “"G" is connected to the rigid
block B" by four springs at their four corner nodes. The stiffnesses of the

four springs are controlled by a single stiffness value denoted by “k; . If

ke, =k B" behaves as if it is rigidly connected to "G". In this

max 2

case, B" follows precisely the motion of “"G®, allowing one to set B®
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="G". If kg =k, , on the other hand, B" is disconnected from

min >
“*GY. In this case, “"G" does not contribute to the output motion.
(However, the gear block “"G® always rotates by &/r regardless of the

value of ““k, because an input block rotates by 6). Because ““G"
contributes to the actual motion as a gear component only when "k, =

k the design space S, can be viewed as a background space

affecting the motion of the rigid blocks in S, .
From the key features discussed above, it is clear that “~"G" meaningfully

contributes to the output motion when B" rotates identically to ““G" under the

condition of kg =k, . Based on this observation, we introduce a symbol <"B"

to indicate B" that rotates identically to “"G" . If this notation is used, we can
also define <"B" to represent a rigid block B" that is disconnected from ~G®

for which “"k; =k, . Using these notations, gear and link components in certain

mechanisms can be represented in terms of <"B" and “~B", as illustrated in Fig.

3.3.

Figure 3.4(a) shows a more realistic mechanism. It is a geared five-bar linkage
mechanism (GFBM) which consists of two links and one pair of gears having a
gear ratio of 1. Fig. 3.4(b) illustrates how the GFBM can be represented in terms of
+B®, <B", and the block-connecting springs having bound stiffness values. The

blocks of the same color in Fig. 3.4(b) (and in Fig. 3.4(c)) are supposed to behave
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as a single rigid body. For instance, the system of <B®,~B® <B® and <B®
behaves as a single rigid body and likewise, the system of <B® and <B!" also
behaves as another single rigid body. Each of the remaining blocks ~B®,<B®,
and “B® behaves as a single rigid body, respectively. Two design spaces S,
and *S, are needed to represent the given GFBM. Because the linkage design
space is discretized by nine blocks in the illustration, the superscript / in B
varies from 1 to 9. The gear design space S, is discretized also by nine blocks
+G" (1=12,--,9). The output gear having the gear ratio of one in the given
GFBM in Fig. 3.4(a) is represented by *“B® .

Although not shown explicitly, ~B® and ~B"”’ are connected to each other
by block-connecting springs with k. =k__ . Moreover, four adjacent blocks <B®,
<B®, <B®, and ~B“ are connected to each other by block-connecting springs
with k. =k, . Fig. 3.4(c) shows the representation of the GFBM in terms of M-
blocks, a floating block and a gear block where M-block 4-7 and M-block 5-6-8-9
serve correspondingly as link 1 and link 2. Revolute joint 1 is represented through
a block-connecting spring of k. =k between <BY and “B“ (of M-block 4-
7). Likewise, revolute joint 2 is represented by a block-connecting spring between
“B™ (of M-block 4-7) and <°B® (of M-block 5-6-8-9) while revolute joint 3 is
symbolized by a block-connecting spring between “B® and ~B® (of M-block

5-6-8-9). Block “"B? is a floating block which does not contribute to the motion
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of the GFBM. Although only one mechanism example is considered here, Fig. 3.4
suggests that a mechanism consisting of linkage and gear components can be
represented by the proposed ground model. In the next section, the procedure of
kinematic analysis will be given before the topology-optimization-based

mechanism synthesis formulation is presented in Sec. 3.3.

3.2.2 Analysis

The kinematic analysis of the block-model-based mechanism can be performed
through a quasi-static nonlinear analysis. If the position of an input block is
specified in each time step, the position of other driven blocks should be
determined by the analysis. Here, we use the principle of total elastic energy
minimization for the analysis, where the elastic energy is stored in all of springs
employed in our model. When calculating the elastic energy, we need to consider
three configurations in which block-connecting springs, anchoring springs, and
gearing springs are stretched independently.

Let us consider a rigid block B® that is connected to an adjacent rigid block
B™ by a i block-connecting spring k to the ground by an ;™ anchoring spring
k,, and to the gear block “"G" by a set of w" gearing springs denoted by kg ,

as shown in Fig. 3.5. The deformed configurations are illustrated in Fig. 3.5.

The coordinates of the centers of B"” and B™ are denoted by r{’ and r{",

which are expressed in the global coordinate system (X,Y). The two corner nodes
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connected by k. occupy the same spatial position before the spring k. is
stretched.  Their positions during motion become rd’ +(T) sy, and
& +(TM) s, , respectively. The corner nodes (N, ,,Ng ,) attached to blocks

B” and B™ are denoted by the subscripts 1 and 2, respectively. The position

vector from the center of block B® (B™) to corner node N (N ,) in the block-
fixed local coordinate system is denoted by s, (s, ). The coordinate

transformation matrices from the global to the block-fixed local coordinate systems

are denoted by T for block B” and T{" for B™. Therefore, the block-
connecting spring k. during motion is stretched by the displacement u :
Ug, = () +(T) "s¢)) = (g + (1) ) (3.2)

The transformation matrices T’ and T{" are defined as

[0) ()} (m) in AM
T ={ cosg?  sing } o z{ cosg{”  sing } 33)

—sing? cosg | | —sing™ cosg™
where 4’ (¢{") is the angle between the global coordinate system (X, ¥) and the
block-fixed local coordinate system of B" (B™). The elastic energy U. stored
by the block-connecting spring k. is therefore written as follows:

Ug, =3k (e (Uc) G4

Figure 3.5(b) illustrates that corner node 1 (N, ,) of the rigid block B" is
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connected to the ground (block 0) through the j* anchoring spring k s, - The stretch
u, of the spring is expressed as

Uy = (0 +(TOY 50~ (1) (3.5)
where r,i?’ is the position vector of the ground node connected to corner node 1 of

B". The transformation matrix T’ is given by

cosg  sing”
T :{ P P } (3.6)

b | —singl  cosg
The stored elastic energy U, in the anchoring spring k, is simply expressed as

follows:
1 T
UAJ :EkAJ (UAJ) (UAJ) (37)
In Fig. 3.5(c), rigid block B® and gear block “"G" are connected by a set of

four gearing springs denoted by a single stiffness, “"k; . The subscript win “"kg

denotes the w™ set of gearing springs. It is emphasized that the gearing springs
connecting each of the four corner nodes of the rigid block and their counterparts in

the gear block are varied by the single spring stiffness “"k; . The deformation of
the gearing spring attached to the a™ corner node (Ng_,) can be described by the

relative displacement between the rigid block and the gear block, as
Ug, o = () +(TE)'se) ) = (re) + (T8 7'sg) ) (@=1,2,3,4) (3-8)

where r{” denotes the center position vector of gear block "G . The
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superscript 0 is used to indicate that the center of the gear block is always attached

to the ground. The symbol s

G,.a

denotes the relative distance vector from r{ to

the a™ corner node of the gear block “"G" in the gear block-fixed local

coordinate system. The transformation matrices T{’ and T are written as

(3.9)

W w

O sing® O ing®
o :{ cosgl  sing } o :|: cosgy  singd }

S =sing® cosgl | ™ |-singl® cosgl’
where 48 (40 ) is the angle between the gear block-fixed local coordinate system
of B ("G") and the global coordinate system. The stored elastic energy U, in

the four gearing springs is written as

Ug,

Z%kew (Ug, )" Ug, ) (3.10)

a=1
By summing up the elastic energy expressions for all spring components, the

total elastic energy U,. stored in the design domain Q at a certain time t* is

given by
N, N, Ng
Ue@) =2V, @)+2U, -(@)+> U, @) (3.11)
i=1 j=1 w=1

where N_, N, and N, denote the total numbers of block-connecting, anchoring,

and gearing springs, respectively. The symbol q. is defined as

q. =[@?)" @), +.@?)" - @) T (3.12)
with

g =[(r")" 0T =[XO, Y0, 40T (3.13)
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where ¥ =[X" YT represents the position vector of the center of B" and ¢,
the orientation angle of B" with respect to the global coordinate system at the

time t". Because rigid block 1 is reserved to denote the input block, g% should

be excluded in the definition of the state variable vector v. defined at time step

=[@®)", @) @) (3.14)

To find the state variable vector v., the following force equilibrium is solved

for a given input motion prescribed at t".

Solve F_.(v.)=F, . for (' =1,23-T) (3.15)

|ntt

Here, F . is the prescribed external force and F_. is the internal force

generated by the stretched zero-length springs in the design domain. The external

force F, . isneeded to set up the topology optimization, as proposed in [11]. The

specific form of F

¢ Will be given in the next section.

The internal force F . can be obtained by F, . =dU . /dv,. as

du, (dU j [dU j [dU j (du j ' 516
dvt* dq(Z) dq(3) dq(4) ! dq(NB)

where

v, {du jT du,. |’ {du du, olut}T a1
dq(') r®H ¢(|) dxt“) dyt“) d¢(|) :
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Because the total elastic energy can be divided into three expressions contributed
by the block-connecting, anchoring, and gearing springs, one can write

du. 4
dr(:) = Z kc, ot (uc, ,r*)+ Z) kAJ ot (UAJ ,t*)+ Z (szW,t* (qu,a,t*)) (318)
t* jeSAI

ieg() [Q] =
eS¢ weSg a=1

and

du. HTO ' )
dgl z{k [WSQ] v )}

d{(TS‘))fl} | T
+ 2 1k, [T@S&,?J (U, ) (3.19)

: Ty Y
+ Z Z{kGW,t* ({(dTVE))}ng)VJ (uew,a,t*)}

(1) az
weSg’ a=1

where SO, S’ and S’ correspondingly represent the sets of block-connecting,
anchoring, and gearing springs connected to B®.

As a gradient-based optimization algorithm is to be employed for the gear-
linkage mechanism synthesis, an expression for the gradient of the internal force is
needed. For later use, it is derived explicitly here as

dF_ . (v. daU.
int.t V) = t 2], (3.20)
dvt* dvt*dvt* t

where the Jacobian matrix J. can be expressed in terms of J_ ., J and

Gt T
J_ . related to the block-connecting, anchoring, and gearing springs, respectively.

Gurt

The Jacobean matrix J. :dZUt* /dv.dv. for the kinematic and sensitivity

analyses will be derived in this section. When calculating the elastic energy U.
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stored in the design domain, the deformations of block-connecting, anchoring, and
gearing springs will be considered independently. To simplify the expressions

below, however, we do not explicitly write corner. Hence, s, (s%,) is denoted by
sg (sf)-
connects block / and block m, the Jacobean

If the block-connecting spring K

matrix J_ . for k; canbe expressed as

d dUc . d dUCi .
d {dUC e J dg®{ dq® dg®™ { dq®
o " aq (@ )| g (duc, J : [duc. J
d Ol dq™ | dg™| dg™
dU dUCi R d dUCi R d dUCi R
dr"’ dr(') d¢“) dr® dr™ | drl dgi™ | dr®
T
dU dUci,t” d dUC . d dUci,t*
r(” ¢(I) ¢(I) g0 dr™ | “dg® dg™ | dg®
t t t
U dUci,t d dUci,t* d dUcl,f
r") dr(m) ¢"’ dr™ dri™ | dr{™ dgi™ | drl™
T
du, dUC ¢ d dUC ¢ d dUCt
r(” d¢‘m) ¢g) dg™ dr™ | “dg™ dg™ | dg™
t
(3.21)
The submatrices in Eq. (3.21) can be calculated as
0 (Woe) [ ke
dr®{ dr®™ ke ke (3.22)
(M =1if I=m, M =-1else)
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dg®( dr® “lodg® et dg® | dr™ dg?

-1 -1
X diT!h, R 0N
d [dUC' ! ] =k —{ Gt } S(I) . d (duc' t ] = _kcl ‘ {TCi . } Sg_)vt* (323)

-1 -1
(m) (m)
d( ) {duc(;;* J _ _kc d {Tci ,t*} S(m) . d [dUC, ,t* ] _ kc d {Tci ,t*} S(m) (3 24)

m i (m) ct | m m i m Lt :
dg™ | dr dgf C1dg™ | dr™ dg™ o

-1 T -1 -1 T
10) 0] O]
d dUC.vt' _ d{TCaf} N0 d{TCaf} NON d d{TCavt*} SO (u )
d¢‘£') d¢t(*l) G d¢t(*|) Gt d¢t('l) Ci it Ci d¢‘g) d¢:(*l) Ci it Cit
(3.25)
d!lTm * ' m m '
d [9Y. —k {Tc,,[*} g d{TC.f} RO d d{TCuf} g (u )
dgi™ ( dgi™ | O dg™ e dg™ et | S dg™ | dgt™m e | e
(3.26)
aU afro )t ) [efre)”
o [ J —agm e | | gl (327)
m . Ch. m . .
d¢f d¢tx d¢{ t d¢lx Git

Similarly, the Jacobean matrix J, . for the anchoring spring k, connecting

]

block / and ground is given by

g (dV AL d (dU AL
5 (du] a0 a0 | a0 |

T
d dUAj t d dUAj t
dr® | dg dg® | dg?

A,

" dq®
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The components of the submatrices in Eq. (3.28) can be calculated as

d dUAJItk ~ kAj kAj
dr‘E” dl‘tgl) kAj kAj
TR
d dUAJ'[* —k d{TAiv‘*} N0
a0 | A0 || Tagh e

T

-1 -1
0} (U]
d dUAJf _ d {TAJ f} o d {TAi v‘*} sO |4k
d¢£|) d¢t(*l) Aj d¢l(*|) At d¢t(*l) ALt Aj
t
(3.31)

0}
g | a{To,
a0 | dg?

(3.29)

(3.30)

The Jacobean matrix J_ . for the gearing spring kg that connects block / and

gear block / is given by
d dUGW,t* d dUGW,t*
g (au, ) | @l Tad ) AT e
w ot —
Gl dqfl{ dqfl’] d (U )) q (dug .
I dr{ dg? dg ( dg®

The components of the submatrices in Eq. (3.32) are
d

dr®
t

d
ar?®
t

H

du, .

o) 4k,
| 4kg,

) -

4ks,
4ks,

|

[afr

GW
GW

du

Gyt
dr®
t

du

Gyt

dg®
t

d
dg®
t

>

a=1

|
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t

dg®
t

-1
} 0

Gya

|
|

t

(3.32)

(3.33)
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du . [afTo [ fro 1
d Gwyt* _ Z k Gw,t* S(I) GW.I* S(I)
d¢£') d¢£') - - Gy, d¢(l) Gyart d¢(l) Gyadt
t t a= t t
(3.35)

: afto
a=1 '

w d¢t('l) d¢[@) Gya '
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3.3 Gear-linkage mechanism synthesis formulation

Section 3.2 described the modeling method and the analysis procedure to
determine the state variables. In this section, we present a topology optimization
formulation to synthesize gear-linkage mechanisms. For the optimization
formulation, the objective function and constraint equations are expressed in terms
of continuous design variables, allowing the use of numerically efficient gradient-
based optimization to update the design variables. The sensitivities of the objective
function and constraint equations will also be derived.

Note that the key variables to determine the mechanism configuration are the
stiffness of the springs. Because they should reach their bound values upon

convergence, they are interpolated as functions of the design variables (& ):

I(i :kmaxx(fi)p for 0<§

win S <L i=12,---,N;; Ny=N_+N, + N, (3.36)
As & approaches & and &, k approaches its lower (K ;. ) and upper (K, )
bounds. The springs having lower and upper bound values represent disconnected
and connected states, between two adjacent blocks. Moreover, to avoid a numerical
singularity, & is assigned a small non-zero number (here, & is set to 107%).
The symbol p denotes a penalization factor (here, p is set to 3), which is introduced

to move k; towards its bound values. The penalization technique has been a

standard method for structural optimization [33], and it has also been found to be
effective when used in conjunction with topology-optimization-based mechanism

synthesis [8, 13]
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Employing the work-transmittance efficiency formulation developed in earlier
work [11], the following optimization formulation is established for the synthesis

of gear-linkage mechanisms:
Minimize 1—7_7
ieRN‘
Subjectto y.(§)<e (t' =12,--,T) (3.37)
(¢: asmall value of tolerance)

Here, T is the total time step needed to complete the input motion. The symbol

17 denotes the mean value of the work transmittance efficiency (7. ) over the total

time step of the input motion. It is defined as follows:
_ 1 _ L
77:?2771* (0= Tyin <77 < T =1) (3.38)
t'=1

The explicit expression of 7. is given as [11]

W Woe .
n, = outt” _ out,t (t =12, ’T) (339)
+U.

inp,t* out,t” t

In Eq. (3.39), the work transmittance efficiency 7. represents the ratio of the

output work W

out,t”

to the input work W The last expression in Eq. (3.39) is

t

obtained by means of Wooo =W, +Up. When defining W the following

t out,t out,t” 2

form of the external force F_ . is assumed to be applied at the end effector:

r . —-f .
_ Qr-1 Qdt
Fem* =F—

(3.40)

I"ny_1 —rQ’t.

The expression in Eq. (3.40) represents a force of constant magnitude F, acting
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against the motion of the end effector. Once F

o 18 given, W . can be

calculated as

t
W o =D P (fes —To,) (3.41)

t=1

The constraint equation is used to ensure that the target path f’Q -~ 1s correctly
traced by and the actual path Moo of the end effector of the synthesized mechanism.
Therefore, we introduce the Euclidean error . to measure the distance between

For and r,o ateverytimestep t,as

*

Ve @ = @iy | =127 (3.42)
The significance of using the formulation (3.39) which minimizes 1-7 ,
equivalently, maximizes 7 ensures that the correct kinematic degree of freedom

(DOF) is obtained. The target path is to be traced by satisfying the constraint
equations.
Accordingly, the sensitivity of the objective function with respect to the design

variable (&) is written as

d@-n) _ dn_ 1507

dg de T& dg G.43)

The sensitivity of the work transmittance efficiency 7. attime step t is
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o, _ ok dn,.

de  dg dk
_ % dWout,t* 0 Wout,t' ¥ dU{ 0 Wout,t* (344)
dg| dk oW |\W_.+U. ) dk aU. | W, +U,
dk dWout,t* U(* dU(* out,t”

T | dk 7 dk
dé d (Wout,t* +Ut‘) d (W
where the vector k consists of the spring stiffness:

kK ={k, Ky, ky }T
‘ 345
e ke, ke 1k K (3.45)

A

ao K K kGZ""’kGNg}T

ANa’ G, !

By using Eq. (3.36), dk/dg can be explicitly given as

d—‘;=diag(pkaaxx(51)“l,pkaaxx(ga)”1,---,pkax<§m)“) (3.46)

To obtain dW_ . /dk, Eq. (3.41) is used:

t
=2 Py (w ot ) (3.47)

t=1

and dU./dk isexpressed as

du. oU. dv ou.
Lo (3.48)
dk ok | dk ov,

To calculate dv./dk, we use dF_./dk=0 given the fact that Eq. (3.15) and
dF, . /dk =0. Accordingly, we have

dF,,.  OF,.. dv OF.c U, dv. U, U, dv
0= intt” in _intt 4t _ _t J (3 49)
dk ok dk 8V av 6k dk 8V av 6‘V 6k dk

where F_.=0U./0v,. isused. From Eq. (3.48),
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dv. U,
e Sty (3.50)
dk vk

Because all necessary expressions to calculate d7./d¢ and dk/d§ are

determined, the sensitivity of the objective function can now be explicitly
evaluated. Correspondingly, the sensitivity of the constraint equation is expressed
as follows:

dy. dy. . dv, .
A RCR | el SCRN[ICET

The sensitivity of the objective function and the constraint equations derived above

are used to update the design variable &. In this paper, the update of the design

variables is done using the method of moving asymptotes [34], an efficient
gradient-based optimization approach. Introducing heterogeneous design variables
significantly increases the difficulty of optimization. From this perspective,
replacing the presence of gear elements with four translational springs instead of
torsional springs is highly efficient. Similarly, when it comes to gear ratios,
stacking gear blocks of various ratios proved to be more efficient in terms of
optimization convergence, rather than introducing the gear ratio itself as a design

variable.
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3.4 Synthesis of various mechanisms by the proposed method

This section aims to investigate the validity and effectiveness of the proposed
method for synthesizing various mechanisms involving link and gear components.
Specifically, the following three case studies are considered using the same
modeling and formulation:

Case Study 1 to investigate if geared mechanisms having a different
gear ratio can be synthesized. Specifically, the synthesis of
geared five-bar mechanisms (GFBMs) with an output gear
having a gear ratio of 1 or 0.5 are considered.

Case Study 2 to investigate if GFBMs with an output gear having the
gear ratio of 1 located at different positions can be synthesized.

Case Study 3 to investigate if the developed formulation can be
uniformly applied to linkage-only mechanisms and gear-
linkage mechanisms having a different number of gears.

To solve the synthesis problems considered in Case Studies 1, 2 and 3, the

design domain Q 1is assumed to be superposed of one linkage design space S,
and two gear design spaces consisting of discretized gear blocks having gear ratios
of 1 and 0.5. Accordingly, the design domain € for all case studies is defined as:
Q=S &S, @S, (3.52)
Each of the three design spaces is discretized by 3x3 rigid or gear blocks

for the present analysis. More blocks may be used to find more complicated
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mechanisms, but it was demonstrated that quite general mechanisms can be
synthesized with the 3x3 discretization in the synthesis of linkage-only
mechanisms [8, 13]. Accordingly, we will mainly work with the 3x3

discretization. Because nine blocks are used to discretize S, ,<”S,, and
08 (Ng=9), 2x2x3+2x3x2=24 block-connecting springs ( N, =24)
and 4x8=32 anchoring springs (N, =32) are used in S . The anchoring
springs are used to connect four corner nodes of eight blocks, excluding

input block 1. Also except for input block 1, each of the remaining eight

rigid blocks in S, is connected to its counterpart gear blocks of S, and
<©%g_. Therefore, there are 8x2=16 independent sets of gearing springs
( N, =16) in the gear design spaces. Altogether, 72 design variables are used

to solve the mechanism synthesis problems by formulation (3.22). Here, it is
remarked that even the relatively coarse 3x3 discretization model can
produce numerical candidate mechanisms when 72 design variables take on
their lower or upper bound values. To test the validity of the proposed
method, the target mechanisms in all examples belong the space of the
candidate mechanisms. (After verifying the validity of the method, we, in
the future, aim to synthesize a mechanism that does not belong to the space

of candidate mechanisms by incorporating shape optimization in which the
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nodal coordinates of the discretizing blocks can be also varied.)
To synthesize a mechanism using formulation (3.22), the initial values of the

design variables (&) should be provided. For all case studies considered here, the

initial values of the design variables controlling block-connecting and anchoring

springs were set to 0.5~ (&

in T &)/ 2 10 order to start with unbiased intermediate
states. On the other hand, the initial values of the design variables controlling the

gearing springs were set to &, to allow the rigid blocks to move freely upon the
initial iterations. The values of the other parameters used for the optimization are as
follows:

K., =10 £=0.005

F =1 £ =10° T =36 -39
0 min T -

These values were shown be effective in earlier instances of block-based topology

optimization for mechanism synthesis [8, 13].

3.4.1 Case Study 1 : Gear-linkage mechanisms with a gear of

different gear ratios

With Case Study 1, we aim to investigate if gear-linkage mechanisms can be
successfully synthesized by the proposed formulation. Specifically, we attempt to
recover the geared five-bar mechanisms (GFBM) shown in Figs. 3.6(a) and 3.7(a)
by the developed block model. The GFBM in Fig. 3.6(a) includes an output gear

with a gear ratio of 1, while the GFBM in Fig. 3.7(a) includes an output gear with a
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gear ratio of 0.5. The equivalent block models of the GFBMs in Figs. 3.6(a) and
3.7(a) are shown in Figs. 3.6(b) and 3.7(b), respectively. As illustrated in Figs.
3.6(b) and 3.7(b), gears in the target mechanisms are located at block 3. Therefore,
the corresponding blocks working as gears are indicated by <“B® for the problem
in Fig. 3.6(b) and °*B® for the problem in Fig. 3.7(b). Other blocks are gearless
rigid blocks denoted by <B® (1=1,---,9; | #3) . The locations of the end effector
are also illustrated in Figs. 3.6(b) and 3.7(b). They are located at the center of block
7. The output paths illustrated in Figs. 3.6(b) and 3.7(b) represent the loci of the
end effectors as the input blocks are rotated by 360" . To synthesize the target
mechanisms shown in Figs. 3.6(b) and 3.7(b), the target output paths are depicted
in the ground model shown in Figs. 3.6(c) and 3.7(c). Although not explicitly
sketched in these figures, the ground model consists of three design spaces

S, ® S, @ <*>S, . Because a gear having a gear ratio of 1 (0.5) is needed for the
problem shown in Fig. 3.6 (Fig. 3.7), a ground model consisting only of S, @® S,
(S, ® °”S, ) may be needed. However, we used S, @ S, @ “°~S; intentionally

to demonstrate that the developed method can successfully find a gear having the
required gear ratio only.

As mentioned earlier, 72 design variables were used to solve this mechanism
synthesis problem using the initial values and the optimization parameters given

above. The convergence histories of the objective function (77 1is plotted instead of

1-77) and the maximum value of the constraint equation ,, = max_ . are
{12, T}
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correspondingly plotted in Figs. 3.6(d) and 3.7(d). These figures show that the

mean transmittance efficiency 7 successfully reached (nearly) unity at

convergence for both problems, confirming that the correct DOF, which is 1, is

attained. Moreover, . , denoting the Euclidean error, falls within the tolerance

error, confirming that the target path is correctly traced for both problems. The

values of the design variables at convergence should reach either &  or & . in

order to identify the synthesized mechanism. Figs. 3.6(e) and 3.7(e) show that most

of the design variables reached & or &. , indicating that the target

mechanisms are successfully recovered.

Figures 3.8 and 3.9 show the evolutions of the synthesized mechanisms
expressed by the proposed block ground model. In these figures, the lower left
block (block 1; see Fig. 3.4(b) for block numbering) represents the input block. The
remaining blocks denote rigid blocks belonging to S, . They are connected to zero-
length block-connecting springs, but the springs are not shown explicitly in the plot.
Fig. 3.8 shows that rigid blocks 5, 6, 8, and 9 move independently before
convergence because the block-connecting springs connected to the blocks do not
have the maximum stiffness values. However, they move as a single megablock
near or at convergence by forming M-block 5-6-8-9. On the other hand, M-block 6-

8-9 excluding block 5 moves as a single megablock in Fig. 3.9. In this case, ~"B®

is a floating block that does not affect the motion of the mechanism because it is

not connected to any of its adjacent blocks.
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In Figs. 3.8 and 3.9, gear blocks belonging to S, and “**S, are not
explicitly plotted. However, **G® and **G® (1=2,3,--) are expressed as gears
in different tones which depend on the stiffness values of the corresponding
gearing springs. We draw the gear shown in Fig. 3.8 twice as large as that in Fig.
3.9 to indicate that the smaller gear has a gear ratio of 0.5 and the larger gear has a
gear ratio of 1. As the iteration proceeds, gears appear more distinctly inside block
3 in the plots, transforming B® into **B® in Fig. 8 and “**B® in Fig. 3.9.
The actual paths of the synthesized mechanisms trace the target paths more

accurately as convergence is reached. Although not explicitly listed, <l>kGg
became k., for the problem in Fig. 3.8 and ““k; became k, for the

problem in Fig. 3.9 at convergence, while the stiffness values of the other gearing

springs become Kk, . To identify the synthesized mechanism from the converged

block models, the snapshots of the block configurations at different time steps are
analyzed. The inter-block connectivity and the spring stiffness values are also
examined.(Currently, the identification process is manual but an identification
algorithm can be developed, as done in [I11] for the nonlinear bar ground
model.)The results in Figs. 3.8 and 3.9 demonstrate that gear-linkage mechanisms

can be successfully synthesized by the proposed method.
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3.4.2 Case Study 2 : Gear-linkage mechanisms with a gear at

different locations

Through Case Study 2, we aim to demonstrate that a gear-linkage mechanism
with a gear located at various locations can be successfully synthesized by the
proposed method. Here, we consider the synthesis of two gear-linkage mechanisms
with a gear having a gear ratio of 1, one with a gear at the block 2 location and the
other with a gear at the block 3 location. Because the gear-linkage mechanism
equipped with an output gear at the block 3 location was synthesized in Case Study
1, we only need to check if the output gear at the block 2 location can be
successfully identified in the synthesized mechanism.

The target mechanism to be synthesized is shown in Fig. 3.10(a) while its
equivalent representation by the proposed block ground model is shown in Fig.
3.10(b). Fig. 3.10(b) sketches the output motion of the end effector. The ground
model used for this problem is identical to the ground model used in Case Study 1;
the synthesis is performed with the design space consisting of S, @ *S_ ® <**S, .
Because the convergence history for this problem is very similar to that shown in
Figs. 3.6(d) and 3.7(d), it is not plotted here. The evolution history of the
synthesized mechanism configuration is shown in Fig. 3.11. As convergence is
reached, the actual path of the synthesized mechanism approaches the target path

accurately. It is also confirmed that the stiffness of the gearing spring <l>kGZ has

reached Kk, , forming a gear at the block 2 location. Through Case Study 2, the
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proposed method is shown to successfully be able to synthesize a gear-linkage

mechanism having a gear at different locations.

3.4.3 Case study 3 : Gear-linkage mechanisms having a

different number of gears

Thus far, we have demonstrated the synthesis of gear-linkage mechanisms
having a single gear train, i.e., a single output gear in a mechanism. In general,
there will be no pre-knowledge of the number of output gears to be used for
synthesis problem. Therefore, we consider Case Study 3 to determine if the
proposed method can be effective when used to synthesize gear-linkage
mechanisms involving either zero, one, or two output gears. Specifically, we
consider the synthesis of a linkage-only mechanism (i.e., a mechanism without an
output gear), as shown in Fig. 3.12(a), and a geared mechanism with two pairs of
gear trains (i.e., a gear-linkage mechanism with two output gears), as shown in Fig.
3.12(b). (A mechanism having only one gear was synthesized in the previous case
studies.)

The mechanism shown in Fig. 3.12(a) is a four-bar linkage mechanism without
any gear component. Therefore, this mechanism can be synthesized by the existing
SBM. However, it is important to check if the mechanism without a gear
component can also be successfully synthesized by the developed gear-linkage

synthesis method. Additionally, in Fig. 3.12(b), a gear-linkage mechanism having
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two output gears is represented by “B® and B! in the proposed block model.

As noted in the caption of Fig. 3.12, the design domain consisting of

S, ® S, @S, is used for the problems considered in Case Study 3. The

convergence histories for the synthesis problems shown in Figs. 3.12(a) and 3.12(b)
are plotted in Figs. 3.13(a) and 3.13(b), respectively. First, stable convergence is

observed in both problems; # reached its maximum value of 1, and the Euclidean

error is sufficiently small.

When synthesizing the four-bar linkage mechanism shown in Fig. 3.12(a), Fig.
3.13(a) shows that all of the gearing springs have values close to Kk, , implying
that all rigid blocks are disconnected from gear blocks. Therefore, the synthesized
mechanism shown in Fig. 3.14 has no gear component, representing a linkage-only
mechanism. At convergence, the target path is correctly traced by the synthesized
mechanism. This example shows that the proposed block ground model can
successfully synthesize linkage-only mechanisms.

When synthesizing a geared mechanism involving two output gears, the iteration
history is shown in Fig. 3.13(b), which shows stable convergence. The distribution

of the spring stiffness values obtained at convergence, also plotted in Fig. 3.13(b),

shows that only the gearing springs connecting B® to *°G® and B to

G reach their maximum value of k leading to *B® and B .

max
Consequently, the desired gear-linkage mechanism having two output gears is

obtained by our synthesis method and the evolution history of the synthesis
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mechanism shown in Fig. 3.15 demonstrates the successful synthesis of the target

mechanism.
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3.5 Synthesis of various mechanisms with shape optimization.

To design diverse and complicated mechanisms, the design domain should be
discretized with high resolution rigid blocks. However, if topology optimization
and shape optimization are carried out simultaneously, we can obtain the same
results with a lower resolution design domain [12]. Similar to Gear-SBM, a gear-
linkage mechanism can be designed to generate more diverse paths than the results
of the previous section if shape optimization is carried out simultaneously. We will
utilize the shape SBM model from Chapter 3.2 to analyze the shape of the Gear-
SBM. The center position and radius of the gear component need to be used to
represent the dimensions of the gear component. In other words, design variables
corresponding to the center position and radius of the gear component are
necessary for shape optimization. However, the complexity and time cost of the
optimization process directly depend on the number of design variables. Therefore,
it's crucial to represent the mechanism with the least number design variables. To
this end, we represent the center of the gear component with a state variable
utilizing additional shape design variables by using the shape SBM model from
Chapter 3.2, which uses the geometric center of the rigid block as state variables.
Additionally, the distance between the geometrical center and the node location can
be used to represent the radius of the gear component. The shape SBM model using
the geometrical center (Yim et al. [15]) can express the dimensions of the gear
component by shape design variables that express the dimensions of the rigid links

because the geometrical center as well as the location of each node changes when
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the four nodes of the rigid block change relatively. As a result, we suggest a gear-
SBM method, as shown in Fig. 3.17, that may simultaneously express the topology
and dimensions of gears and rigid parts with a limited number of design variables.
Based on the modeling above, the same optimization equation as in Eq. (3.21)
can easily be constructed, and we will proceed with the three case studies of
synthesizing three different type of mechanisms. As shown in Fig. 3.18, three
different types of gear-linkage mechanism can by synthesized with the single

unified method.
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3.6 Summary.

Through this study, we presented a new method of topology-optimization-based
mechanism synthesis to determine simultaneously the type, number and dimension
of mechanisms. The use of two design spaces representing the linkage and gear
spaces in an extended framework of the SBM was found effective, where each
design space was discretized by rigid or gear blocks. Because every gear block is
connected by artificial springs to its counterpart rigid block occupying the same
location, the presence of gear components can be controlled by adjusting the
stiffness of the springs. If more than one gear ratio is expected to be needed, more
than one gear design space can be flexibly used to form additional gear design
spaces. Because a gradient-based algorithm was used by employing continuous
design variables, the overall optimization-based synthesis method was numerically
efficient.

As the verification of the developed approach, several known mechanisms were
found to be successfully recovered. Specifically, we were able to synthesize a
linkage-only four-bar mechanism, gear-linkage mechanisms having a single output
gear at different locations and a gear-linkage mechanism having two output gears.
More importantly, the same modeling technique and formulation were used to
synthesize dissimilar gear-linkage mechanisms producing different output paths.
This implies that the developed method is flexibly effective to synthesize
mechanisms of different types.

In spite of the success in determining simultaneously the type, number, and
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dimension of a general mechanism by the proposed method, there are several
limitations to overcome before the developed method can be practically useful.
First, we only tested the developed method to recover known mechanisms.
Therefore, we should be able to synthesize unknown unique mechanisms while
outperforming existing mechanisms. Second, all synthesis problems under
consideration here were planar; the synthesis of spatial gear-linkage mechanisms
would be more interesting and challenging. In spite of several issues to overcome,
this method is expected to open a new approach towards practically useful

automated methods of mechanism synthesis.
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Fig. 3.1 (a) A typical geared mechanism we aim to synthesize by the proposed
topology optimization method and (b) the proposed block ground model consisting
of two design spaces, the linkage design space S, , and the gear design space

S, . (The superscript “r”in <S_ denotes the gear ratio.)
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Fig. 3.2 Representation of various joints in the S, -based SBM.

the block-connecting and anchoring springs take on the bound value (k

k.., ) to simulate various joint states.
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Fig. 3.4 (a) A geared five-bar mechanism (GFBM). (b) The representation of the
GFBM by the developed modeling approach. (¢) The representation of the GFBM
in terms of M-blocks, a floating block, and a gear block.
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(a) (b)

Fig. 3.5 Various configurations inducing the deformation of springs. Each
configuration consisting of : (a) B®, B‘™ (an adjacent block of B") and the

block-connecting spring k ; (b) B®, the ground, and the anchoring spring K, ;

and (c) B", “"G", and a set of gearing springs denoted by "k, .
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Fig. 3.6 The synthesis of a geared five-bar mechanism having an output gear with a
gear ratio of 1 by the proposed formulation: (a) The target mechanism, (b) its
representation in terms of rigid and gear blocks, (c) the ground model consisting of
S, ® S, @ S, employed for the synthesis, d) the convergence history of

and 77,and ., =_ max_w. (e)the values of the design variables (& ) at
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convergence.
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Fig. 3.7 The synthesis of a geared five-bar mechanism having an output gear with a
gear ratio of 0.5 by the proposed formulation: (a) The target mechanism, (b) its
representation in terms of rigid and gear blocks, (c) the ground model consisting of
S, ® S, @ s, employed for the synthesis, d) the convergence history of
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Fig. 3.8 The evolution history of the synthesized mechanism expressed by the
proposed block ground model for the synthesis problem defined in Fig. 6. The

numbers in the figure represent the block number.
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Fig. 3.9 The evolution history of the synthesized mechanism expressed by the
proposed block ground model for the synthesis problem defined in Fig. 7. The

numbers in the figure represent the block number.
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Fig. 3.10 The synthesis of a geared five-bar mechanism having an output gear with
the gear ratio of 1 located at the block 2 location. (a) The target mechanism and (b)
its representation in terms of rigid and gear blocks.
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Fig. 3.11 The evolution history of the synthesized mechanism expressed by the
proposed block ground model for the synthesis problem defined in Fig. 3.10.
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Fig. 3.12 The synthesis of (a) a linkage-only mechanism and (b) a geared
mechanism with two gear trains (i.e. two output gears). The ground model
consisting of S, @ S, @ “*>S_ is used in applying the proposed topology

optimization based synthesis method.
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Fig. 3.13 The convergence histories of 7 and ,,, = E{max . and the values
t"

of the design variables (&) at convergence for (a) the problem depicted in Fig. 12(a)
and (b) the problem in Fig. 12(b). The design variables having intermediate values
are associated with the anchoring springs connected to floating blocks. Therefore,

they do not affect the synthesized mechanism configurations.
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Fig. 3.14 The evolution history of the synthesized mechanism expressed by the
proposed block ground model for the synthesis problem defined in Fig. 12(a).
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Fig. 3.15 The evolution history of the synthesized mechanism expressed by the
proposed block model for the synthesis problem defined in Fig. 12(b).
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Fig. 3.16 The shape SBM modeling method with geometric center to represent the
block shape and gear components
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Fig. 3.17 The proposed shape Gear SBM with the shape design variables. With
shape design variables we can represent the shape of gear-linkage mechanism
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CHAPTER 4.
Topology Optimization of Planar Pulley-Linkage

Mechanisms

4.1 Overview

To design a robot mechanism, several mechanical components are required.
Among them, the pulley component is a fundamental component used in various
robot systems such as robot arms and hands [35-37], since pulley components
enable the mechanism to be designed as serial mechanisms, which can synthesize
large trajectories. Therefore, the synthesis of pulley-linkage mechanisms has
become an essential research subject. However, designing the topology (number
and connectivity of pulley components and rigid links) and dimensions of the
pulley components simultaneously has been a challenge, as the trajectories of the
pulley-linkage mechanism vary significantly based on the topology of pulley
components. For this reasons, previous engineers used sequential approaches to
determine the topology and dimensions of the pulley-linkage mechanisms [35-40].
For example, they first determine the topology of the pulley-linkage mechanism
before using dimensional synthesis to determine the pulley locations and link sizes.

However, this approach has limitations, as it may be challenging to find novel
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mechanisms beyond the designer's intuition. To overcome this limitation, we
propose a topology optimization-based approach for mechanism design that can
simultaneously determine the topology and dimensions of the pulley-linkage
mechanism.

The topology optimization-based mechanism design approach has taken much
attention as it does not require a predetermined topology of the mechanism as a
baseline design. To perform topology optimization, the design domain needs to be
discretized using a ground structure. It is known that various mechanical
components, such as gear components, can be considered in the stacked spring-
connected rigid block model (SBM) [41], as shown in Fig. 4.1. The stacked-SBM
concept involves stacking the linkage design space with different design spaces,
where the stiffness of the artificial zero length springs represents various topology
and dimensions of the linkage mechanism. To represent the pulley components,
however, we propose the multi stacked SBM to discretize the design domain. To
define additional design spaces for other mechanical components, the
corresponding block must be defined to discretize the design domain. For instance,
a gear block that rotates concerning the input block was used to represent the gear
components [41]. Therefore, we propose a new pulley block that rotates concerning
each rigid block in the linkage design space to represent the pulley components. If
the previous gear-SBM used a single stacking of gear blocks corresponding to
input blocks in the linkage design space (Fig. 4.1(a)), the newly proposed pulley-

SBM can represent various connectivity of pulley components by multi-stacking all
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pulley blocks corresponding to all rigid blocks, as shown in Fig. 4.1(b).

Each pulley block is connected to a rigid block using four pulley springs with the
same stiffness design variables, where the stiffness represents the connectivity of
the pulley components. Thus, the topology and dimensions of the pulley-linkage
mechanism can be represented by the stiffness of two types of springs: the artificial
zero-length springs in the linkage design space and the pulley springs. To
synthesize the pulley-linkage mechanism, we propose a gradient-based topology
optimization formulation to simultaneously determine the stiffness of the two
springs. With this modeling method and optimization formulation, we will
synthesize the pulley-linkage mechanism and the linkage-only mechanism in the

following paper.
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4.2 Modeling, analysis and optimization formulation

4.2.1 Modeling method of multi-stacked SBM

The design domain should be discretized into a number of blocks, each of which
should be capable of representing mechanical components in order to carry out the
mechanism synthesis within the framework of topology optimization. To this end,
we propose a modeling technique for simultaneously representing the topology and
dimensions of the pulley-linkage mechanism. The proposed multi-stacked SBM
ground model, depicted in Fig. 4.1(b), treats the design domain as a superposition

of multi design spaces S, and (S, (m=12,--,N,). The S_ stands for the
linkage design space discretized by rigid blocks B", while /S, denotes the
pulley design space discretized by pulley blocks P (1=12,--,N,). Here, N,

is the total number of rigid blocks discretizing the design domain. In addition, the

size of the pulley blocks (-P" (m=1---,I-11+1.---,N,) are identical to those of

the rigid blocks in B®" . Therefore, as shown in Fig. 4.1(b), the design domain (Q)
can be symbolically defined as

Q=S ®© TS, ® LS, oS, 4.1

To modeling a pulley component, we firstly define the pulley block to represent

the pulley component. As shown in Fig. 4.2, -P" is a pulley block stacked on

the /-th rigid block ( B") with an r rotating relationship value with the m-th rigid
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block (B™). For example, in linkage design space (same as previous SBM), the
geometric center ([X",Y"]) and its pulley angle ([6"]) of I-th rigid block are
expressed as state variables at time step ¢ [15] :

q =[x Y2, 6T (4.2)
Because the shape of B" and {;P" is identical, the geometric center of (;;P"

and B" are same. Therefore, the state variables ({;p") of pulley block ((;P")

can be written as follows

<(rrn>)p:|) = [Xt(l) 'Yt(l) ) ret(m)]T (4'3)

Now, we can define the 'S, with all ;P®(I=1--,m-1Lm+1--- N,) as

<r>

shown in Fig. 4.2. In other words, S, is a design space containing all ;;P®
with B™ and r rotation relationship values, meaning that the corresponding ;P

is connected to B™ as a pulley component. And it can be said that the previous

gear design space [41] in Fig. 4.1(a) can be represented as “;;S, when the input

<r>

block is 1-st block (“"Sg =";;S,). Therefore, we can represent the various
configuration (connectivity) between pulley components by multi stacking the
mSp(Mm=12,---,N,) overthe S, .

To represent different topologies and dimensions of pulley-linkage mechanisms,
the design domain is discretized into several blocks, each of which is connected by
artificial zero length springs with their stiffness values. Therefore, there are two

different types of artificial zero length springs in this proposed modeling method,
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one that connects block and block (block connecting spring) or block and ground
t(anchoring spring) to represent rigid links and revolute joints, and another type of
artificial zero-length spring is pulley springs that connect four corners of pulley
block and rigid block. Fig. 4.3 shows how design domain discretized by three

adjacent rigid blocks ( B®,B®,andB® ) and three pulley blocks
(CoR®, R and ;;R®) can represent the pulley connection mechanism. To
simplify the design domain, we only consider ;;R®” (I>m) pulley blocks in this

Fig. 4.3. First, let’s talk about how linkage design space can represent the rigid
links and revolute joints with its corresponding stiffness values. As illustrated in
Fig. 4.3, it is assumed that adjacent rigid blocks (or a rigid block and the ground)
are connected by block-connecting springs (the anchoring springs) that have
stiffness values. When the block-connecting spring's (anchoring spring’s) stiffness
is expressed K. (k,), this can vary between the lower limit state k. =0 (k,=0)
and the upper limit state k; =k, (K, =k, ) (K. : a pre-selected value). The
lower limit state means that the rigid blocks are disconnected, and upper limit state
means the rigid blocks are connected at that corner. As a result, various mechanism
states can be represented as shown in Fig. 4.3(b) by using different connectivity
states with block-connecting springs and anchoring springs that adopt their lower
or upper stiffness values. To learn more, go to Yu et al. [12].

Here, we describe the function of the pulley design space (;;S;, a newly

introduced for representing pulley components. As depicted in Fig. 4.3(a), all
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pulley blocks (5R®, R®, and ;;R®) share a geometric center of rigid blocks

B", and they are all connected to the rigid blocks at the four corners by four zero-
length pulley springs. Additionally, the four pulley springs are controlled by the

<r>

same stiffness value of [k’ to reduce the design variables same as previous

method [41]. Under the condition of 7 k{’=k ., B" rotates in a manner that is

max

identical to that of ’R" which rotates with respect to the r rotation relationship

with B™ . Other then, when ;" k{’=k

o the rotation of B®" are not affected by

min !

iy RY " as shown in Fig. 4.3(c). Additionally, as shown in Fig. 4.3(c), ki =k

max

means B® and B® are connected by pulley component and also gk =k

max

means B® and B® are connected. With the combination of pulley spring’s
stiffness as shown in left side of Fig. 4.3(c), serially connected pulley-linkage as

shown in the right side of Fig. 4.3(a) can be represented.

4.2.2 Analysis method to multi-stacked SBM

In the previous section, we used a multi-stacked SBM to represent a pulley-
linkage mechanism with the stiffness of artificial zero-length springs. Quasi-static
nonlinear analysis can be used to conduct kinematic analysis of SBM-based
mechanisms. If the position of the input block is given for each time step, analysis
should be used to determine the positions of the other rigid blocks. Let's say, for

instance, that B“ identifies rotation as the input motion. The total state variable
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vector (v, ) in this case represents the states of all rigid blocks in the time step (t),

with the exception of B®. This can be expressed as follows:
T T T
vo=| (@) (@) ()| (44)

In terms of total state variable vector (v,), the quasi-static force equilibrium for

SBM method can be written as [11-13, 41]:

Fim,t (Vt) -F

ext,t

=0 (t=1---,T; where T is total time step) (4.5)

F

e 18 the internal force in design domain caused by artificial zero length springs
(block connecting springs, anchoring springs, and pulley springs) and calculated as

Fr(v) =dUg,,  /dv,. And this Ug,, (v,) can be obtained from the stretched
lengths (&, for i-th block connecting spring, &, for j-th anchoring spring and

o8 for corresponding pulley spring) of all artificial zero length springs in

design domain as follows:

Ne 1 2 1 2 1 <rsp, (m) { <r> o(m) )2
Ugpn © =;§kci (%) +Z§kAJ (5A,) 33 4 > ks (estm) (4.6)

j=1 m=1 I=1
where, N, and N, is the total number of block connecting and anchoring

springs. And F,,, is the external force in the opposite direction of the desired path

ext,t

(7)) with the magnitude of F, as follows:

i;end _lf;end
_ t-1 t _
Foi = R Tend _para| (where, F, =1) 4.7
t-1 "~ Tt
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previous SBM-based synthesis method. Now, we can obtain the generating motion
of pulley-linkage mechanism from quasi static force equilibrium from Eq. (4.5).

Details of the process and calculation of the equation can be found in Refs [12, 15].

4.2.3 Optimization formulation for stacked SBM

In previous section, we discussed how to analyze the motion of pulley-linkage
mechanism using a multi-stacked SBM method that represents the various
topologies and dimensions of the mechanism. Here, considering the desired paths,
we offer an optimization formula for designing the 1-DOF pully linkage
mechanism. With the proposed multi-stacked SBM, designing a pulley-linkage
mechanism means determining the stiffness values of the block connecting springs,
anchoring springs and pulley springs. The following design variables are used to

conveniently interpolate the stiffness of each spring [41]:
3 3 <r> m <r> m 3
I(C, = I(max (§C,) ' k,A1 = kmax (é:A') ’ and (I)klg ) = I(max( (I)glg )) (48)
Therefore, the design variables (&) to be determined through the optimization

process are as follows:

éz{gcl’é:cz ""lchc 15/\ !‘:EA2 v"'lé:AN ) <(r1)>§F(e2)' <(r1)> F(<3)"”’ (ES&F&NFD}T (49)

Now, we can construct a gradient-based optimization method that is numerically
effective to synthesize the desired mechanism because all design variables are real
values between 0 and 1. As a result, the optimization formulation for the synthesis

of pulley-linkage mechanisms is established as follows:
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Minimize 1—5

geRNeNa R

Subjectto wy, (&) <e (t=12,---,T) (4.10)
(¢: a small value of tolerance)

where N, is the total number of pulley springs. In earlier SBM-based topology
optimization, the mean value of work transmission efficiency (7 ) was utilized as
the objective function to manage the degree of freedom of the synthesized
mechanism as 1-DOF [11]. The explicit expression of work transmittance
efficiency 7, attime step ¢ 1s given as [11]

w W
o= outt _ out,t (t :1’2,...,T) (411)
W Woet TU e

inp,t out,t

In Eq. (4.11), the work transmittance efficiency 7, represents the ratio of the

output work W,,, to the input work W

inp,t *

The last expression in Eq. (4.11) is

ut,t

obtained by means of W, , =W, +Ugy . W, is caused by F,  at the end
effector and can be calculated as follows:
v @) =|ro. @) -]  =12--T) (4.12)

Using the optimization formulation (4.10), the moving asymptotes method [34]
was used to update the design variable. When employing a gradient-based
optimization optimizer to update design variables, analytical sensitivities of
objective function and constraint equations are necessary. Since they can be

calculated rather easily, they are not provided clearly here.
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4.3 Synthesis of various mechanisms by the proposed method

Some synthesis problems will be conducted to check the validity and
effectiveness of the suggested method for synthesizing various mechanisms, such
as rigid links and pulley components. To demonstrate whether the suggested
method can consider diverse pulley-linkage mechanisms, we conducted
mechanisms synthesis problems with different target paths while employing the
same modeling and formulation. The 3x3 discretized design domain is used to
solve the following synthesis problems, and -1 is considered as a rotation
relationship value (r=-1). In this chapter, we only consider <, P" (I>m)

-1>

<
because

P@and < P™ have the same effect when r=-1. Thus, the design

domain (Q ) can be defined as:

Q=S5 @3S, ® ;S “5Ss (4.13)

Different rotation relationship value design spaces /S, ® /S, -+ (5'S, can be

stacked and employed if more complex rotation ratios are needed same as previous
gear-stacked SBM technique to consider the gear ratio [41]. To avoid providing a
biased initial circumstance for gradient-based optimization approach, the design

variable's initial value is set to 0.5~ (&, +&..,)/2 and the following values for
other parameters utilized during the entire optimization process are:

&= 0051 gmin 21074’ é:

max

=1 k_, =10°, T=36 (4.14)
In earlier gradient-based mechanism topology optimization synthesis [12, 15, 41],

the values (4.14) are shown to be effective.
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The first synthesis problem can be represented as Fig. 4.4(a). To verify the
effectiveness of the proposed method, the target path can be obtained from the
mechanism within the design domain. With the synthesis problem definition in Fig.
4.4(a), we can define the optimization formulation (4.10) to determine 96 design

variables (24 block connecting design variables &, 36 anchoring design variables
&, and 36 pulley design variables <& ). Fig. 4.4(b) illustrates the synthesized

stacked SBM as a result of the optimization procedure. The synthesized M-blocks
1-4 and M-blocks 7-8-9 mean the megablock which is rigidly connected between
blocks and dummy blocks mean the rigid blocks that cannot affect the motion of
synthesized results. Additionally, the evolutionary history in Fig. 4.5(b) and the
iteration history of the objective function and constraint equations in Fig. 4.5(a)
ensure that the synthesized results satisfy the design conditions. And following the
postprocess, it is possible to state that the synthesized mechanism is the 1-DOF
pulley-linkage mechanism depicted in Fig. 4.5(c).

And other synthesis problems are conducted with different target motions as
shown in Fig. 4.6. Various mechanism can be synthesized with same modeling and
optimization formulation except for the different target paths. As a result of
synthesized with different target paths, different types of mechanism pulley-linkage
mechanism (Fig. 4.6(a)), linkage only mechanism (Fig. 4.6(b)) and gear-linkage
mechanism (Fig. 4.6(c)) can be synthesized at the same time. Therefore, various

topologies and dimensions of pulley-linkage mechanism even linkage only
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mechanism can be synthesized with a single method.
Another synthesis problem with 4x2 discretized design domain is conducted,
where multi serial 1-DOF pulley-linkage mechanism can be synthesized. As shown

in Fig. 4.8 two serial connected pully mechanism (“;R™ and “;R®) are

synthesized. Because we used multi-stacked SBM, we can also obtained multi
serial connected pulley-linkage mechanism.

To design diverse and complicated mechanisms, the design domain should be
discretized with high resolution rigid blocks. However, if topology optimization
and shape optimization are carried out simultaneously, we can obtain the same
results with a lower resolution design domain [12]. We will utilize the shape SBM
model from Chapter 2 to analyze the shape of the pulley-SBM. As shown in Fig.
4.9, we can simultaneously synthesize the topology and dimensions of pulley-

linkage mechanism with low resolution.
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4.4 Summary.

In this study, we present a novel method for topology optimization-based
mechanism synthesis that can consider both parallel and serial mechanisms, which
extends the mechanism topology optimization framework to include pulley and
link components simultaneously. To achieve this, we propose pulley blocks that can
represent all rotational relations with other rigid blocks, which represent the rigid
links, and use a multi-stacked SBM to represent the linkage and pulley components.
By connecting every pulley block to its counterpart rigid block occupying the same
location with artificial springs, the presence of pulley components can be
controlled by adjusting the stiffness of the springs. This multi-stacked method
effectively considers the relationship between multiple components.

Our proposed method includes all previous synthesis methods that use linkage-
only SBM and gear SBM, as pulley components can be represented as gear
components with anchoring conditions. Moreover, our optimization-based
synthesis method, which uses a gradient-based algorithm with continuous design
variables, is numerically efficient.

We successfully verified our approach by synthesizing several known
mechanisms, such as a linkage-only four-bar mechanism, gear-linkage mechanisms,
and multi-pulley serial mechanism. Importantly, our method demonstrates the
flexibility to synthesize dissimilar mechanical components mechanisms that
produce different output paths using the same modeling technique and formulation.

Therefore, our developed method can be effectively used to synthesize mechanisms
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Fig. 4.1 The main concept of proposed pulley multi-stacked SBM. (a) the previous
gear stacked-SBM only stacked one layer. However, the proposed pulley multi-

stakced SBM stacked multi design space for rotational relationship with each rigid
blocks.
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Fig. 4.2 The representation of pulley blocks and pulley design space.
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Fig. 4.6 The synthesis results of different types of mechanism (a) pulley-linkage
mechanism, (b) linkage only mechanism, and (c) gear-linkage mechanism
(anchored pulley-linkage mechanism).
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CHAPTER 5.
Topology Optimization of Planar Spring-Linkage

Mechanisms

5.1 Overview

The primary function of a mechanism is to convert a simple input motion into
the desired motion at the end effector. When synthesizing mechanisms, it is not
appropriate to consider only the desired motion if obstacles and environmental
changes need to be considered, such as maintaining grasping motion for various
objects, as in the case of adaptive grippers [42-49]. Motion can be limited when
obstacles are present, and thus, it is crucial to incorporate obstacle conditions when
synthesizing mechanisms. This has led to the investigation of mechanism synthesis
methods that consider obstacles and environmental changes as important research
subjects [45-56]. To this end, multi-degree-of-freedom (DOF) mechanisms were
usually used in earlier studies, employing additional driving actuators to
accommodate obstacles and environmental changes [57-60]. In contrast, the spring-

linkage mechanism with single driving actuator has several advantages, such as
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requiring fewer actuators, a simpler control method, and lower sensing precision
due to the use of passive spring components [46, 52]. Because, the spring-linkage
mechanism can exert an underactuated DOF from passive springs when faced with
obstacles and environmental changes. However, a systematic method to synthesize
or design a 1-DOF spring-linkage mechanism has not been developed. This
limitation motivated the development of an autonomous synthesis method to
synthesize 1-DOF planar spring-linkage mechanisms. The goal is to develop an
automated optimization-based method that considers both the desired motion and
the shape of obstacles when synthesizing 1-DOF planar spring-linkage mechanisms.
When considering motions and obstacles simultaneously, the required mechanisms
differ depending on the presence or absence of obstacles (the absence state may be
said to be the case where the obstacle size is zero). For example, a 1-DOF fully
actuated linkage mechanism is required to generate the desired motion in the
absence of obstacles, as shown in Fig. 5.1(a), whereas a 1-DOF underactuated
spring-linkage mechanism is required to overcome obstacles, as shown in Fig.
5.1(b). Since the topology of the underactuated spring-linkage mechanism is based
on multi-DOF and the topology of the fully actuated linkage mechanism is based
on 1-DOF, determining the topology and dimensions of the baseline rigid link
mechanism requires different design methods depending on the presence or
absence of obstacles (not to mention the determination of topology and dimensions
of the spring components). As a result, there was no method to consider both a

fully actuated and an underactuated mechanism simultaneously with a single

110



driving actuator in the mechanism motion generation synthesis problem.

To synthesize the fully actuated linkage mechanism, for example, the sequential
synthesis process determining the topology of the baseline mechanism using the
designer's experience and intuition and then determining the dimensions of the
mechanism was traditionally studied [61-63]. Further, recently, there has been
much interest in topology optimization-based methods that simultaneously
synthesize the topology and dimensions of fully actuated linkage mechanisms [8,
11, 13, 64]. Unlike traditional methods, topology optimization-based methods do
not require a baseline design, which is why they have received significant attention.
And, these methods have been successfully applied to real-world synthesis
problems. To this end, ground structure modeling, such as the nonlinear-bar model
[2, 11, 64] and spring-connected rigid block model (SBM) has been used for
mechanism topology optimization. These models represent various mechanism
topologies in a single unified modeling method. In addition, an energy-based
formulation to control the rotatability of a single driving actuator [8, 9, 11-15, 30,
41, 64] was used with the unified modeling method. However, the existing
topology optimization methods are only applicable to fully actuated mechanisms
with linkage only mechanism. And this linkage only 1-DOF fully actuated
mechanism cannot overcome the unexpected obstacles.

On the other hand, a 1-DOF underactuated spring-linkage mechanism can
overcome unexpected obstacles with maintaining desired motion. Because

underactuated DOF can consider the obstacles and environmental changes, some
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adaptive spring-linkage mechanisms were discussed [45, 47, 56] In this study, we
focus on overcoming possibility of obstacle shape and desired motion. To design a
1-DOF underactuated spring-linkage mechanism, researchers have studied a
method for optimizing the dimensions and configuration of the spring components
for a fixed multi-degree-of-freedom (multi-DOF) linkage mechanism [56, 65-67].
However, determining the topology of the baseline rigid link mechanism still relies
on the designer's experience and intuition, which can be limiting as trial-and-error
methods were used. That is, there was no way to consider the topology of the
baseline rigid link mechanism in the previous underactuated spring-linkage
mechanism synthesis method. Eventually, to consider two different topologies (1-
DOF for fully actuated and multi-DOF for underactuated) simultaneously, a new
method is needed to consider topology and dimensions of rigid links and spring
components. To this end, we extend the previous rigid link ground model (spring-
connected rigid block model) [7, 15] to a spring-linkage mechanism and extend the
previous method [11] of controlling the degree of freedom of the rigid link
mechanism to both fully actuated mechanism and underactuated spring-linkage
mechanism. Therefore, simultaneously handling different mechanism types and
controlling different mechanism DOFs with the desired motion and shape of the
obstacle in the context of topology optimization will be addressed anew.

Before presenting our method to synthesize mechanism with the desired motion
and shape of obstacles, it is important to pinpoint several major issues that need to

be addressed in developing a topology optimization-based synthesis method of
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spring-linkage mechanisms (in this paper, the meaning of spring-linkage
mechanism include the linkage only mechanism). First, it is necessary to develop a
ground model that can represent the topology and dimensions of both the rigid
links and spring components. Second, the synthesis method must consider the
shape of obstacles and their desired motion. And third, it is important to represent
the rotatability of the spring-linkage mechanisms using continuous design variables,
allowing for the incorporation of numerically efficient gradient-based optimizers.
To address these issues, we propose a new stacked spring-linkage SBM, which is
capable of representing both rigid links and spring components. The SBM may be
suitable for determining the connectivity between the spring component and the
rigid link in the synthesis of the spring-linkage mechanism because the SBM can
control the connectivity between different mechanical components, such as gear
components, with a stacked method [41]. However, elastic components such as
spring components can be underactuated and affect rotatability, which is a different
problem from previous topology optimization methods that only consider rigid
components. To overcome this challenge, we share state variables of real springs
with SBM rigid blocks. Additionally, we will apply the energy-based method for
representing rotatability [11] used in the linkage mechanism will be applied to the
spring-linkage mechanism. Below, we briefly explain how the above ideas solve
several major issues. A more detailed account of it will be presented in Sec. 5.2.

To handle rigid links and spring components simultaneously in an optimization-

based synthesis approach, as shown in Fig. 5.2, we stacked two design spaces
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occupying the same physical area: one design space (S, : linkage design space) for
rigid link synthesis ground models and another design (S, : spring design space)
for spring synthesis ground models. The linkage design space S, is the same as

the design space used in the previous SBM [15]. By the SBM, the linkage design

domain (S, ) is discretized by rigid blocks connected by artificial zero-length

springs of varying stiffness values. When the stiffnesses of the artificial springs
have upper limit values and lower limit values (more precisely, the stiffness will be
interpolated as a function of the topology design variable), the linkage mechanism

can be represented. On the other hand, the spring design space S, contains all

possible spring configurations in the physical domain, representing individual real
spring components. The topology (configuration) of the spring components in the

spring design space S, can also be indicated by its corresponding stiffness value

having upper (presence) and lower (absence) bound values (the stiffness of real
spring is also interpolated as a function of the spring design variable). The
intermediate value of spring design space does not mean that the stiffness value of
the spring is the intermediate value but is only used for the gradient-based
optimization synthesis process. Therefore, after the mechanism is synthesized, the
stiffness values of the spring components should only take the upper and lower
value. Thus, the topology of spring-linkage mechanisms will be determined by the
stiffness values of two sets of springs. One is a set for an artificial zero-length

spring that connects the rigid blocks of S, to each other, and the other is a set that
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represents an actual spring in S;. And, each side of the spring component in the

spring design space shares the geometric center of each rigid block in the linkage
design space to represent the dimensions of spring lengths. Therefore, the
dimensions of rigid link and spring components can be determined through design

variables representing the block shape S, . Details of the proposed approach are

also described in Sec. 5.2.

Next, we briefly explain our method of considering the shape of the obstacle in
the topology optimization approach. When obstacles are given, motion perturbation
from the desired motion is required, as depicted in Fig. 1(b). To express the
rotatability of spring-linkage for motion perturbations, we use the total elastic
energy from artificial zero-length springs in the linkage design space. This elastic
energy-based method was previously utilized in the SBM-based topology synthesis
approach to control the degree of freedom of the synthesized mechanism. The
concept of controlling 1-DOF in the previous SBM is extended to rotationality
from a single driving actuator. For instance, to overcome obstacles, the
configuration of the baseline rigid link mechanism needs to be altered, and the
artificial zero-length spring should not be stretched by perturbed motion. In that
case, the total elastic energy from artificial springs in the configuration of a
rotatability-capable mechanism can be expressed as zero [11]. Consequently, we
introduce a new definition of the sum of the artificial zero-length springs with the
desired motion and all cases of perturbation motions to represent the rotatability of

the spring-linkage mechanism. Furthermore, since this energy-based value is
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continuous, gradient-based optimization can be employed for better optimization.
We also formulate other constraint equations, such as the Euclidean error between
the desired motion and the mean square error of the spring design variable. Details
of the proposed optimization formulations are described in Sec. 5.3.

This paper is organized as follows. Since previous topology optimization-based
methods did not consider rigid links and spring components simultaneously, Sec.
5.2 is fully committed to modeling techniques and kinematic analysis procedures.
Sec. 5.3 presents a gradient-based mechanism synthesis for topology optimization
with optimization formulation. Numerical case studies are presented in Sec. 5.4,
where the synthesis results with different obstacle shape conditions. Furthermore,

we apply the proposed method to the real gripper design problem.
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5.2 Modeling and Analysis

5.2.1 Spring-linkage stacked spring connected block model

To perform a topology optimization-based mechanism synthesis method, the
design domain (feasible region) must be discretized into several components, and a
combination of these components could be able to represent the desired mechanism.
Unlike previous topology optimization-based methods applicable to synthesizing
linkage-only mechanisms, both spring components and rigid links must be
synthesized simultaneously under the synthesis conditions. To this end, we propose
a new stacked SBM modeling method for the spring-linkage mechanism. Fig. 5.2
shows a proposed ground model in which the design domain is treated as an

overlap of two design spaces (S, and S;). The symbol S, represents the linkage
design space which is discretized by a rigid block B” (I =1,---,N,), and the symbol
S, represents the spring design space which is all possible spring components

connected between the center of each rigid block (for complexity, we consider the

adjacent blocks to connect the springs in this paper). Here N, is the total number
of rigid blocks in the linkage design space. The notion of S, consisting of B"
(I-th block) has been used in earlier studies [15]. However, the notion of S, and
stacking method between S, and S; representing the spring-linkage mechanism
are newly proposed here.

We will briefly demonstrate how the previous SBM (linkage design space) can
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represent the various topologies and dimensions of the linkage mechanism. Two
adjacent rigid blocks (or a rigid block and the ground) are assumed to be connected
with block-connecting springs (the anchoring springs) with stiffness values, as
shown in Fig. 5.2(b). Both block-connecting and anchoring springs are artificial
zero-length springs introduced to represent the topologies of linkage mechanism
(not to be confused with artificial springs with actual spring components in the
spring design space). When the block-connecting spring's stiffness is expressed k.,
this can vary between the lower limit k. =0 (numerically, k. =£~0) and the
upper limit k. =k, (k,, : a pre-selected value). The anchoring spring stiffness
k, also varies between k,=0 and k, =k . And the lower limit state means
that the rigid blocks are disconnected, and the upper limit means that the rigid
blocks are connected at that corner. Therefore, with different connectivity states
with block-connecting springs and anchoring springs which take on their lower or
upper stiffness values, various mechanism states (rigidly connected, connected by a
revolute joint, and anchored by a revolute joint) can be represented as shown in the

right side of Fig. 5.2(b). And, it is more convenient to use the normalized design
variables 0<&. <1 and 0<§&, <1 to make k. =Kk, ~(§C )3 and k, =k, -(&A)g,
instead of using k. and k, directly as design variables, as in earlier studies [8,
12, 13, 15, 41]. These two design variables (&, and &,) for representing the
linkage mechanism topology are combined to represent them as & and will be

called topology design variables. The coordinates of the grid points that discretize a
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given design domain into a rigid block can be represented by vector symbols &*
(0<&* <1). This shape-controlling design variable &* is called the dimension

design variable and does not affect the topology of the linkage mechanism. Thus,
the various topology and dimensions of the linkage mechanism in the linkage

design space can be represented by real-valued design variables &° and &* that

vary between 0 and 1; see Yu et al. [12] for more information.

We will now describe the spring design space and how the proposed stacking
method with linkage and spring design space can represent various spring-linkage
mechanisms. As shown in Fig. 2(¢c), the spring design space consists of all possible
spring components connected between adjacent rigid blocks. The spring
components used in the spring design space are supposed to connect any of the two
rigid blocks. To represent the connectivity, we introduce the following symbol,

n=n(i, j): the n-th spring component are connected between the i-th block B"
and j-th links BY . Each spring component's corresponding stiffness value (k*:
O~e&<k® <k, ) can be expressed as a spring design variable (&°) and has a
k® =k, -&° (0<&® <1) relationship. Upper subscription S was used to avoid
confusing the stiffness value of the artificial springs (k. and k,). If £° reaches
its maximum value &° =1 at the end of the spring-linkage mechanism synthesis,
the corresponding spring is declared to exist, and if &° reaches its minimum value

£* =& =0, it is declared to be non-exist. In other words, we represent the presence
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of spring components with their stiffness value. This approach was same as the
above topology design variables. Therefore, we can represent spring components'

topology (configuration) with real-valued continuous design variables &° .
However, after the mechanism is synthesized, &° represents only the lower bound

(0) or upper bound (1) value corresponding to the disconnection or connection state
of the spring component because we first consider the topology of the spring
component. Suppose springs with different stiffness values need to be used. In that
case, one of the multi-candidate spring design spaces can be stacked with various
k> values, just like the previous gear-stacked SBM method considering gear
ratios [41].

Those two design spaces are stacked in the design domain, as shown in Fig. 3.
When they are stacked with each other, each side of spring components in the
spring design space is overlapped at the geometric center of the rigid block in the
linkage design space. If the state variables of /-th rigid block B" at time step t
is q”, g can be represented by the geometric center of /-th rigid block
[X®,Y"] and rotation angle 4" with respect to the global coordinate:

q® =[XO, YO, gOT (5.1)
Then, one side of the spring component, which is connected in B is located at
[X®,Y"] in time step t.Because dimension design variables (£*) that determine

the shape of a block not only represent the locations of four nodes in the rigid block

(this node can determine the positions of the revolute joint) but also change the
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geometric center of the block, the dimensions (initial length) of spring components

can be represented by the dimension design variables (&*). And this stacking

method with sharing state variables decreases the use of extra shape design
variables for the spring components. Therefore, the motion (state) of the spring-
linkage mechanism can be expressed as state variables of the entire rigid blocks.
The analysis method for determining these state variables of all blocks will be
mentioned in the next subsection. Now, we can represent the various topologies
and dimensions of spring-linkage mechanisms as shown in Fig. 5.2(a) with the

continuous real-valued design variables &, &°, and &*. And we can represent
the motions of spring-linkage mechanism with q® (I=1,---,N,) . The optimization
process for synthesizing these design variables (&%, &°, and &* ) will be

mentioned in Sec. 5.3.

5.2.2 Kinematic analysis of stacked spring-linkage SBM

The configuration of the spring-linkage mechanism should satisfy the
mechanical constraints at the revolute joint and minimize the stored elastic energy
from the spring components. The above two conditions apply to both the 1-DOF
fully actuated linkage mechanism and the underactuated spring-linkage mechanism
in Fig. 5.1 since the total elastic energy of the fully actuated linkage mechanism is
zero or does not affect the linkage motion (this will be mentioned again in the

following case study problem). To obtain the motion of the spring-linkage
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mechanism, we have to perform a kinematic analysis based on the proposed
stacked SBM with the above conditions. The kinematic analysis of the SBM-based
mechanism can be conducted through a quasi-static nonlinear analysis. That is, the
movements of all blocks from a prescribed input driving actuator are obtained
through the quasi-static equilibrium with the state variables of all rigid blocks. For
example, suppose the input driving actuator motion is designated as the rotation at
block 1 (B®). In that case, the states of all rigid blocks except input block 1 are

represented by the total state variable vector (v, ) at the time step (t ). This can be

expressed as follows.

“a®Y (q®) o\ T 5.2

Vi = (qt ) ’(qt ) ""!(qt ) ( . )

And the total state variable vector v, should satisfy the below equilibrium
equations (3) of mechanical constraints from revolute joints and minimum potential

energy from actual spring:

Minimize E_;,, .
: ‘ (5:3)
subjectto F,, (v,)-F,, =0

E is the potential energy from actual springs and F,(v,)-F, =0 is the

spring,t
substitution of the mechanical constraints in a physics-based force equilibriums in

SBM [12]. The total strain energy stored in the spring-linkage mechanism from N
number of actual springs (do not confuse the artificial springs k. and k,) can be

written as
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Eopring s z ks("q(') qgm)” ||q(l) (m)")z (5.4)

where, k; is the stiffness value of the w-th spring component, which is connected
between the geometric center of /-th rigid block and m-th rigid block (w=w(l.m)),

and 0 means the initial time step (initial lengths) as shown in Fig. 5.4.

In Eq. (5.3), we represent the mechanical constraints from revolute joints by the
force equilibrium in SBM as constraints equation. The number and location of
revolute joints cannot be predetermined during the optimization process during
mechanism topology optimization. For this reason, previous SBM-based topology
optimization has successfully represented the mechanical constraints during
optimization process by the total elastic energy of artificial zero-length springs in
the SBM design domain [12, 13, 41]. Since the mechanical constraint of the
revolute joint means the constraint in the X and Y directions, in the case of revolute
joints, the artificial zero-length spring does not stretch. This means that elastic
energy is not generated in the linkage design space (see Fig. 5.2(b)) to satisfy the
mechanical constraints during the optimization process. Again, do not confuse the
artificial zero-length spring in the linkage design space and the actual spring in the
spring design space. Therefore, the equilibrium equation for the mechanical
constraint of the revolute joint in the spring-linkage mechanism can be written as

follows

Nc
UsBM,t:;%kém'( t(n)) +Z k(n) ( (n)) (5.5)
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This elastic energy can be obtained from stretched lengths (5 ) at the time step t
of the corresponding n-th artificial zero-length spring (k" or k{’) where, N,
(N, ) is the total number of block-connecting springs (anchoring springs). And then,
Eq. (5.5) can also be replaced by a force equilibrium equation as follows:

F (V) —F =0 (5.6)
where F (v,) is the internal forces from artificial spring, such as

Fu(v)=0dUg, /dv,. And F,, is the external force in the direction opposite to the

~end

desired motion (7™ ) with the magnitude of F, as follows:

i:end _ fend

_ t-1 t _
F.=F '—fe” e (where, F, =1) 5.7)
t-1 't

F.. was intentionally introduced to control the rotatability of the mechanism in the

previous SBM-based synthesis method. Details of the process and calculation of
the equation can be found in Refs. [12, 13]. Now, based on Eq. (5.3), we can
determine the generating motion of the spring-linkage mechanism through a quasi-

static analysis with the given input motion of block 1 at the time step (t).
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5.3 Optimization formulation for synthesizing spring-linkage

mechanism

Section 5.2 described a stacked SBM method that can represent various
topologies and dimensions of the spring-linkage mechanism and how to analyze its
motion. This section presents an optimization formulation for synthesizing the 1-
DOF spring-linkage mechanism, considering the desired motion and the shape of
the obstacle. Since all design variables are real-valued, we can build numerically
efficient gradient-based optimization formulation to synthesize the desired
mechanisms. Therefore, the objective function and constraint equations will be
defined in continuous design variables to construct the optimization formulation to
update the design variables.

Designing a spring-linkage mechanism with the proposed stacked SBM means

that the topology design variables (&), dimension design variables (&), and
spring design variables (&*) are determined under the optimization process. That is,
the design variables (&) to be determined through the optimization process are as
follows

E={8 & 888 G 8 G Y (5.8)
where N, and N, is the total number of artificial zero-length springs and
number of nodes in linkage design space and N, is the total number of actual
spring components in spring design space. The synthesized 1-DOF spring-linkage
mechanism should follow the desired motion and be able to overcome obstacles.
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Therefore, the following optimization formulation (5.9-5.11) is established to
reflect the above design conditions (A situation in which an obstacle is not required

is considered to be zero in size of obstacle):

Minimize Ugg, () +U, ©) (5.9)

ZeR k+2Np+Ng

subjectto W, () <¢ (t=12,---T) (5.10)
nspring S O (5 1 1)

Ugy (@) +U%, (&) is the objective function to ensure that the synthesized

mechanism is rotatable with a single driving actuator even the obstacle is given.

Ugy (&) 1is the elastic energy from artificial zero-length springs in linkage design

space (Eq. (5)) when there is no obstacle as follows:

.
Usem ZZUSBM,t (5-12)
t=1

S

where, T is the total time step. Same as Eq. (5.12), UZ;, () is the elastic energy

from artificial zero-length springs in linkage design space when considering the

.
shape of obstacles as Ugy, => Ugn. - W, (§) is a constraint equation to ensure
t=1

that the synthesized mechanism generates the desired motion and 7, is a
constraint equation to control the topology of spring components in spring design
space. To simultaneously consider the two mechanical components with stacked
design spaces, the optimization formula was constructed through one equation

Y, (§) from the correlated results between two design spaces (generating motion
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can be obtained from the correlated equation in Eq. (5.3)). And two more equations

such as Ug,, (§)+Ugy (€) and 7, functions which are obtained from linkage

and spring design space respectively. Because stacked SBM modeling methods
consist of two design spaces, we have to consider correlation functions between
two design spaces and component-related functions in each design space. Their

explicit formula will be given below and the symbol & denotes a tolerance error.

The objective function ( Ug,, (€)+U%, (€) ) was newly introduced to

simultaneously consider the baseline topology of rigid links and the shape of the
obstacle. And this objective function can be obtained from the linkage design space.

Uy, (&) 1is the total elastic energy in linkage design space from the input motion of
every time step and can be easily calculated. And the Ug,, (§)=0 (minimized)

means that the configuration of corresponding design variables can rotatable from a

single input motion [11]. Therefore, minimizing (Ug,, ,(§)=0) means that the

mechanism can completely transmit the input motion to the end effector. This

energy-based method can be extended when the obstacle is given. When the shape

end

of obstacle (7™ ) is given, the position of the end effector (r™™ ) at time step (t)

#obs

has to be moved to f™* for overcoming the obstacle. In that case, we can

formulate the following optimization to obtain the position of the rigid block to
overcome the obstacle:

Minimize Ugy, (V™)

(5.13)
subjectto r™ (vi™) =™
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obs

where v;* states of all rigid blocks except input block 1 when overcoming the

obstacles. As a result of Eq. (5.13), if the mechanism can overcome the obstacle

(the corresponding mechanism can change its configuration of baseline linkage

obs

mechanism), the minimized value of Ug,, , should be zero (actual springs, in this

case, were assumed to be stretched somehow). Thus, the mechanism can overcome

the given shape of an obstacle ( £ ) when Ug, =0 (minimized)

.
(Ugm =D Ug ((v?™®)). Therefore, Ug,, +Ug, must be zero (numerically &)
=1

when the spring-linkage mechanism can generate the desired motion and overcome

the obstacle. That is why we use Ug,, +U%:, as an objective function to minimize

in Eq. (5.9) to simultaneously handle the desired motion and shape of an obstacle.

S'

In addition, energy conversion values for different types of obstacles (U, ) can be

added to Eq (5.9) to consider more diverse types of obstacles.

The constraint equation W, is defined as the Euclidean distance between

t

desired motion (#™) and the generating motion at the end effector (r™) at the

time step:

end send
r—n

‘Pt(&.’)z (t=1,2,‘”,T) (514)

end

ri™ can be determined by carrying out a quasi-static nonlinear analysis in Sec.

5.2.2. Constraint equation 7,,;, is introduced to ensure that all spring states reach

either existence or nonexistence state (&£° =0or 1) at the end of the optimization
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convergence, which is the mean square error from 0.5 (0.5~0.5-(&, +&na ) ) as

follow :

1 NS S 2
Nepring = ———— -05 O=n. <n .. <n._ =1 5.15
spring OZSNS ;(én ) ( min spring max ) ( )

With the optimization formulation (5.9-5.11), the design variable was updated
using the method of moving asymptotes [34]. Analytical sensitivities of objective
function and constraint equations related to design variables are required to update
design variables using a gradient-based optimization optimizer. However, they are

not given explicitly here because they are relatively easy to calculate.
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5.4 Synthesis of various mechanisms by the proposed method

The proposed synthesis method to synthesize the 1-DOF spring-linkage
mechanism is used to conduct the following two synthesis case problems. First
case studies are the problems to ensure whether the proposed method achieves the
intended purpose with same desired path and different obstacles shape synthesis
conditions. And second case study deals with synthesizing a new adaptive gripper.
With two case studies, we check the validity and effectiveness of the proposed
synthesis approach.

Case study I: synthesis of spring-linkage mechanism with the same desired
motion with different obstacle conditions.

Case study 2: synthesis of the new 1-DOF underactuated spring-linkage
adaptive gripper.

To solve the mechanism synthesis problems in case studies 1 and 2, the initial

values of the design variables were set as 0.5~ (&

in + &) /2 not to give biased
initial conditions on the gradient-based optimization method. In addition, the
values of other parameters used for the entire optimization process were set as
follows:

£=005, &< =10", &, =10", &, =107, & =1 k =10°, kS, =10 (5.16)

The values (5.16) were effective in the earlier gradient-based mechanism synthesis

methods [12, 13, 15, 41].
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5.4.1 Case Study 1: synthesis of various shapes of obstacles

This section investigates if the proposed formulation (5.9-5.11) can successfully
synthesize the spring-linkage mechanism in considering the same desired motion
with different shape of obstacles. We used the desired motion obtained from a
mechanism to demonstrate the validity and effectiveness of the proposed method.
Specifically, we will perform three synthesis problems with different shapes of
obstacles to check that the different topologies and dimensions of the spring-
linkage mechanism can be synthesized. For the spring-linkage mechanism
synthesis conditions, the target motion (Fig. 5.5(a)) and the 3x3 discretized
stacked SBM (Fig. 5.3) were equally used with three different shapes of obstacles
(Fig. 5.5(b)). The first synthesis condition is when there is no obstacle (the obstacle
size is 0, as shown in the first row in Fig. 5.5(b)). Additionally, the second and third
synthesis conditions are problems for the obstacles of different sizes. The second
obstacle is a perturbation of magnitude 0.2 in the Y-direction on the desired motion
in the time step t=5~8, as seen in the second row of Fig. 5.5(b). And the third
obstacle is an obstacle with the same conditions as the second obstacle, except that
the size is 0.01, as depicted in the third row in Fig. 5.5(b). As a result of the
synthesis processes, three different spring-linkage mechanisms (the first case of Fig.
6 and the second and third cases of Fig. 8) with different topologies and dimensions
were synthesized. With the desired motion (Fig. 5.5(a)) and non-obstacles
condition (first row of Fig. 5.5(b)) same as Fig. 5.1(a) synthesis case, 1-DOF fully

actuated linkage mechanism is synthesized as shown in Fig. 5.6(a). As the iteration
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progresses, the objective function and the constraint equations in Eq. (5.9-5.11)
were converged within the convergence criterion in Fig. 5.6(b), and its
evolutionary history is presented in Fig. 5.7. Because there is no obstacle in this

first synthesis problem, the objective function Ug,, (€)+U (¢) should be
2-Ug,, (&) because U (&) =Ug,, (€). The unnecessary spring components (blue

spring-like lines) disappear, and the connectivity of the rigid blocks changes to
generate the desired motion during the optimization process. Although the
generating motion does not perfectly match the target motion in Fig. 5.6(c), it is
possible to generate a similar motion within a specified acceptance range (¢ ).
Previous studies have made similar observations [12, 15].

Let’s see more details about the synthesized results from stacked SBM. The first
column in Fig. 5.6(a) contains the synthesized results from the stacked SBM. The
connectivity relationship of synthesized topology design variables corresponding to
the baseline mechanism is Stephenson III 6-bar linkage mechanism. In the
synthesized results in Fig. 5.6(a), we called for rigidly connected rigid blocks as
mega-block like M-block 4-7 (B® and B are rigidly connected to each other).
And we also called the dummy block (M-block 2-3-6), which is not the synthesized
part of the mechanism. The topology design variables between dummy blocks do
not converge to the values of the lower and upper limits but do not affect the results
and generating motion of the synthesized mechanism [9, 15]. The synthesized
spring components (spring design variables) in this first synthesis problem are all

dummy springs unaffected by the spring-linkage mechanism's kinematic motions.

132



Even if synthesized dummy springs are removed from the spring-linkage
mechanism, the generating motion from the synthesized mechanism is unaffected.
So, we can remove the dummy springs from the synthesized results during the post
process. After the post-processing with the dummy springs and dummy blocks, we
can get the 1-DOF fully actuated Stephenson III 6-bar linkage mechanism. Because
the first synthesis problem does not require the adaptive situation for obstacle, the
1-DOF fully actuated linkage mechanism is synthesized. This result can
demonstrate that the proposed methodology can cover the results of the previous
topology optimization synthesis method of 1-DOF fully actuated linkage
mechanism.

The shapes of obstacles in the second and third mechanism synthesis problems
are different in size for the same time step (t=5~8), as shown in Fig. 5.5(b). By
performing mechanism synthesis on different shapes of obstacles with the same
desired motion, we want to prove that the desired mechanism synthesis method can
reflect the shape of the obstacle. We can synthesize two spring-linkage mechanisms,
as shown in Fig. 5.8, with the optimization formulation (5.9-5.11). 5-bar spring-
linkage mechanism with 4 spring components is synthesized (the other four springs
on the M-block-2-3-5-6-8-9 are dummy springs that are not stretched during
mechanism operation) with obstacle 2 (high obstacle). As depicted in Fig. 5.9(a), a
spring-linkage mechanism with a 5-bar underactuated spring-linkage mechanism
can produce a perturbation motion that can overcome obstacle 2. These

perturbation motions are mainly affected by the topology and dimensions of the
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baseline rigid link mechanism. The baseline rigid link mechanism of the
synthesized spring-linkage mechanism is a 5-bar linkage mechanism, and the
corresponding perturbation domain of baseline mechanism is shown in Fig. 5.9(b).
The perturbation domain means that the mechanism is configurable with its
configuration and that the shape of the obstacle is included within the perturbation
domain. Therefore, the spring-linkage mechanism can overcome the obstacle by
changing its configuration. Therefore, as you can see, obstacle 2 can be overcome
with a synthesized mechanism.

With the synthesis problem with obstacle 3, which is smaller than obstacle 2, we
can synthesize 7-bar underactuated spring-linkage mechanism with 6 spring
components. As you can see in the perturbed domain in Fig. 5.10(a), the
synthesized 7-bar mechanism can overcome obstacle 3 because the shape of the
obstacle is included under the perturbed domain. However, the synthesized
mechanism based on obstacle 3 cannot overcome obstacle 2 because this perturbed
domain in Fig. 5.10(b) cannot cover obstacle 2, which is much larger than obstacle
3. Therefore, the synthesized mechanism through the optimization formulation can
reflect the shape of obstacles. Therefore, through the synthesis problem of Case 1,
it was proven that the proposed design method can synthesize a mechanism while
simultaneously considering both the presence or absence of obstacles and the shape
of obstacles. In previous mechanisms synthesis methods, spring components were
typically added for introducing adaptability after segmenting one of the links of the

baseline mechanism [47]. However, because the underlying mechanism (no
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obstacle case) is a 6-bar linkage mechanism, we could not get results from the
obstacle 2 (5-bar linkage mechanism) situation with previous methods. That is to
say, the proposed method of simultaneously synthesizing the rigid link's topology
and dimensions with the spring component is a very effective and valuable design
approach to synthesizing adaptive mechanisms.

The proposed design methodology is based on gradient-based optimization,
which means that multiple local optima can exist depending on the initial design
values. For example, let's consider the synthesized 5-bar underactuated spring-
linkage mechanism depicted in Fig. 5.8(a), which represents one possible result
under the small obstacle condition. To validate this, optimization was performed
using specifically tailored initial values for the small obstacle design condition. Fig.
5.11(a) (middle side illustrates the synthesized mechanism and the right side
illustrates the perturbed domain) corresponds to the optimization results obtained
when random design variables (left side of Fig. 5.11(a)) near the conditions of a
large obstacle (Fig. 5.8(a)) were used as initial values. Since the small obstacle falls
within the perturbed domain of the synthesized mechanism, we can confidently
assert that this spring-linkage mechanism is well-synthesized under the small
obstacle shape. It closely resembles the S5-bar underactuated spring-linkage
mechanism depicted in Fig. 5.8(a) under the large obstacle shape condition.
Furthermore, as shown in Fig. 5.11(b), optimization was performed using random
design variables (shown on the left side of Fig. 5.11(b)), resulting in a 5-bar

underactuated spring-linkage mechanism with a different spring configuration. By
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examining the perturbed domain of this synthesized mechanism on the right side of
Fig. 5.11(b), it was confirmed that it can effectively overcome obstacles. Hence,
the proposed gradient-based optimization synthesis method can yield various local
optimal values depending on different initial conditions, all of which satisfy the
desired design requirements. However, to minimize biased synthesized results

caused by these initial conditions, appropriate initial conditions are set as

05~(&, +&,)/2.

5.4.2 Case study 2: Synthesis of the 1-DOF adaptive gripper

mechanism

This section attempts to synthesize an adaptive gripper by applying the proposed
synthesis method to the actual design problem. With a single driving actuator, the
1-DOF fully actuated linkage gripper can generate underlying grasping motions.
Effective grasping motions, however, are sometimes unachievable when interacting
between gripper and objects of varying sizes. On the other hand, by further
deformations from spring components, the 1-DOF underactuated spring-linkage
adaptive gripper may generate the grasping motion with objects of various sizes.
Therefore, the 1-DOF adaptive gripper must be able to generate both the
underlying grasping motions and additional adaptive motions that can grasp objects

of various sizes. To synthesize the spring-linkage mechanism from the path
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generation synthesis problem as a topology optimization method, we must define
the synthesis problem as the target motions. The existing 1-DOF fully actuated
gripper's generating motions at the center of phalanx 2 and the end tip of phalanx 3
were chosen as the underlying target grasping motions [68]. The paths generated by
phalanx 2 and 3 (the center of phalanx 2 and the end of phalanx 3) were considered
target motions to represent the kinematic functionality of grasping motion since
contacts in both phalanx 2 and 3 may occur to grasp an object effectively. And
when the object is grasped at phalanx 2, the adaptive motion is designed to let
phalanx 3 go forward by 10 degrees to better grasp it. For some real-world design
synthesis problems, such as Case Study 2, there is no information on the baseline
mechanism that generates the target motions. Furthermore, designing a mechanism
that simultaneously considers adaptive motions and multi-end-effectors is
particularly challenging. In this case study, the conventional 1-DOF fully actuated
linkage gripper was used to define the target motions for this design problem. The
following synthesis processes were carried out without using the reference
information of the conventional gripper.

To synthesize the adaptive gripper, we first discretize the design domain
(feasible design area) with 6x3 stacked SBM, as shown in Fig. 5.12. The design
domain size and resolution were set to account for the size of the target motions in
Fig. 5.12. And then, with the mechanism synthesis definitions in Fig. 5.12, we can
define the optimization formulation (5.9-5.11) for finding the 229 design variables

(126 topology design variables, 56 dimension design variables, and 47 spring
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design variables). From the iteration history (Fig. 5.13(c)) and evolutionary history
(Fig. 13(d)), the 1-DOF underactuated spring-linkage mechanism is successfully
synthesized (Fig. 5.13(a)). The synthesized underactuated mechanism is a 10-bar
spring-linkage mechanism with 13 spring components, as shown in Fig. 5.13(a).
The corresponding design variables are shown in Fig. 5.13(b). Furthermore, the
synthesized mechanism can generate the target motions, as shown in Fig. 5.13(e).
Based on the synthesis results, the proposed design methodology can synthesize
complex mechanisms that are difficult for designers to think about and design on
their own.

The synthesized results, however, are too complicated to be fabricated.
Therefore, the following constraint equation is added to the optimization

formulation to limit the number of springs synthesized to reduce this complexity:

Minimize Ug,, (§)+U§gi,| ©

2eRMcr2Nn+Ns

subjectto Y, (§)<e (t=12,---T)

nspring < O

47
1<) & <7
n=1

(5.17)

And all other synthesis definitions are the same as Fig. 5.12. As a result of
optimization formulation in Eq. 5.17, we can obtain an adaptive gripper as shown
in Fig. 5.14. The synthesized adaptive gripper is a 7-bar spring-linkage mechanism
with one spring component as shown in Fig. 5.14(a). The corresponding design
variables in Fig. 5.14(b) and iteration history in Fig. 5.14(c) assure that the

adaptive gripper is well synthesized. And also, Fig. 5.14(d) shows the synthesized
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gripper can generate the desired motions well. Still, it is hard to directly control the
number of rigid links in SBM-based topology optimization. But by using an
additional constraint equation to limit the number of spring components in Eq. 5.17,
we can obtain the feasible 1-DOF spring-linkage adaptive gripper that can possibly
be used.

Additional simulations have been conducted to verify that the synthesized
gripper can effectively grasp objects of various sizes with additional deformations
of spring components. The gripper should be in contact with the objects at phalanx
2 and phalanx 3 to effectively identify the object. And it can be confirmed that the
synthesized adaptive gripper can grasp various objects through a simulation from
ADAMS (the multibody dynamics simulation solution from MSC Software
Corporation), as shown in Fig. 5.15(a). Since the grippers are symmetrical with two
identical mechanisms, the simulation was performed with a one-sided mechanism
and a fixed location without gravity. As the simulation from different object sizes,
the synthesized adaptive gripper with the proposed mechanism can grasp various

objects for further deformations from spring components, as shown in Fig. 5.15(b).
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5.5 Summary

In this study, we presented a novel method for synthesizing mechanisms that can
account for desired motion while also considering the presence and shapes of
obstacles. To achieve this, we proposed a topology-optimization-based approach
that can synthesize the dimensions and topology of both spring components and
rigid links. Our approach uses a ground structure model that stacks two design
spaces, allowing us to define the topologies and dimensions of spring components
and rigid links. By sharing state variables between these design spaces, we can
reduce the number of dimension design variables that affect the optimization's
difficulty and time cost. Using continuous design variables to represent the
topology and dimensions of different spring-linkage mechanisms also makes the
gradient-based optimization synthesis process more numerically efficient overall.

We successfully validated our approach by recovering several synthesis
problems under diverse obstacle circumstances. Our approach enabled us to
synthesize 1-DOF underactuated spring-linkage mechanisms and 1-DOF fully
actuated linkage mechanisms, both with and without obstacles. We also
demonstrated the ability to synthesize an adaptive gripper that can grasp obstacles
of different shapes using our proposed methods. Despite the success of our
approach, there are limitations to how the complexity of synthesized mechanisms
can be controlled. To better use the synthesis approach, we need to use complicated
spring component configurations in the spring design space, which increases the

computational cost and difficulty of optimization. Therefore, controlling the
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complexity of the spring-linkage mechanism will be an interesting and challenging
research topic for future studies. Overall, our methodology is expected to pave the

way for more useful automated methods for adaptive mechanism synthesis.
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Fig. 5.1 Depending on the situation, different mechanisms are needed for a single-
driving actuator. (a) If the desired motion is the only consideration, a 1-DOF fully
actuated linkage mechanism is required. (b) However, if adaptive motion is
necessary, such as overcoming obstacles, a 1-DOF underactuated spring-linkage
mechanism is needed.
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a spring design space (S; ).
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springs), (b) the convergence history of the constraint equations and objective
function, and (c) a comparison between the desired motion and the synthesized
motion.
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corresponding perturbed region is situated over the shape of the big obstacle, the
synthesized mechanism is able to successfully overcome it.
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Fig. 5.13 The overall results of synthesizing the adaptive gripper include: (a) the
successful synthesis of a 1-DOF underactuated 10-bar spring-linkage mechanism,
as well as (b) its corresponding design variables (note that the red ticks in the bar
graph represent the presence of dummy springs). The success of the overall
synthesis can be confirmed by (c) the iteration history of objective functions and
constraint equations, as well as (d) its evolutionary history. Furthermore, (e) the
synthesized 1-DOF adaptive gripper is capable of generating the desired motions
effectively.
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of a 1-DOF underactuated 7-bar spring-linkage mechanism, along with (b) its
corresponding design variables. The success of the overall synthesis can be
confirmed by (c) the iteration history and (d) the generated motions.
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CHAPTER 6.

Conclusions

In this dissertation, we propose a new modeling and formulations for different
mechanical components, considering the topology and dimensions applied to link,
gear, pulley, and spring components. This proposed methodology can be expanded
to the various mechanical components-based mechanism topology optimization
and can be applied to real-world synthesis problems. A key idea for considering
different mechanical components is to stack each mechanical component design
space on top of the linkage design space, which was a previous linkage-only
modeling method. Additionally, we have developed a new optimization
formulation that addresses the underactuated DOF issues that arise from
considering spring components. In each chapter of this study, we successfully
addressed various mechanism design problems. For example, in chapter 3, we
explored gear-linkage mechanisms, in chapter 4, we investigated pulley-linkage
mechanisms, and in chapter 5, we examined spring-linkage mechanisms.

Chapter 2 introduces a new shape SBM that minimizes the number of design
variables required for mechanism dimensions. As the number of design variables

directly affects our optimization-based mechanism synthesis problems, it is crucial
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to keep this number as low as possible. Unfortunately, considering dissimilar
mechanical components requires adding design variables for topology and
dimension-related design variables. Nevertheless, the proposed shape SBM's
design variables can affect not just the four nodes of the block but also its rigid
block's mass center. This aspect can minimize the dimensions related design
variables for additional mechanical components.

Chapter 3 proposes a novel topology optimization method for gear-linkage
mechanism. The study demonstrates that this method can simultaneously determine
the type, number, and dimensions of mechanisms. This approach was the first
successful synthesis of a mechanism involving both linkages and gears using
gradient-based topology optimization. To model this gear-linkage mechanism, two
design spaces are introduced, including linkage and gear design spaces. Each space
is discretized using rigid or gear blocks connected by artificial springs, with the
stiffness of these springs controlling the presence of gear components. Additional
gear design spaces can be added flexibly if multiple gear ratios are expected. In
addition, the use of continuous design variables and a gradient-based algorithm
allows for an efficient optimization-based synthesis method. This study was a
significant milestone in enabling the design of various dissimilar mechanical
components in the following chapter's mechanism topology optimization.

Chapter 4 proposes a mechanism topology optimization considering pulley
mechanism. This study expands the gear-linkage mechanism topology optimization

study in Chapter 3 and enables the mechanism topology optimization of not only
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for gears but also for pulley components. To consider the pulley component, a
pulley block was defined, and instead of stacking one gear design space, multi
pulley spaces were stacked over the linkage design space to succeed in expressing
the pulley component that was complicatedly engaged. As the pulley component is
applied in mechanism topology optimization, this study is of great significance in
that it succeeded in considering both serial mechanism and parallel mechanism for
the first time. And this success has made it possible for mechanism topology
optimization to be applied to design problems that simultaneously consider various
dissimilar mechanical components, such as robot design.

Chapter 5 addressed a novel mechanism synthesis problem, which differed
significantly from those handled in the previous chapters. While the previous
chapters exclusively focused on synthesizing 1-DOF fully actuated mechanisms
using rigid components such as links, gears, and pulleys, Chapter 5 introduced a
mechanism topology optimization approach that incorporated spring components
with rigid links to synthesize 1-DOF underactuated spring-linkage mechanisms. To
represent the topology and dimensions of the spring-linkage mechanism, we
proposed a design space that stacked the spring and linkage design spaces. We also
shared the state variables of spring components and rigid blocks, allowing us to
represent the dimensions of spring components using the dimensional design
variables for rigid blocks. Moreover, we designed a mechanism capable of
overcoming obstacles by utilizing the underactuated DOF of the spring component.

To achieve this, we developed a new optimization formulation that considered the

159



shape of obstacles. With this proposed modeling method and optimization
formulation, we successfully synthesized a spring-linkage mechanism that can
surmount various obstacle shapes. In addition, we succeeded in designing a novel
1-DOF adaptive gripper based on the proposed design methodology.

To sum up, we proposed new method to consider the dissimilar mechanical
components in mechanism topology optimization. Although this is not designed in
consideration of spring components, gear components, pulley components, and
rigid links at the same time, it is possible to expand to one unified design method
through an example in which 1-DOF fully actuated linkage mechanism is designed
if there are no obstacles in chapter 5. Through this proposed methodology, I think
that the mechanism topology optimization method will be applied to various robot

mechanism designs.
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APPENDIX A.
Using mechanism big data to reduce the design

variables in mechanism topology optimization

A.1 Overview

In this appendix A, we will discuss about how to control the number of design
variables in mechanism topology optimization. Since all the mechanism topology
optimization processes in this dissertation are based on gradient-based optimization,
reducing the number of design variables is crucial. This is why we have suggested
the new shape SBM, which considers the dimensions of rigid links and other
mechanical components along with the mass center of the rigid block. However, it
is inevitable to increase the number of design variables to deal with various
mechanical components simultaneously, and nonlinear mechanism synthesis
problems become more challenging with an increase in design variables. Therefore,
this appendix A focuses on developing a new synthesis method that combines a
neural network. As we aim to overcome this limitation of current mechanism
topology optimization method, this study is devoted to the development of a new

synthesis method that combines a neural network-based big data approach and a

161 4



gradient-based shape optimization approach.

It is worth emphasizing that the core part of our approach is a neural network-
based big data approach to determine the topology of a mechanism and the end-
effector location simultaneously. The neural network-based approach, which is
known to be advantageous when mapping nonlinear relationships [69], is suitable
for this problem considering that no other approach appears to be capable of
realizing the simultaneous determination of a mechanism topology and the
corresponding end-effector location for a given target path. For the synthesis step,
the design domain (limiting the maximum dimensions of a synthesis mechanism) is
assumed to be given and the big data approach is utilized within this domain. Once
the topology and the end-effector location are determined, the dimensions of the
mechanism determined by the big data approach can be finely tuned by a gradient-
based optimization method.

Before explaining the key aspects of our approach below, we review earlier
investigations using big data approaches for mechanism synthesis. Vasiliu and
Yanou [70] and Khan et al. [71] determined the link lengths of a 4-bar mechanism
using a Fourier-transformed path dataset. Galan-Marin et al. [72] used a big data
approach in which wavelet-converted target path information was used to
determine the dimensions of a 4-bar mechanism. Other related studies can be also
found in the literature [73-78]. The aforementioned studies, however, were mainly
concerned with dimensional synthesis in which a mechanism with a fixed topology,

such as a 4-bar or 6-bar mechanism, is pre-selected. It should be noted that without
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using a unified model to represent a mechanism of different topology, it would be
difficult to generate big data in a systematic and unified manner. The literature

review indicates the absence of an earlier approach to determine M, and r,

simultaneously either using a big data approach or by mechanism topology
optimization. In this respect, our study appears to be the first attempt to determine

M; and r, simultaneously.

At this point, we present an overview of the proposed approach, which is
depicted in Fig. A.1. First, we are mainly concerned with the synthesis of a
mechanism which generates a complete closed path, which will be described in
terms of its Fourier descriptors, as sketched in Fig. A.1(a). If the generated path is
complete, the corresponding mechanism should be fully rotatable, implying that the
motion of its input link (such as rotational motion) can be fully transferred to the
desired motion of its end-effector. As illustrated in Fig. A.1(a), the first step (Step 1)
is focused on the development of a neural network-based big data approach that
can simultaneously determine the topology and its end-effector location for a given
target path. Here, it should be noted that a linkage mechanism consisting of links
and revolute joints is represented by what is known as the spring-connected rigid
block model (SBM) [7-9, 12-15, 41], referring to a ground model capable of
representing linkage mechanisms with different topologies and shapes. In this
modeling approach, an allowable domain for a mechanism is discretized by a set of
rigid blocks connected by zero-length elastic springs of variable stiffnesses. When

the springs reach their upper or lower bound stiffness levels, mechanisms of
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various topologies can be represented. Here, the key motivation to employ the
SBM for the big data approach stems from the fact that the SBM can generate
diverse mechanisms of different configurations only with a single model via
prescribed discretization. (More details are given in the next paragraph.) In Step 2,
the specific dimensions of the linkages are determined by a shape optimization

algorithm once r, and M, are determined. The remaining figures, Fig. A.1(b)

and Fig. A.1(c) respectively present a schematic of the mechanism data generation
process using the SBM and present the overall procedure of the neural network-
based approach. The data generation scheme will also be explained in the next
paragraph because it is unique to the SBM.

Next, we briefly explain our method of generating mechanism data using the
SBM for a big data approach. For the generation of mechanism data, the stiffness
values of the zero-length springs are randomly generated to ensure the diversity of
the mechanism configuration data used to train the neural network. However, the
SBM with a certain set of stiffness values may represent either a physically
unrealizable mechanism or a mechanism that does not allow full rotatability. These
mechanisms should be screened out when constructing the dataset. As an indicator
useful for checking whether a generated mechanism expressed by the SBM is a
physically realizable mechanism with full rotatability, we propose the calculation
of the mean value of the work transmittance efficiency (7 ) of a generated
mechanism. The work transmittance efficiency is the ratio of the output work done

by some force applied at the end-effector of a mechanism to the input work by the
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input link. It has been shown [11] that if 7 reaches unity, which is its maximum

value, the corresponding mechanism is a fully rotatable, physically realizable one-
degree-of-freedom (1-DOF) mechanism. Thereby, we can keep only mechanisms

for which 7 =1 (more practically, 7 ~1) in the data and filter out the others.

This paper proceeds as follows. Because the spring-connected rigid block model
(SBM) is used to model mechanisms with various topologies, Section A.2 presents
a brief description of the SBM and discusses how to create a dataset to build a
neural network using the SBM. In Section A.3, we discuss the proposed
mechanism synthesis method using the dataset generated in Section A.2.
Dimensional synthesis using a gradient-based optimization method is also
explained in Section A.3, where the detailed dimensions of the synthesized
mechanism created with the neural network are determined by dimensional
synthesis. The validity and usefulness of the proposed mechanism synthesis
method are demonstrated in Section A.4 using various case studies. Conclusions

are given in Section A.5.
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A.2 Generation of big data using the SBM for neural network
training
The proposed mechanism synthesis method involves two synthesis steps, a

topology synthesis step and a dimensional synthesis step, as shown in Fig. A.l.

During the topology synthesis step, both the mechanism topology (M, ) and its
end-effector location (r,) are simultaneously determined using a neural network

constructed with big data pertaining to the mechanism (henceforth ‘mechanism big
data’) once a target path is prescribed.

During the construction of mechanism big data for neural network training, three
key issues must be addressed. First, big data composed of mechanisms with
different topologies must be generated, such as 4-bar, 6-bar and multi-links
mechanisms, while the end-effector location can be fairly arbitrarily located. To
facilitate the generation of mechanisms with different configurations (topologies
and dimensions), we will use the spring-connected rigid block model (SBM) [7] as
proposed in the introduction, which is a unified model capable of representing
mechanisms of various topologies and dimensions. For instance, the SBM can be
discretized into nine (3x3) blocks, each of which is inter-connected by zero-length
springs with variable stiffnesses, as sketched in Fig. A.1. In that the SBM for a
specified domain size and discretization level is capable of representing quite a few
different topologies and dimensions of mechanisms, the SBM makes it very

convenient for the generation of mechanism data for a neural network. This is why
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the SBM is adopted in this study. In addition, when employing the SBM for
mechanism data generation, we locate the end-effector of a synthesized mechanism
at any rigid block i.e., at any link forming the synthesized mechanism. If the block
shape is changed, therefore, the specific end-effector location also changes.

Second, we are interested in the synthesis of fully rotatable mechanisms,
implying that the input link motion can be fully transferred to the desired motions
of their end-effectors. Because the mechanism big data are initially generated with
randomly assigned values of the spring stiffness and randomly located grid points
of the SBM, not all of the generated mechanisms will necessarily possess full
rotatability. Thus, the generated mechanism data should be screened efficiently.
Here, we propose the use of the work transmittance efficiency [11] as an fully
rotatability indicator such that if it reaches its maximum value (which is unity), the
corresponding mechanism is declared as a mechanism of full rotatability and thus
becomes an component of the mechanism big data. More details will be discussed
in Section A.2.2.

Third, the input and output vectors for the neural network to be constructed
should be carefully selected for the best neural network performance. Because we

use the SBM as a unified model to generate various mechanisms, the vector &

consisting of the stiffness values of the zero-length springs of the SBM will used as

the output vector to represent the mechanism topology ( M; ). During the

construction of the output vector P®, which is referred to as the end-effector
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locator, all components of P® are zero except for its ith component when r, is

located in the ith rigid block. To facilitate the subsequent discussions, the symbol

M, will be expanded to refer to mechanisms with a specific stiffness variable (&)

and end-effector locator (PF). To represent the prescribed path of a mechanism
end-effector, the Fourier descriptors of its centroid distance function are used.

More details about this subject will be presented in Section A.2.3.

A.2.1 SBM for unified mechanism modeling

The design domain of linkage mechanism synthesis is discretized into N, rigid

blocks that are inter-connected by zero-length block-connecting springs of variable
stiffnesses. Each of the rigid blocks is also connected to the ground by zero-length
anchoring springs of variable stiffnesses. The SBM in the paper is discretized into
3x3 rigid blocks. Clearly, the use of a more refined block discretization can
represent more complicated mechanisms, though it also incurs a higher
computational cost. A recent study [12] showed that if a low-resolution mesh yields
a mechanism within an allowable error bound, the use of a high-resolution mesh
can yield the same mechanism. It has also been demonstrated [8, 12, 13] that a
large class of 4-bar, 6-bar and other multi-links mechanisms can be represented by
an SBM using 3x3 rigid blocks. While this work considers revolute joints only,
an extended SBM version [8, 9, 41] capable of representing prismatic and general

joints and gears in addition to revolute joints has been developed. Although the use
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of an SBM with more than 3x3 blocks allows the synthesis of more complicated
mechanisms than those mentioned above, a 3x3 SBM will be used here to avoid
excessive computational time for the generation of the mechanism configuration
data. Also, a more advanced spring-connected rigid block model as given in Refs
[8, 9] for the proposed big data approach were used, more general mechanisms
having prismatic joints and gears in addition to links and revolute joints could be
synthesized. Because, this would result in significant increase in the computation
time to generate mechanism big data, we will work with a standard 3x3 SBM
through this work. If the SBM developed for spatial mechanisms is further
incorporated into the proposed method, it may be extended to deal with spatial

mechanisms.

A.2.2 Screening for selecting fully rotatable 1-DOF

mechanisms

Using the method described in Section A.2.1, we can generate a large number of
mechanisms with different configurations yielding various paths of their end-
effectors. However, not all of the randomly generated mechanisms can be fully
rotatable 1-DOF mechanisms; some of them could be physically unrealizable or
not fully rotatable despite the fact that they may be 1-DOF mechanisms. As a
means by which to screen the generated mechanism data and to select fully

rotatable 1-DOF mechanisms, we propose the use of the concept of the work

169 4



transmittance efficiency used in Kim and Kim [11]. The mean value of the work

transmittance efficiency 7 is defined as
1 T
7= ?Zm* (T: total time step) (A.1)
t*=1

where the work transmittance efficiency (7, ) at a certain time t is defined as the

ratio between the input work (W, ..

) and the output work (W, . ):

nt* — Wout.t* — Wout.t* (AZ)
Vvinp,t* WoutAt* + Ut*

Recall that because external force F _ . is applied to the end-effector, W, . and

t,t"

W

L~ Deeded in Eq. (A.2) can be calculated. If 7,.=1, the internal energy (U,.)
stored in the block-connecting and anchoring springs both become zero because

W,

inp,t*

=W,

e T U If this condition is satisfied throughout all time steps during the
input motion, all of the input energy is transferred to generate the motion of the
end-effector without inducing any deformation in the springs of the SBM. In this

case, the resulting mechanism becomes a fully rotatable mechanism. Earlier work
[11] also demonstrated that if 77 =1 (maximum value), i.e., if 1-7 =0 (minimum
value), the resulting mechanism is an 1-DOF mechanism. Therefore, a randomly
generated mechanism generated by the method described Section A.2.1 is
identified as a fully rotatable 1-DOF mechanism if the following criterion is
satisfied:

1-n < &=0.01 (A3)
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In theory, ¢ should be zero, but we set £=0.01 to allow some numerical
tolerance in the kinematic analysis. Fig. A.2 shows a few examples of the generated
mechanisms. As indicated in Fig. A.2, only the generated mechanisms in Fig. A.2(a)
and Fig. A.2(c) are included in the dataset because they satisfy criterion (A.2) and
are therefore declared as fully rotatable 1-DOF mechanisms. It should be noted that
earlier methods used to check the full rotatability of mechanisms use different
strategies depending on the mechanism topology [79, 80], whereas the proposed
criterion can be applied to mechanisms having any topology. Indeed, the proposed
criterion equally applies to the 4-bar mechanism in Fig. A.2(a) and to the 6-bar
mechanism in Fig. A.2(c). As in earlier studies using the SBM [8, 12], one can
identify mechanism configurations (topology and shape) without much difficulty

once the values of & and &* are known.

A.2.3 Representation of the mechanism dataset for the neural

network

The neural network to be constructed is assumed to yield M, and r, for a

Q
given target path at the end-effector of a mechanism to be synthesized. The
performance of a big data approach can be affected by the choice of the input and

output vectors of the neural network. The mechanism topology M, is represented
in terms of the topology variables &, which will be used as the output vector of

the neural network. The end-effector location r, is represented in terms of the
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end-effector locator vector P® below, which will be used as another output vector

of the neural network. The vector PE is defined as

P ={p", p?--p™ |p' =1when r, =r", else p' =0} (A4
where r®) denotes the position vector of the center of the ith block. Thus, we use
[£“,PF] as the output vector in the neural network, which is defined as shown
below (see Fig. A.1(c)):

[E,PEI=[& & & P %o p™ ] (A.5)

In Eq. (A.5), N, represents the number of topology variables controlling the

spring stiffnesses in the SBM. Because we use a 3x3 SBM (N, =9) in this study,
N, =60.

As an input vector to the neural network to be constructed, information

regarding the given target path should be provided. Here, we use Fourier-

transformed descriptors, which can be obtained from the centroid distance function

of the desired path [24]. Referring to Fig. A.3(a), where the target path is sketched,

we define the arc length (s,) as the length between the initial point ( P(x,,y,) ) and
point P(x,y,) attime t. If the centroid position of the target path is denoted by
C(x.,Y.), the distance between C(x.,y.) and P(x,Y,) is defined as the centroid
distance function with r, =|P(x,Yy,)—C(x..Y.)|. If the centroid distance function is

expressed in terms of the normalized arc length § =s /L (L: total length of the
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target path), it is denoted by f(5,), which is plotted in Fig. A.3(b). The advantage

of using this description is that it does not require prescribed timing information
and is independent of a reference coordinate system [81]. The Fourier descriptors
were used as a preferred method to describe a path in earlier studies [24, 81-84]
and were also used in gradient-based mechanism synthesis approaches using the

SBM [12, 13]. The function f(5) can be efficiently represented by the Fourier

coefficients (a, and b ) as

£(5) = JKE) X0 + (V&) — ¥.)? =2 + 3 [a, cos(2n7§,) + b, sin(2nz5)] (A.6)

where p indicates the highest term in the Fourier series. The Fourier coefficients of
a typical curve are illustrated in Fig. A.3(c). The Fourier descriptor vector C to be
used as the input vector in our neural network is defined as

C=[a,.a,a,,-a,,b,b,, b T (A.7)
In this study, p=15 is used, as this value was found to be reasonably capable of
describing all paths considered in the case studies sufficiently accurately.

During the preparation of the dataset for the neural network to be constructed,
we generated mechanisms using the variables &%,&*, and P® having randomly
assigned values and obtained various mechanisms along with the paths of their
end-effectors. After screening the generated mechanism big data using the work
transmittance efficiency function, 600,000 fully rotatable 1-DOF mechanisms

along with their end-effector paths were collected. (When identifying 1-DOF
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mechanisms, there may appear some floating blocks not connected to the input link
and the end-effector. These blocks are disregarded when forming mechanisms
using the method described in the literature [9]. Among them, 500,000 dataset were
used to train the neural network. Because p=15 is utilized in the Fourier
descriptions of the central distance functions of the end-effector paths, the
dimension of the input vector C is 31x1. As the output vector, we use [¢*,PF]
to determine the topology and end-effector location of a synthesized mechanism.
Note that &* should not be included in the output vector because &*, while
completely unrelated to the mechanism topology, contributes to the generation of
mechanisms of different (or diverse) dimensions even for an identical vector
[£°,PF].

To check if a set of the chosen input and output vectors (C and [£,PF]) is a
proper choice to relate the paths and topologies of the mechanisms for mechanism
synthesis, we visualize the mechanism dataset between the output vector ([£,P®])
and the input vector (C). Owing to the high dimensionality of the output vector
and input vector, a dimension reduction process is needed for the mechanism

dataset. The output vector [¢*,P®], which is a (60+9)x1 column vector, is
compacted into one integer (sorted from the column [£,P®] in an ascending

order). Therefore, each integer value corresponds to a specific combination of the
topology and end-effector location. We also reduce the 31 components of the

column vectors corresponding to C to the first three principal components (Fig.
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A.4(a)) and two components (Fig. A.4(b)) by a principal component analysis
(PCA). In the figures, dots of the same color correspond to the same combination
of the topology and end-effector location. To plot the mechanism dataset, we use
6,000 mechanisms composed of 1% of the generated data. Fig. A.4 shows that dots
of the same color representing the same output vector are clustered, indicating that

[£%,PF] is areasonable output related to the input vector C.
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A.3 Mechanism synthesis process

In Section A.2, the generation of the big data for mechanism synthesis was
described. This big data will be used to determine the topology ( M, ) and the end-
effector location (r, ) using a trained neural network, as suggested in Fig. A.1. In

the topology synthesis step, which will be discussed in Section A.3.1 in detail, we
use a simple neural network which maps the Fourier descriptor (C ) of the desired
path to the topology and end-effector location ([¢¥,P®]) of the linkage mechanism.

Once M, and r, are determined, the next step involves the execution of

Q
dimensional synthesis (explained in Section A.3.2) to determine the dimensions

(M,) of the synthesized mechanism by gradient-based optimization. To streamline

the synthesis process, the dimensional synthesis step also employs the SBM and

work transmittance efficiency used in the topology synthesis step.

A.3.1 Topology synthesis step
In the topology synthesis step, we use a neural network to determine the output
[£“,PF] of the mechanism for a given input C. Here, we construct a neural

network with five hidden layers with 31 input nodes (corresponding to the 31x1

input vector C) and 69 output nodes (corresponding to the (60+9)x1 output
vector [¢%,PF]). Each hidden layer has 500 nodes, a number deemed reasonable to

deal with the present problem. ReLU [85] is used as the activation function of each
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node.

Among the 600,000 generated dataset, a dataset consisting of 500,000 of these
was used to train the neural network, while the remaining 100,000 were used for
test. It took approximately six hours to train the neural network, requiring 10,000

iterations. It was found that the trained neural network correctly predicted [¢",PF]

with an accuracy rate of 97.4% for C belonging to the test dataset, implying that

97.4% of the target (M;,r,) output vectors was correctly generated for given C
belonging to the test dataset. Also, because [¢*,P®] of [¢¥,&",P®] generating a
given C is correctly predicted through the trained neural network, &* is

determined easily by gradient-based optimization with the determined mechanism
topology. In terms of each path generator mechanism with its cognate mechanism,
97.4% accuracy appears to be an unexplainable result. Because the proposed
method is based on the design domain (which limits the maximum dimensions of
mechanism), not all cognate mechanisms can be expressed in the design domain.
Nevertheless, this high level of accuracy in spite of the use of a simple neural

network largely stems from the properly chosen input vector C that describes the

target path and the output vector [§,P®] that describes ( M;,r, ). Some

discussions pertaining to the remaining incorrectly predicted 2.6% of the data from
the test dataset is presented in Section A.4.3 in relation to the performance of the

proposed method.
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A.3.2 Dimensional synthesis step

Once a mechanism is determined in terms of [¢*,PF] for a given C using the
topology synthesis step described in Section A.3.1, the next step is to determine the
dimensions of the links forming the mechanism of the determined topology.
Because the topology synthesis step determines only the topological configuration,
the target path can be more precisely traced by adjusting the dimensions of the link
components and the position of the end-effector. Because the same SBM employed
in the topology synthesis step is used in this step, the dimensional synthesis serves
to determine &*, which affects the locations of the grid points of the SBM, which
in turn affects the sizes of the links forming the mechanism synthesized in the
topology synthesis step. It should be noted that the [¢°,P®] values remain
unchanged in the dimensional synthesis step. Therefore, the dimensional synthesis
can be efficiently completed. Because the SBM used here is discretized into 3x3
rigid blocks, there are 16 grid points, each of which having two coordinates (X, Y).
Therefore, &* has 32 design variables and thus N, =32.

To determine &*, the following optimization problem, which can be efficiently
solved by a gradient-based optimizer, is established:

Minimize l—ﬁ

eX RN

subject to

an_an,des|££ (nIO,l,---, p) (Ag)
b —b

<e(n=L12,---,p)

n,des

Here, 7; is the mean value of the work transmittance efficiency 7, as defined in
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Eq. (A.2), and a and b are the Fourier descriptors of the target path of the

n,des n,des
end-effector of the mechanism being synthesized in the course of solving the

optimization problem expressed by Eq. (A.8). More detailed accounts of solving

Eq. (A.8) using the method of moving asymptotes [34] can be found in the
literature [12, 13]. As used in Section A.2.2, the minimization of 1-7
(equivalently, the maximization of 7) ensures that the synthesized mechanism
remains a fully rotatable 1-DOF mechanism during the dimensional synthesis
process. It also means that the Grashof condition continues to be met during the

a —a

n n,des

optimization [11]. The constraints <& impose the condition by which

the generated path at the end-effector follows the target path within tolerance error
¢ . For a sufficiently small tolerance error value (& <0.05), the use of a Fourier
descriptor as a constraint function during the optimization process can guarantee
geometric properties for which no timing information is prescribed [13].
Furthermore, if the timing information of the target path is given (i.e., the precision
point problem), we can also replace the Euclidean error as a constraint function in
the dimensional synthesis step, as was done in a previous study [12]. A few
remarks should be made at this point. There were earlier studies determining

(&",&*) simultaneously using a gradient-based approach (e.g., [12]), but it appears

to be impossible to set up a gradient-based synthesis problem capable of finding all

variables (&*,£*,P® ) simultaneously. On the other hand, to determine (&",&*,P%)

simultaneously using a big data approach alone is practically impossible because
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the size and number of the mechanism big data become too large to handle,
especially when attempting to determine the mechanism dimensions accurately. In
this respect, the proposed two-step approach can be a highly efficient, practically

implementable synthesis approach for determining (&*,£*,P®) when only the

target path is given.
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A.4 Mechanism synthesis process

In this section, we consider several synthesis problems using the developed
method. For all problems solved in this section, we consider paths (or the
corresponding mechanisms) that do not belong to the dataset consisting of the
aforementioned 600,000 dataset used to construct the neural network described in
Section A.3. In this way, the usefulness of the proposed mechanism synthesis
approach can be better demonstrated.

For all problems considered here, we use the same trained neural network
constructed during the topology synthesis step. The values of the parameters used
for the entire process (topology and dimensional syntheses) are set as follows,

k. =10 £=005 &K =10° & =107 T=36 (A.9)

while &* =0.5 is used as the initial value of the design variable in each case &*

for the dimensional synthesis. The values in (A.7) were shown to be effective in

earlier gradient-based mechanism topology syntheses [8, 12, 13, 41]. This section

consists of three parts:

Section A.4.1: Test problems. We start with two known mechanisms (randomly
generated 4-bar and 6-bar mechanisms in the design domain) with pre-
determined end-effector locations. Using them, we generate the paths of their
end-effectors. Then, we check if the developed method can recover the two
known mechanisms and their end-effector locations successfully.

Section A.4.2: General mechanism synthesis for given paths for which the path-
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generating mechanisms are unknown. For example, we will consider
synthesizing a mechanism to generate the trajectory of a finger in the reference
frame of a swimmer over his/her full stroke cycle.

Section A.4.3: Performance test of the proposed method: a) examination of the
failed 2.6% of the test dataset in the neural network, b) computational cost for

actual synthesis, and c) other issues.

A.4.1 Test problems

In this section, we consider the synthesis of two mechanisms (4-bar and 6-bar
mechanisms) not belonging to the considered dataset consisting of 600,000 dataset
to check if our method can recover these mechanisms and their end-effector
locations successfully if the paths of their end-effectors are given as the target paths.
As reference mechanisms for the validity test of the developed method, we
considered the two mechanisms, 4-bar and 6-bar mechanisms, as shown in Fig. A.S.
The second column in Fig. A.5 shows the synthesis results after applying the
topology synthesis step (step 1); one can clearly see 4-bar and 6-bar mechanisms
and their end-effector locations for Case Studies 1 and 2, respectively. The
corresponding topology variables and end-effector locators are plotted in the same
column. One can see that both topology variables and end-effector locators
presented in the first and second columns are identical, which implies that a

topology and an end-effector location ( My, r, ) identical to those of the reference
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mechanisms were obtained from the topology synthesis step. The third column
shows the synthesized results after the dimensional synthesis step (step 2) and the
fourth column compares the target paths and the synthesized paths generated by the
mechanisms synthesized by the proposed two-step synthesis method. Clearly, the
target paths are successfully traced by the synthesized mechanisms having
topologies (4-bar and 6-bar) identical to those of the mechanisms used to generate
the target paths. A more detailed discussion is presented below with reference to
Figs. A.5, 6 and 7.

While the synthesis results after steps 1 and 2 are summarized in Fig. A.5, the
detailed procedures of the proposed synthesis method are described in Fig. A.6 for
Case Study 1. Fig. A.6(a) shows the procedure used to compute the Fourier
descriptor vector C (with p=15) of the target path, which is used as the input
vector to the trained neural network. Fig. A.6(b) illustrates the determined
mechanism topology (4-bar mechanism) and end-effector location expressed in
terms of [¢°,P®]. The SBM representation of the synthesized mechanism is
illustrated as the output of the neural network; short black solid lines between
adjacent blocks represent the connected states (&€ =1) and the small filled red
square in Block 3 represents the end-effector location. Going back to Fig. A.5(a),
one can see that the topology variables given below the reference mechanism used
to generate the target path are identical to those given below the synthesized

mechanism after the topology synthesis step. This indicates that the proposed
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neural network successfully determines the mechanism of the given topology. Fig.
A.6(c) shows the result of the dimensional synthesis step, which changes the
shapes of the rigid blocks while the mechanism topology and end-effector location
remain unchanged in this step. Fig. A.6(d) confirms that the path generated by the
synthesized mechanism is virtually identical to the target path. Fig. A.7 shows the
evolution history of the rigid blocks of the SBM by gradient-based dimensional
synthesis at different time steps t . It also shows that the generated path by the
synthesized mechanism converges to the given path as the optimization iteration

proceeds. Because 1 was kept at nearly unity, only the history of the constraint

function is plotted in Fig. A.7.

For Case Study 2, the observations made in Case Study 1 are mostly valid;
accordingly, detailed accounts are skipped here. Referring to Fig. A.5(b), it is clear
that the synthesized mechanism is a 6-bar mechanism which is topologically
identical to the mechanism used to generate the target path; this is readily apparent
if comparing the values of the topology variables plotted in the first and second
plots in Fig. A.5(b). Dimensional synthesis was then performed to determine the
detailed dimensions of the synthesized 6-bar mechanism. However, the detailed
dimensions are not a perfect match to those of the given mechanism, although the
path generated by the synthesized mechanism is virtually identical to the target
path. The main reason for this difference is that within the acceptable range of
tolerance error, there is more than one mechanism capable of generating the same

path (within a given tolerance range). Similar observations were also made in
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earlier studies [8, 12, 13, 41]. As is apparent, the proposed synthesis method

successfully found a mechanism by which to generate the target path.

A.4.2 General mechanism synthesis

In this section, we attempt to synthesize general mechanisms for given end-
effector paths for which mechanisms generating the paths can be assumed to be
unknown. Specifically we consider three paths: 1) Target path 1: a path describing
the two-dimensional trajectory of a finger in the reference frame of a swimmer
over his/her full stroke cycle [86], shown in Fig. A.8(a) , 2) Target path 2: another
path generated due to the anteroposterior and dorsoventral motion relative to a
turtle’s body throughout its limb cycle [87], shown in Fig. A.8(b), and 3) Target
path 3: a path considered in Refs [88, 89] which has timing information, shown in
Fig. A.8(c) . To apply this Target path 3 in our design domain, I reduced the overall
size to 1/2 and used it symmetrically for y = x. The problems are to find linkage
mechanisms that generate these three paths, if such realizations are possible. To
solve these problems with conventional approaches, mechanisms with different
candidate topologies and corresponding end-effector locations may be repeatedly
considered until a desired path is synthesized. On the other hand, the proposed
approach can be advantageous in that it does not require a specific baseline
mechanism topology or end-effector location, allowing a streamlined mechanism
synthesis process. In this respect, these problems are very feasible for testing the

effectiveness of the proposed method.
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The mechanism synthesis process for Target path 1 is summarized in the form of
graphical illustrations in Fig. A.9(a). As was done for the problems considered in

Section 4.1, the [£,P®] values are determined from the topology synthesis step;

the synthesized mechanism is a 4-bar mechanism with its end-effector located at

Block 4 ( p* =1). The dimensional synthesis problem expressed by Eq. A.10 is then

solved to determine the link dimensions of the 4-bar mechanism. Fig. A.9(b) shows
the synthesized mechanism (4-bar mechanism) and Fig. A.9(c) compares the target
path and the path generated by the synthesized mechanism. As indicated by Fig.
A.9(c), the path generated by the end-effector of the synthesized mechanism is
nearly identical to the target path, indicating the effectiveness of the proposed
method. The results for Target path 2 are given in Fig. A.10. An 8-bar mechanism
is synthesized, as shown in Fig. A.10(c). The path generated by the synthesized
mechanism compares favorably with the target path. The results for Target path 3
are given in Fig. A.11. A 4-bar mechanism is synthesized, as shown in Fig. 13(c).
Because this problem considers timing, the Euclidean error was used as a
constraint function in Eq. A.10. These three examples clearly demonstrate that the
proposed synthesis method effectively synthesizes a mechanism that generates a
given path for which information on the corresponding baseline mechanism is

lacking.

A.4.3 Examination of the performance of the neural
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network-based approach

In this section, we examine the performance of the proposed method. After we
examine the failed 2.6% of the test dataset in the neural network, we discuss the
computational cost of the proposed method for actual synthesis.

a) Examination of the failed 2.6% of the test dataset
It was observed in Section A.3.1 that the trained neural network correctly

predicts the topology variables and the end-effector locators ([£X,P®]) for

approximately 97.4% of the test dataset. However, we will demonstrate that not all
of the failed 2.6% results are obsolete because a given path could be generated by a
mechanism different from that used to generated target path C. This is possible
because mechanisms of different topologies and end-effector locations (i.e.,

different (£*,P®) combinations) can in fact generate nearly the same path if their

link dimensions are appropriately adjusted. To show this, we consider the problem
given in Fig. A.12. To avoid the adverse effects on the performance of the neural
network, the number of nodes in the neural network needs to be sufficiently large
in each layer. In the present, each layer has 500 nodes.

The illustration on the upper left side of Fig. A.12 shows a reference 4-bar
mechanism represented in the SBM, along with the corresponding generated path,
which will be considered as the target path here. The values of the topology

variables &° €{0,1} used to represent the mechanism by the SBM are indicated by

the corresponding mega-block description. The topology variables and the end-
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effector locators of the reference mechanism are denoted by (&, ®*PF). (As noted

before, a mega-block of the same color functions as a single rigid block or link.) To
find a mechanism to generate the target path obtained by the reference mechanism,
we applied the developed neural network-based topology synthesis method. The
synthesis results are shown under the subtitle “Step 1” in Fig. A.12. The
synthesized mechanism configuration and its end-effector location, represented by

(°g%,°P®), are not identical to those of the reference mechanism ("&*,*P*),

although the synthesized mechanism is also a 4-bar mechanism.

To observe the differences in detail, one can compare the mega-block
representations of the reference and synthesized mechanisms, which are expressed,
respectively, by (Input block 1, Mega-blocks 2-3 and 4-5-6-7-8-9) and (Input block
1, Mega-blocks 2-3-4-5-6 and 7-8-9). In addition, the end-effector locations
(indicated by the small red squares located at the centers of the corresponding
blocks) are not the same. At this point, we consider the subsequent dimensional
synthesis for the synthesized mechanism in the proposed topology synthesis step,
as illustrated under the title “Step 2” in Fig. A.12. Here, it is clear that the path of
the synthesized mechanism traces the target path of the referenced mechanism well,
as shown in the illustration on the lower right side of Fig. A.12.

To support the findings demonstrated above, Fig. A.13 is prepared. From the
results shown in Fig. A.4, we compiled a dataset corresponding to a set of

mechanisms with (%&*, *P®) and another dataset with (°¢",*P®) and plotted them
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in the space of the three principal PCA axes. Blue open dots denote the ("&*, *P*)
dataset while orange open dots denote the (*&*, °*P®) dataset. Note that dots of the
same color correspond to the same (&,P®) value with different C values
(equivalently, different &* values). The figure shows that the mechanisms

generating the target path and synthesized paths lie in the overlapped region of the

two datasets of (&, "P®) and (°¢“,°P®). This suggests that (nearly) the same
path can be generated with different (&*,P®) values if their dimensions are

properly adjusted by a dimensional synthesis step, as proposed here.

b) Computational cost for actual synthesis

It is clear that considerable computation time is required when constructing a
neural network, but the actual synthesis can be quite efficient once a neural
network is constructed. Once a network is constructed, it can be used equally for
other path generating problems. Aiming to compare the computational cost of the
proposed neural network-based approach against that of a gradient-based
simultaneous topology and shape optimization method developed in the literature
[12], we consider the synthesis problem depicted in Fig. A.14(a), which is taken
from the referenced study [12]. Previous work provided the input link location and
target path to the location of the output end-effector, but this study solved the same
problem without end-effector information. This problem appears to be useful for

comparing the computation load during the actual synthesis of both approaches
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using the same 3x3 SBM, although more complex design conditions are
provided when using the proposed method.

When the proposed approach was applied, the same 4-bar linkage mechanism
shown in Fig. A.14(a) was successfully obtained; thus, the synthesis details from
the proposed method are skipped here. Instead, we focus on the total iteration
number and CPU time, as indicated in Fig. A.14(b). As the figure shows, the
computational cost required during the actual mechanism synthesis step is quite
low once a desired neural network is constructed. This mainly stems from the fact
that the gradient-based optimization method in the literature [12] uses a total of 92
design variables, representing the sum of 60 topology and 32 shape design
variables simultaneously. Again, if the computation time used for neural network
construction (most of the computation time during the data generation process) is
also included, the present method is far less efficient than the gradient-based
method. However, the present method can be advantageous because once the
mechanism big data is constructed, it can determine the mechanism topology and

end-effector location simultaneously, an achievement otherwise difficult to achieve.

¢) Other issues
In addition to the issues considered in parts a) and b) above, one may consider
developing a “universal” neural network for mechanism synthesis with which
virtually general paths, either closed or open, can be synthesized. At the current

development stage as described in this work, the developed neural network only
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applies to the synthesis of 1-DOF fully rotatable mechanisms generating complete
paths. Therefore, if mechanisms generating open paths or both open and closed
paths are to be synthesized, more advanced neural networks would be needed.

Another issue is the uniqueness of the synthesized mechanism. Apparently, there
can be more than one mechanism to generate the target path within the range of
tolerance error. While finding all candidate mechanisms is practically important
and useful, the present approach yields only one candidate mechanism because the
neural network used is trained so as to generate only one candidate, with
subsequent shape optimization applied to the single candidate mechanism. In spite
of this limitation, the proposed method, which simultaneously determines a
mechanism topology and its effector location, may be useful to those attempting to
reach this goal. The use of more advanced neural networks (including the use of a
generative model [77]) to find multiple optimal mechanism configurations with the
idea of the simultaneous determination maintained will be an important future

research subject.
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A.5 Conclusion

This paper is concerned with the determination of the topology, the dimensions
of a mechanism, and the corresponding end-effector location only when a target
path is given. In that there are no earlier studies that simultaneously determine
especially a mechanism topology and its end-effector location (relative to the input
drive link), the problem itself is highly challenging. Through this study, we
demonstrated that our new two-step synthesis approach can be a practically useful
method. The first step is a neural-network-based synthesis step that simultaneously
determines a mechanism topology and its end-effector location and the second step
is a gradient-based dimensional synthesis step during which the specific
dimensions of the links of the mechanism synthesized in the first step are
determined. In the course of the synthesis, the use of the SBM was found be very
effective for generating mechanisms with diverse topologies and dimensions in a
unified manner while also facilitating the subsequent dimensional synthesis. The
neural network was trained using 500,000 mechanism dataset and tested using
100,000 mechanism dataset, and the accuracy of the network was found to be
97.4%. This high accuracy in spite of the use of a relatively simple neural network
is mainly attributed to the proper choice of the Fourier descriptor input vector
representing the target path as well as the length-zero spring stiffness and end-
effector locating output vector based on the SBM. Using several numerical
examples, we showed that mechanisms not belonging to the dataset consisting of

600,000 dataset were successfully synthesized to generate quite general target paths.
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Further, the present method was limited to the automated synthesis of planar
linkage mechanisms generating closed paths, it is expected to be extended to the
synthesis of planar linkage mechanisms generating both closed and open paths and

also spatial linkage mechanisms.
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Fig. A.1 (a) The overall process of the proposed method for mechanism synthesis,
(b) data generation using the SBM and a method to confirm full rotatability using
the work transmittance efficiency (77 ), and (c) a constructed neural network.
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Examples of randomly generated mechanisms
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Fig. A.2 Examples of the generated mechanisms using randomly generated

variables £, &* and r, based on the SBM. The end-effector locator (Pg) in

the figure is used to indicate the location of the block to which the end-effector is
attached.
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Fig. A.3 Description of a given target path using the Fourier coefficients of the
central distance function f(3,). (a) Analysis needed to calculate the central

distance function f(S,), (b) sketch of the centroid distance function of a typical

path using the dimensionless arc length S, , and (c) Fourier descriptors of the
centroid distance function.

196 o 2 ﬂ ry



Different colors represent

different combinations of (&, P*) o e
| it 58
Combinations of 60
8-bar [ 40

) 4-bar mechanism +40
mechanism

\ 5 [20e; ¢, 2
% % 1 Y f
- 2 7 ol |
' Combinations of " ‘6520 o
e 7Stcphcnson Il mechanism 3o ‘ x Different colors represent
5 400 0 0 g, -20 different combinations of (£*, P")
150 200 |
1 -20 ) 50 100 150 200
€1
(a) (b)

Fig. A.4 Visualization of the mechanism dataset by dimension reduction by means
of a Principal Component Analysis (PCA) using the path data (FFT descriptors)
and topology of the mechanism. The spaces of (a) three major component axes and
(b) two major component axes are used to visualize. Dots of the same color have an

identical [¢,PF] in both figures
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Fig. A.5 Test problems using known mechanisms to generate the target paths: (a)
Case Study 1 using a 4-bar mechanism and (b) Case Study 2 utilizing a 6-bar
mechanism.
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Fig. A.6 Detailed procedures of the proposed synthesis method for Case Study 1. (a)

Procedure to compute the Fourier descriptor vector C (with p =15) of the
target path, (b) topology synthesis step to determine %K and PF, (c) dimensional

synthesis step to determine F;X , and (d) the synthesized mechanism with the
generated path.
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(a) Target path 1 (b) Target path 2 (c) Target path 3
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Fig. A.8 Paths considered for general mechanism synthesis: (a) Target path 1 (the

path describing the trajectory of a finger in the reference frame of a swimmer over

his/her full stroke cycle), (b) target path 2 (the path describing the anteroposterior

and dorsoventral motion relative to a turtle’s body throughout the limb cycle), and
(c) target path 3 .
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Fig. A.9 (a) Procedure to synthesize a mechanism generating Target path 1, (b) the
synthesized mechanism (its end-effector location is indicated by the red square)
and (c) comparison of the target path and the path generated by the synthesized

mechanism.
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Fig. A.10 (a) Procedure to synthesize a mechanism generating Target path 2, (b)
the synthesized mechanism (its end-effector location is indicated by the red square),
and (c) comparison of the target path and the path generated by the synthesized
mechanism.
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Fig. A.12 An illustrative example to show that (nearly) the same path can be

obtained with different values of (£, P®). The path generated by a reference
mechanism is (nearly) recovered by a synthesized mechanism (having a different
(.’;K \ PE) from that of the reference mechanism) with the developed approach.
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