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Abstract

This dissertation describes the development of a Mesh-transparent convergence
accelerator based on a meshless Method. The mesh-transparent convergnece accel-
erator was named as multicloud method. The multicloud method relies on meshless
discretization on coarse levels not using grid elements. The solutions computed by
meshless discretization on the coarse level lead to the correction of fine-level so-
lutions, resulting in convergence acceleration. The mutlcloud method significantly
advatageous in forming coarse level domain and robust discretization on the coarse
levels. Hence, the method can be implemented to any type of fine level discretization
such as cell finite volume, nodal finite volume, and meshless methods.

A new improved cell coarsening strategy was developed in this study. The new
strategy provide superior coarsening rates than the structured multigrid coarsening.
However, the acceleration effect according to its coarsening rates can be obtained
only if robust meshless discretization is guaranteed. Due to this, meshless discretiza-
tion by least squares method with the geometric conservation law is used for robust
discretization. The application of GC-LSM with the new coarsening strategy showed
a dramatic convergence acceleration effect. In contrast, meshless discretization using
the least squares method(LSM) without the conservation property fails to converge.

Implicit time integration method was also implemented to the multicloud method
using lower-upper symmetric Gauss-Seidel (LU-SGS), which has not been imple-
mented to the multicloud before.

Finally, pressure-based meshless damping functions were developed to accelerate
the convergence of problems involving strong shocks. The results showed not only the
efficacy of the multicloud method for hypersonic problems but also superior speed-
up effect compared to than the structured multigrid method with the new coarsening

method.



The results obtained from the developed algorithms demonstrate that the im-
proved multicloud method provides a significant enhancement in efficiency for var-
ious types of flows, including inviscid, viscous, and hypersonic flows, regardless of

geometries.

Keywords: meshless, geometric multigrid, convergence acceleration, implicit time
integration, unstructured grid
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Chapter 1

Introduction

1.1 Multigrid methods

A multigrid method is a traditional convergence acceleration method for an iterative
method. The multigrid method was based on the idea of solving a given problem
on multiple grids with different resolutions. By moving the error from one grid to
another resolution, it can be effectively dampened.

The first multigrid technique was proposed by Fedorenko[1]. And the multigrid
techniques were initially applied to elliptic equations[1, 2]. Since then, the multigrid
method has evolved and improved such that the methods have further applied to hy-
perbolic equations such as Euler[3, 4] and Navier-Stokes equations[5]. Furthermore,
the structured multigrid method was applied to reacting flows[6, 7]

Under structured grids, forming grids of different resolutions is straightforward.
However, it is not straightforward for unstructured grids. Then, Algebraic multi-
grid (AMG) method have been used[8, 9] since application geometric multigrid for

unstructured grids is too difficult[10]. AMG does not required coarse meshes. The



coarsening procedure for AMG is not making coarse grid but the selection of coarse
indices.

However, various strategies have been proposed to apply geometric multigrid
(GMG) to unstructured grids since GMG provides extremely fast solutions for fluid
problems. The most primitive approach is forming grids of difference resolutions
manually which is called non-nested multigrid as shown in Figure 1.1. However, in
CFD, manual grid generation of different resolutions is not feasible due to the signif-

icant labor and time involved in the process.

Figure 1.1: non-nested multigrid

To meet the demand for automatic coarse grid generation, an adaptation algorithm
proposed by Perez[11] is used to generate unstructured grids of different resolutions,
as shown in Figure 1.2. The strategy is applied to triangle and tetrahedral grids by
Mavriplis[12, 13] for analysis of Euler equations. In numerical analysis, the accuracy
of results is heavily reliant on fine-level resolution. Therefore, the quality of the grid
should be determined based on the specific demands of the user. If fine level grids

are generated from coarse grids, it can be challenging to control the resolution of the

[, -1l = —
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fine level grids according to the users’ demands. In other words, coarse grids are not
suitable for the starting grid.
To overcome these challenges, several methodologies that enable automatic gen-

eration of coarse grids from the fine level have been proposed. Guillard[14] pro-

Figure 1.2: subdivision of triangle cell

posed coarsening strategy using Delaunay-Voronoi algorithm. The selected nodes
from fine grids are used as coarse level nodes. Subsequently, coarse level volumes are
regenerated from the selected nodes using the Delaunay-Voronoi method as shown in
Figure 1.3. This re-meshing algorithm was expanded to three-dimensional space by
Adams[15]. Chan and Smith[16] suggested the retriangulation approach. In the retri-
angulation approach, The selected vertices of fine level grid are defined as the coarse
level then coarse level triangulation is generated by the subset of vertices of fine level
grids. In edge collapse approach by Grumpton and Giles[17], a coarse volume is
generated by collapsing edge as shown in Figure 1.4. Finally, grid agglomeration al-
gorithm is the most widely used technique owing to its versatility and automation for

three-dimensional grids. The grid agglomeration merge fine level volume to coarse



level volume as shown in Figure 1.5. Various automatic merging algorithms have

been studied by many researchers[18, 19, 20, 21, 22, 23, 24, 25].

Figure 1.3: Retriangulation

~/ \/

Figure 1.4: Edge collapsing
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Figure 1.5: The original grid(a) and its agglomerated grid(b)

1.2 Multicloud algorithm

Although many advanced coarsening strategies for unstructured geometric multigrid
methods have been proposed, they may not be free from problems induced by mesh
complexity[22] such as solution discrepancy or instability issues. Even though ag-
glomeration can automatically yield a coarse-level grid, additional treatment is nec-
essary to effectively handle the multi-faced features of the coarse volumes. Further-
more, grid agglomeration methods are significantly challenged to form high-quality
coarse grids and The range of available numerical algorithms for fine level han-
dling of arbitrary polyhedra has been limited. To overcome the mesh-induced prob-
lems, a new straightforward geometric multigrid method was proposed by Katz and
Jameson[26, 27] which is called multicloud method. The multicloud method takes ad-
vantage of meshless discretization on coarse level domains. Therefore, the multicloud

method only requires a selection process to determine the validity of points, making
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the coarsening procedure simpler and more efficient. Unlike traditional mesh-based
methods, the meshless approach allows for the coarsening process to skip additional
mesh treatment steps such as remeshing or edge fusing. As a result, the coarse-level
domains consist only of points, reducing the computational cost and complexity of
the method. Thus, the multicloud method is available for any type of method such
as cell finite volume(CFV), nodal finite volume(NFV), and meshless schemes. The
detailed description of multicloud coarsening strategy will be discussed at the further

section.

e(B{‘on

o
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Figure 1.6: The difference between multicloud and grid agglomeration

1.3 Meshless discretization

Meshless methods(also known as gridless, meshfree, gridfree and, etc) are discretiza-
tion strategy for partial derivatives. Unlike traditional CFD methods that rely on a grid

to discretize the computational domain, meshless methods do not require a predefined



(a) (b)

Figure 1.7: The difference between Cell finite volume method(a) and meshless

method(b)

grid. Instead, they use a set of discrete points that are distributed in the computational
domain to approximate the fluid flow field. For cell finite volume(CFV) methods
fluxes are computed on the cell interface but the midpoint on the edge between two
points is used flux computation for meshless methods as shown in Figure 1.7.

In the early 1980s, Smooth particle hydrodynamics(SPH), a Lagrangian method,
was introduced by Monaghan[28]. In SPH, the fluid is represented as discrete points
interacting each other by the certain physical laws. SPH approximation can be ob-
tained by kernel function defined by nearby particles. SPH usually used in astro-
physics, oceanography, volcanology which have complex boundary dynamics.

Meshless methods based on radial basis functions(RBF) are also widely used
meshless method. RBF is initially used for interpolation by scattered data[29]. Then,

RBF was further applied in solving PDEs by Kansa[30].



Least squares method(LSM) is popular in solving traditional CFD problems.
LSM approach was first suggested to formulate interpolation function by Shepard[31].
Then, LSM method usually used to estimate gradient for reconstruction[32]. Excel-
lent works in solving PDE using meshless methods have been suggested. Ghosh and
Deshpande[33] used Least Squares Kinetic Upwind Method(LSKUM) to numeri-
cally analyze compressible inviscid flows. Sridar and Balakrishnan[34] presented a
new Least Squares based Upwind Finite Difference(LSBUFD) method in solving
Euler equations. Furthermore, Geometric Conservation Least Squares Method(GC-
LSM) was presented by Huh[35] which can compute compressible flows robustly

and accurately.

1.4 Motivation

Although the multicloud method appears to have significant potential for three-dimensional
applications, a few following studied have been presented on simple grids. Zamolo[36]
applied the multicloud method to the Poisson equation with new correction and re-
striction algorithms. The method was developed based on RBF discretization for all
levels. Radhakrishnan[37] also presented the multicloud application to the Poisson
equation. Barik[38] applied the multicloud method to incompressible Navier-Stokes
equations on two-dimensional Cartesian grid. Ha and Choi[39] developed meshless
multigrid for finie element methods. However, practical usage of mutlicloud method
for three-dimensional CFD problems has not been presented. Considering the po-
tential of the multicloud method, it is necessary to develop the three-dimensional
multicloud method for CFD.

Most of all, the primary challenge of the three-dimensional multicloud method



is unsatisfactory acceleration for cell-centered methods[27], which is most widely
used CFD method. In order to enhance the acceleration effect, a new cell coarsening
method will be described, which makes coarse grid coarser than the ideal coarsening
rates since the grid size is bigger the errors are damped quickly. Next, the process
of finding an appropriate meshless discretization that works robustly on extremely
coarsened domains will be presented since conventional meshless methods are likely
to incurs problems on the extremely coarsened domains.

Then, implicit multicloud method is also to be presented. The original multicloud
method was tested based on explicit Runge-Kutta 4th order time integration method.
Three-dimensional problems are usually involved with a large number of grids. Con-
sequently, explicit time integration method might not be appropriate for practical
problems since it spent a lot of time in obtaining converged solutions. Therefore,
implicit algorithm for multigrid methods is interest of many researchers[23, 40].

Subsequently, damping functions for multicloud operators will be described in
order to apply the multicloud method to problems involving hypersonic shock.

Finally, the proposals, three-dimensional multicloud method is developed in this
study. The developed method is tested for nodal-centered and cell-centered method.
Comparisons for explicit and implicit time schemes are presented at first. Subse-
quently, the comparison of acceleration effects based on different coarsening strate-
gies and meshless methods will be presented to identify the most effective approach.
Furthermore, numerical experiments are tested from simple geometries such as ONERA-
M6 wing to significantly complex geometries such as DLR-F6 wing body nacelle

pylon model[41] in order to highlight the efficacy of the proposed method.



Chapter 2

Multicloud

2.1 Coarsening Strategy

A multicloud coarsening strategy is performed in a meshless fashion. A fundamental
idea is the usage of local point clouds. The local point cloud is the set of nearest point
as shown in Figure 2.1. The multicloud coarsening strategy is described in Algorithm
1.

The local point cloud shown in Figure 2.1 is used for not only the next level
coarsening procedure but also meshless discretization on the coarse level.

Therefore, the multicloud coarsening procedure can be adopted if initial local
point clouds are established. The methodology of defining initial local point clouds

is as follows

2.1.1 Node coarsening strategy

For node-centered methods, governing equations are solved at each node(a vertex

of a cell). The edge between nodes act as interfaces which fluxes across. Such that

10 A= L



Algorithm 1 Original multicloud coarsening

1:

10:

For each point vy, Set I'(vy,) = .True., where I" denotes logical function which
defines validity on the next coarse level
Define the set L1 (v;) = {vg|vk is nearest point around v; } which is called local
point cloud as shown in Figure 2.2a
while : < N, do, where N, is the number of computational points

if I'(v;) is .True. then

I'(L1(v;)) =.False.

end if
end while
Figure 2.2b presents the resulting coarse level point cloud. Points whose
I'(v;) =.False. are filled with nothing
Form coarse level local clouds L¥*!(v;) for each T'(v;) =.True.. Figure 2.2¢
represents the local point cloud on the coarse level.
Perform the coarsening through coarse level local point clouds until the coarsest

level is reached

1 ™
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Figure 2.1: The definition of a local point cloud

(a) The local point cloud (b) validity determination (c) Coarse level clouds

Figure 2.2: The multicloud coarsening procedure

nearest neighbors can be composed by nodes forming edges as shown in Figure 2.3.

2.1.2 Cell coarsening strategy

As long as the local point cloud Li(v;) is defined, the coarsening strategy can be
applied to any type of method, such as meshless, NFV, and CFV. In the original
study, the coarsening procedure was described for node-centered method whereas
cell coarsening strategy was unclear. Thus, a cell coarsening procedure should be
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Figure 2.3: The definition of a initial local point cloud for node-centered methods

established for cell-centered method. For this reaosn L;(v;) may be defined as the
adjacent cells, as shown in Figure 2.5a for CFV, because the nodes that form the
edge in NFV correspond to interfacing cells in CFV. The use of common face cells is
named as the common face approach (CFA). The multicloud coarsening procedure,
which is performed based on L; obtained from CFA, yields the results shown in Fig-
ure 2.5c. The resulting point distribution, however, produces an excessive number of
points on the coarse level, which significantly disagreed with the ideal coarsening
rates. The insufficient amount of neighboring cell information included in the defini-
tion of the local point clouds might be the reason for the excessive point distribution
on the coarse level. For node coarsening, theoretically, a node for triangular grids
can be connected to at least four nodes to an infinite number of nodes allowing for
adequate collection of nearest point information. On the contrary, the number of in-
terfacing cells is strictly limited by the type of polyhedra, as shown in Figure 2.5a.
The limitation obviously degrades coarsening rates for cell coarsening. Therefore,

CFA might not be suitable for the concept of local point clouds in coarsening, due

13 ay [



to the lack of information. Unsatisfactory coarsening rates hinder acceleration and
increase computational time for multicloud operators.

Consequently, despite its convenience, multicloud for CFV may not be suitable
for practical CFD problems. To address the issue of insufficient size of local point
clouds, the nodes of each cell is utilized. When defining the local point cloud for an
arbitrary cell ¢; in coarsening, nodes of a cell is used to find nearest cells. Specifically,
as shown in Figure 2.5b, every cell that shares nodes with ¢; is collected to form the
local point cloud of ¢;. This approach is referred to as the ’common node approach’
(CNA), where the local point cloud for an arbitrary cell L (c¢;) is defined by collect-
ing all cells that share the nodes of cell c¢;. By defining this new local point cloud, the
same coarsening strategy can be used without any further modifications. The result-
ing point distribution is shown in Figure 2.5d. Compared to the CFA coarsening, it
appears that far fewer points remain with the CNA coarsening strategy. Furthermore,
unlike the CFA method, the CNA method ensures even point distribution by taking
into account the neighboring cells precisely. Furthermore, The average distance for
nearest points, which corresponds to grid size, is much farther for CNA than that of
CFA as seen in Figure 2.5f and 2.5e. In general, The larger grid size grants the more
error damping if coarse level discretization is carried out robustly. CNA coarsening
can be compared to ideal agglomeration straightforwardly as shown in Figure 2.4.
For ideal agglomeration coarsening, four cells merged to a cell as shown in Figure
2.4a, whereas a cell center can remove neighboring twelve cells in CNA coarsening
as shown in Figure 2.4b. It denotes that CNA coarsening yields overly coarsened
domain than that of ideal coarsening, which provides superior acceleration effect if
coarse level discretization is performed robustly.

To compare the coarsening procedures for an practical case, the results obtained

1 ¢
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(a) Ideal coarsening rates (b) CNA coarsening rates

Figure 2.4: Comparison between ideal and CNA coarsening

from CNA, CFA, and agglomeration methods were presented. Several agglomera-
tion methods have been proposed in the literature [25, 42, 19], but for our study, the
agglomeration method proposed by Jones and Vassilevski[19] was evaluated specifi-
cally. Figure 2.6a shows the finest triangular grid, while Figures 2.6b, 2.6d depict an
agglomerated grid based on the algorithm proposed by Jones and Vassilevski[19], and
coarsened point distributions obtained using CNA and CFA, respectively. As can be
seen from Figure 2.6, CFA coarsening results in the least coarsened domain, whereas
agglomeration and CNA provide approximately ideal coarsening rates. In addition,
CNA may result in not only the most well-distributed but also the most coarsened do-
main for the next level because Jones and Vassilevski’s agglomeration procedure may
be dependent on the indexing order due to its element selection algorithm based on
integer weight[19]. Furthermore, the results obtained from various meshless methods

and coarsening strategy will be presented in this study.
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Figure 2.6: Coarsening results comparison
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2.1.3 Directional coarsening

High-aspect-ratio grids are necessarily involved when solving high Reynolds number
flows. However, Su[43] reported that meshless methods can encounter misalignment
issues on highly skewed grids resulting from high-aspect-ratio geometries. The is-
sues cause serious stability problem to the multicloud method for high-aspect-ratio
grids. Generally, aspect-ratio that is higher than 200 exhibit instability by empiri-
cal data. For the previous mutligrid method, the problems cause by high-aspect-ratio
grids requires additional treatments such as implicit line relaxation and directional
coarsening[22].

In this study, Directional coarsening strategy was developed for the multicloud
method in order to address the issues resulting from high-aspect-ratio grids. In this
strategy, a layer structure for viscous region must be predefined such as prism. The
layer structure is prerequisite in solving high Reynolds flows. In Directional coars-
ening, viscous layer coarsening should be prioritized. Then, viscous layer coarsening
is carried out only along the normal to surface direction in order to alleviate high-
aspect-ratio. In order to coarsen grid in a unidirectional way, viscous grids should
be labelled by its marching direction. Layer cells are assigned their layer number
along their marching direction. The remaining cells are assigned their layer number
as negative 1. Figure 2.8 illustrates the assignment procedure. Then, a rule is estab-
lished that cells with positive layer numbers cannot be blanked by other cells. With
the established rule, the directional coarsening procedure follows the Algorithm 2.

Algorithm 2 with the layer number rule results in Figure 2.9. By directional coars-
ening, only marching direction coarsening is carried out, and then the layer structure

is preserved, which alleviates grid stretching.
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Figure 2.7: Prism grids for high Reynolds number flow

Ly

Surface

Figure 2.8: Illustration of id labelling

Algorithm 2 Directional coarsening

1: Assign layer number for all cells.
2: blank cells whose layer number does not equal to 2kn —1 (n=1,2,3,...).
3: Perform the general coarsening procedure for cells whose layer number is maxi-

mum or negative.
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Figure 2.9: Resulting coarse level point by directional coarsening
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(a) Range of searching

(b) Resulting coarse level local point cloud

Figure 2.10: Illustration of procedure of forming coarse level local point cloud

2.1.4 Composing coarse level local point clouds

After coarsening, local point clouds for the next coarse level must be constructed.

Searching algorithm is can be simply established by adopting a meshless fashion.

Similar to coarsening procedure, fine level local point clouds are used in finding

coarse level local point clouds. For an arbitrary coarse level point, searching process

is performed by a radial fashion. the points on its local point cloud are the first can-

didates as indicated as red edge in Figure 2.10a. Then, the points on their local point

cloud as indicated as blue edge in Figure 2.10a are the second candidates. Finally, the

last scanning is performed from the second candidates as indicated as in green edge

in Figure 2.10a. From the candidates, All the valid point are collected as a coarse

level local point cloud as shown in Figure 2.10b. Constructed local point clouds are

taken advantage of every procedure in multicloud such as meshless discretization,

coarsening and forming coarse level local point clouds.
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2.2 Multicloud Operator

The Full Approximation Stroage (FAS) algorithm of Brandt[2] is applied to the mul-
ticloud method. The FAS algorithm is described in Algorithm 3. An advantage of the
Multicloud method in applying the FAS algorithm is that solution interpolation is not
required for coarse-level points. Considering retriagulation as shown in Figure 2.11a,
the state variables of coarse cell must be interpolated by its neighboring cells. On the
contrary, in the multicloud method, the state variables of coarse points can be directly
transferred from fine level coincident cell-averaged or nodal values without the need

for solution interpolation as shown in Figure 2.11b.

Algorithm 3 FAS algorithm

1: Fine level state variables at a node are directly transferred to the coarse level

point. The fine level state vector qlg at node 0 is transferred to the coincident

coarse level point q§+1.

2: Compute forcing function P,, using fine-level residuals of nearest points as in
Eq.(2.1).

3. Perform iteration on the coarse level with restricted residuals RF1 + P,

4: From the solutions computed on the coarse level, correct the fine-level solutions

by the nearest coarse-level valid point denoted as black nodes in Figure 2.12b.

For the multicloud method, restriction and prolongation are performed in a mesh-
less fashion such that neither volume nor surface information is used. Residual forc-

ing function for multicloud is given as

P, =TrR;_1(q;_1) — Rk(qéo)) 2.1
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New centroid

(a) Nlustration of solution interpolation (b) Illustration of solution transfer

Figure 2.11: Illustration of procedure of forming coarse level local point cloud

where, - ) _
Bo Ro1 Ro1 ... Rom
b1 Riy Rip ... Rip
T = |R=| o ' (2.2)
_/BN_ _RN,l Ryo ... RN,m_

In Eq.(2.2), (5 is given as a distance-based function since multicloud doesn’t re-
quire grid information. Those multicloud operators are demonstrated to exhibit a high
degree of efficacy[26]. The functions are used only with minor modifications to con-

sider new coarsening and three-dimensional space in this study. Then, (3 is given as

P e ifi#£0
Bi= <Zk€h<°>‘3k>cz 7 (2.3)
(dsy/dsp41)¢ ifi=0

where,
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(a) restriction stenc

(d) prolongation stenc
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¢ = (2.4)

1 ifi=0

L1(0) is the set of discrete points in its fine level local point cloud as shown
in Figure 2.12a. In CNA coarsening, L1(0) would be expanded as shown in Figure
2.12c. Such that, multicloud operators are independent of coarsening procedures. In
Eq.(2.3), ds is average length between point 0 and its local point cloud. Such that
Bo is cube of the ratio of average length between fine and coarse levels. Since (3 is
similar function to volume ratio of conventional multigrid methods, the cube of ds
ratio should be considered for three-dimensional flows.

In Eq.(2.3), f; is exactly same with the original multicloud method. As seen in
Eq.(2.4), ¢; is inverse distance between point 0 and 4.

Then, the solutions are updated by relaxation on the coarse level. The updated
solutions correct fine level solutions. In the multicloud method, coarse level state
variables are directly transferred to coincident fine level points, which is called “in-
herited point”, such that only fine level points whose coincident coarse level points
are nonexistent, which is called “orphan point”, should be corrected.

The state variables of orphan points are corrected by its neighboring inherited
points that are located in L(0) as shown in Figure 2.12b and 2.12d. Then solutions

are corrected by inverse distance weighting.

2 ieL(0) Ci (4" - qz(O))

ZieL(O) Ci

a =q+

(2.5)
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2.3 multicloud operators for hypersonic flows

Multicloud operators cannot be directly applied to hypersonic flows since standard
multigrid methods leads to divergence near strong shock formed by hypersonic flows.
In order to avoid the divergence, various studies have been suggested. Kim[6] pro-
posed prolongation damping using pressure based shock sensing method. Radespiel[44]
presented restriction damping method by detecting shock using pressure. Gerlinger[45]
modified Radespiel’s restriction damping using TVD and pressure based sensor com-
bined with chemical reaction sensor for analysis of turbulent combustion. However,
the damping methods were formulated based on structured grids such that the meth-
ods cannot directly be implemented to unstructured multigrid or multicloud method.
In this section, new damping formulations for multicloud method are described to

apply multicloud method to problems with strong shock.

2.3.1 Damped restriction

Locally damped restriction method was developed to prevent divergence near strong

shock. Damped restriction for fully coarsened structured methods is given as

4
_I%kri1 = Tk—l,kRk = Z Rfmax [O,maX (1 — fﬂ)} (26)
=1

As seen in Eq.(2.6), residual of coarse cell can be expressed as sum of damped
residuals of parental fine cells as shown in Figure 2.13. k; in Eq.(2.6) denotes shock

sensor function which is defined as

— max & 3 £ Yl n n 2
k= a (Vi:j7 I/i 1,57 Vi 1,57 Vivj’ Vi:j 1 Vi,j 1 ( 7)
with
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Figure 2.13: Restriction stencil for structured grids

[pi+1,j — 2pij + Pi-1,]
+[pij — pi—1,41) + X (Pi+1,5 + 2pij + Pi-15)
(2.8)

v
(1= x) (Ipit1. — pi

where x is values between 0.8 and 1. Eq.(2.8) is mixture between pressure-based
and TVD-based shock sensor. Consequently, residual is less transferred where strong
shock is located between cells by Eq.(2.6). Since ¢ — 1 and ¢ + 1 cells are not defined
for both unstructured and meshless methods, new formulation is required for damped

restriction. The new meshless damped restriction is given as

P, =T%Ry 1(qp_1) — Ri(a}) (2.9)
with
Th= 18 wip - KNBN (2.10)
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where

2.11)

Figure 2.14: Illustration of meshless damped restriction

As shown in Figure 2.14, if strong shock is located between 0 and 7, the residual
of ¢ rarely transfers the residuals to point 0. Initial instability can be cured by simply

introducing damping function[45].

2.3.2 Damped prolongation

In order to converge solution near strong shock, damped prolongation is also neces-
sary. For stablization of the multicloud method, prolongation damping proposed by
kim[6] and Zhu[7] is formulated in a meshless fashion. As seen in Figure 2.15, P is
interpolated by nearest points P1+ , P2+ , P; . But P2+ is located at the postshock posi-

tion. Thus, it is desirable to damp the interpolation value from P;r to avoid negative
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pressure. To search for points where are located at the otherside of the shock wave,

pressure weighted function is used

. Py
Wp,; = min (1, Pf) (2.12)

Then, prolongation operator with damping is as follows

0
ZieL(O) wp,ici(a — ng ))

+
4o = qo + (2.13)
0 ZiEL(O) Ci
From Eq.(2.12) and (2.13), wy, ; goes to 0, where abrupt pressure change occur.
P Strong Shock,”
® R
,/
’
/
,/
P, /
0 y: p2+
P ‘ ®
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Pie " 4
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4
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Figure 2.15: Illustration of shock sensing
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Chapter 3

Numerical methods

3.1 Governing equations

3.1.1 Navier-Stokes equations

In this study, three-dimensional Navier-stokes equations were considered to verify the
effect of an implicit multicloud convergence accelerator. The equations are expressed

as follows:

h My h,
8q+8f+8g+8 = <8fv+8gv+8 > 3.1

Ot dxr Oy 9z Reo \ Ox oy 0z

T
where g represents the set of conservative variables [ p pu puv pw pE] ,

and the convective fluxes f, g, h are expressed as

[ pu ] [ pv ] i pw ]
pu2 +p puU pwU
=1 pw |.9=|p?+p|.-h=1] puwv (3.2)
puw pow pw2 +p
i puH | i pvH | i pwH |

1 ™
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In Eq.3.2, p is the pressure and p, u,v,w, E/, H are the mass density, Cartesian
velocity components, total energy, and total enthalpy (that is defined as E + p/p),
respectively. From the equation of state of an ideal gas,

PR -

1
(v=1p 2

Then, the viscous fluxes are

(u2 +02 + w2) (3.3)

T
o= |:0 Trx Try Txz UTgy + VTgy + WTgz — Qz
1T
g, = |:0 Tyx Tyy Tyz Tyx + VTyy + WTyz — Qy (34)
1T
h, = [0 T Tzy Tzz Tz + VTzy + WwTy, — Qz
where the shear stress and heat flux terms are
Toz = 2ty + A(Ug + vy + W)
Tyy = 20y + A(uy + vy + w;)
Tz = 20w, + Aug + vy + W)
Ty = Tye = W(Uy + Vz) 3-3)

Toz = Tzo = Uz + Wy)
Tyz = Tay = (v + wy)
Qo = =K1y, Qy = —rT), Q. = =K1
where, 1" is temperature and effective viscosity p is given as p; + ¢, where
and p; denote laminar viscosity and turbulent viscosity respectively. Also conductiv-
ity kK = k; + k¢ The laminar viscosity computed by Sutherland’s law and laminar
conductivity are given as

1] &L —
31 -"H_E'l.'].l '-'!_ 1l



where, C), is the constant pressure specific heat 7o = 110.K and Pr; = 0.72
are Sutherland’s constant and the laminar Prandtl number respectively. In this study,
Turbulent viscosity and conductivity are given by Spalart and Allmaras one-equation
turbulence model [46, 47]. The one-equation model is also included in multicloud

computation

3
T \2T T C,
M <) ot To G (3.6)
Moo T T+ Ty Pry

3.1.2 Spalart-Allmaras Turbulence Model

In this study, Spalart-Allmaras one equation model is used. Before proceeding to the

S-A model, the eddy viscosity ¥ is given as follows:

3 ~

- X v
= = —_ — 3-7
Vi vala fvl X3+0317X v ( )

The compressible Form of S-A is then as follows
0pv . 1 e Ch 9 1 _ -
— + V- (puv) —p(P—D)—=V-[p(v+ Vo] - —p(Vi) "+ —=(v+70)Vp-Vi
ot o o o

(3.8)

where P and D represent production and destruction, respectively, and are de-

fined as follows

12
~ C, 1%
P =cp(l— fr)Sv, D= (Cwlfwl - %fm) [d] (3.9)
with
_ 7 Y
e [ = 1 _— = .1
S S+ﬁ2d2fv2’ fUQ 1_’_va1, S |V><V‘ (3.10)
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where d is the minimum distance to the wall. Then, the remaining unknowns are

given as follows

1+chs 6 : v
+ , — ,10 3.11
fo=9 {96 + §=r Canr” =7), 7= min Sk2d? G-AD

Remaining constants are

o1 = 0.1355, 0 = 2/3, cpp = 0.622, & = 0.41, cuy = cp1

(3.12)
K2+ (1+ cp2)/0, ez = 0.3, cpyz = 2
3.2 Spatial discretization
3.2.1 Cell finite volume
Eq. (3.1) may be semi-discretized by cell finite volume methods as follows
‘98‘?; +i (Gm. 5‘2) —0 (3.13)

where q is cell-averaged state vector Sq; and Vj denote the cell interface area

vector and cell volume respectively. Then, Gg; can be given by various flux schemes.

3.2.2 Least Squares Method

In this study, a Taylor series was used to estimate the derivatives of a trial function ¢.
A trial function ¢ at point r; can be approximated by its value at a neighboring point

at ro using the Taylor series expansion:

~

o(rs) = ¢(ro) + Arg; - Vo(ro) (3.14)

1 ™
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Figure 3.1: Illustration of cell finite volume method

where Arg; = r; — rg and Eq. (3.14) may be recast as

Ado; = pt (Arg;) - V(ro) (3.15)

where Agg; = ¢(r;) — $(ro) and p is a three-dimensional monomial basis func-

tion:

p(r) =[zyz]" (3.16)

To estimate the gradient of ¢(7(), the least squares problem is established using

its nearest points (See Fig.2.1):

J= Zwm[ (Aro:) - V(ro) — Adi] (3.17)

where wo; = 1/|Arg;| and N is the number of neighboring points of the point at

T, as shown in Fig.2.1.

¥ o -1
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Vé(rg), the estimation of the gradient of ¢(7(), may be obtained by finding the

coefficients that minimize the function J, expressed as:

617(] =0 (3.18)
OV o(ro)
Eq.(3.18) can be written as
N R N
> woip(Are) - P (Arei) Vé(ro) =Y woip(Aro:) Ads (3.19)
Eq.(3.19) may be simplified as
SV o(ro) = T Ady; (3.20)

where

SNwiAzd, N woidzoiAyo; N woiAzg Az
S = | 2N woiAyoi Az SN woi Ay, SN w0i Ayoi A zo; (3.21)

3 2 3

N N N 9
Yo woildzoiAxe; Y5 woilNzoi Ayo; > woildzg;

T = |wyArgr weelAre - woNAToN (3.22)

By Eq.(3.21) and (3.22), the estimation of the gradient can be expressed as:

Vo(ro) = ST T A¢y; (3.23)
where
apr G@o2 - GoN
ST = |pyy boy - - bon (3.24)
c1 Co2 -+ CON



Thus, the estimation of the partial derivatives of function ¢ at point 7y may be

expressed as

5 N

o) > (3.25)
96(ro) <

2y ~ % boi Adoi (3.26)
5 N

%(ZO) ~ % coi APo; (3.27)

3.2.3 Geometric Conservative Least Squares Method

The geometric conservation law and first-order consistency with respect to meshless

coefficients may be expressed as

N N N
ZQOZ' = 0, Z bOi = 0, ZCOZ‘ = 0 (328)
i=1 i=1 i=1

N N N

ZGOiAfUOi =1, Z bo;Azo; = 0, ZCOiAin =0

i=1 i=1 i=1

N N N
> aoidyoi =0, Y boilyoi =1, > coidyo; =0 (3.29)
i=1 i=1 i=1

N N N
> a0z =0, boidzgi =0, Y coildzg =1
i—1 i=1 i=1

In order to satisfy the geometric conservation law and first-order consistency, the

Lagrange multiplier takes the form

3 3 3
A=T+) upMy+ > vy gNpg (3.30)
p=1 p=1g=1

¥ [
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where J is the object function denoted in Eq. (3.17), whereas M and N take the

form

N

N N
M,y :ZaOi =0, M :Zb(]i =0, M3 :ZCUi =0
i—1 i—1 i—1

N N N
Ny = ZaolAivm =1, Nipg= Z boiAxg; = 0, N1 3 ZCOiACUOi =0

i1 i1 i1 (331)
N N N
Noj = ZGOiAin =0, Nag = Z boiAyoi = 1, Na3 ZCOiAin =0
i—1 i1 i—1

N N N
Ns1 =) aolzg; =0, Nsog =Y boildzoi =0, N3g» _ coidzg; = 1

i=1 i=1 i=1
The constrained least squares problem with a Lagrange multiplier can be solved
in a similar fashion to the simple least squares problem by finding VA = 0 with

respect to V(;ASO, p and v, . VA = 0 can be written in matrix form, as follows:

Ax =1b (3.32)
where

S 0 0 (4]

D FE 0O S ... 0 es
A— ,D = E = (3.33)

ET o N : :

0 0 S ey
€= |I Axoul Ayl Azgl (3.34)
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ap1
bo1

Co1

apN
bon
CON
251
M2
M3
V1,1

V1,2

V33

T
WONATON

T

0

1

(3.35)

where I is a 3 x 3 identity matrix and S is the matrix in Eq. (3.21). As a conse-

quence, D is a 3N x 3N matrix, because S is a 3 x 3 matrix. The meshless coeffi-

cients may be obtained by multiplying the inverse matrix of A by b.

The meshless coefficients derived from Eq. (3.32) satisfy geometric conserva-

tion laws because the geometric conservative conditions in Eq.(3.28) are constrained

when solving the least squares problem. It is known that geometric conservative

meshless coefficients are robust, even in randomly distributed point clouds [35].
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3.3 Flux schemes

3.3.1 AUSMPW+

AUSMPW+ was developed by Kim[48] to increase accuracy in capturing shocks
without sacrificing robustness. The numerical flux obtained by AUSMPW+ is given

by as
=Mjc:®r+ Mzc1®r+ (PP + Py |Pr) (3.36)

®=\p pu pv pw pH],P: [O png pny pny 0O (3.37)

where 1, ny, n, are the normalized cell area vectors. Then, Mf pformi = M +
) 2

M, is given as

M+ Mg [(1 = wpw)(X + fr) — fo] .m

_ 1
M = 2 (3.38)
wpwM; (1 + f1) »my <0
_ wprE(l—}—fR) ,m%ZO
= (3.39)

M§+Mg[(1—pr)(1+fL)+fL—fR] ,m1 <0

with pressure weighting

3
Wpw = 1 — min (pL, pR) (3.40)
Pr PL
Then, f7, g is given by
fLr= <pL’R - 1) (3.41)
S

¥ [, | =
% ] 8-t



where

Ps = DiPL + PRPR (3.42)

The split Mach number is defined by

+1(M £1)? JIM| <1
4 4
M* = (3.43)

+3(M £ |M[)? M| >1

. (M E1)22F M) ,|M|<1
pt= (3.44)

+3(1F sign(M)) M| > 1

The Mach number of each side is

Urr

My g =
Cs,1/2

(3.45)

U is the velocity component that is parallel to meshless coefficient or cell inter-
face area vector for FVM with its corresponding neighbor. And the speed of sound

Cs,1/2 18 given by

*2

e 1
Corps — (e 0 2L +Ur) >0 3.46)
WUQRM) ,3(UL+Ugr) <0
where
¢ =20y = 1)/(v + 1) Hyorma (3.47)
Hyormal = % <HL = %vﬁ + Hp — ;vg) (3.48)
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3.3.2 AUSM'-up

AUSM™-up is also used as a flux scheme for unstructured cell finite volume method

as the flux scheme shows excellent convergence behavior for all speed flows. The

numerical flux of AUSM-family is given by

Fijp =1 /R + P

where, 111 /5 = pu and ¢ = (1, u, H)T

the mass flux given by AUSM™*-up is expressed as

. apjoMyjopr, s My >0
myjo =
arjoMijopr s My <0

The mach number functions are given as follows

PR — DL
P1/2a%/2

- 0.25 _
Mo = M} (My) + M5 (M) — ——max(l — M?,0)

p1/2 = (pL + pr)/2

2 2
2 — up +ug

- 2
2@1/2

M@ = min(1, max(M? M2)) € [0,1]
fa(MO) = MO(l - MO) € [07 1]

Mi

(M) = %)(Mi | M]), M5 (M) = j:i(Mj: 1)2

¥
41 A -

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)



+
M M| > 1

M(i?)(l F168M 7

a1/ in Eq.(3.53) is given as

ai/2 = min(ar,ap)

*2
2(vy—1
a CL*Q _ (7 )

G=— a?=
max(a*, [u]) v F1

An the pressure flux is as follows

(3.57)

(3.58)

(3.59)

P1j2 = Py (Mp)pr + P (Mp)pr — 0.75P5 Py (pr + pr)(fatrj2) (ur — ur)

where

Mi

(1 M2 1

1

M
+

M (=2 - M) £ 16aM(jg)} LM <1

with

3 , 3 3
a=S(-arse |32

3.4 Limiter

3.4.1 TVD schemes

(3.60)

(3.61)

(3.62)

(3.63)

In this study, total variational diminishing (TVD) is applied for accurate solutions.

The face value ¢; /5 is adjusted using the flux limiter function ¥ (r). And the flux

42



limiter function is a non-linear function of r. r for a structured grid is given as

i — i1

r =—" (3.64)
2T G — o
The face value is then adjusted as
1
Pir1/2 = $i + 5P (Tiv12)(bir1 — i) (3.65)

Among many TVD schemes, MINMOD limiter is used in this study owing to its

robustness with acceptable accuracy[49]. MINMOD limiter is expressed as

¥(r) = max (0, min(1, 7)) (3.66)

For unstructured grids, the left and right values need to be modified since ¢ — 1
and 7+ 1 may not exist for unstructured grids. The modified notation for unstructured

grids of Eq. (3.65) is given as

1
¢ = dc + 59(ry)(¢p — éc) (3.67)
where
ry= m (3.68)

f,C, D and U are illustrated in Figure 3.2.

U ‘
O
Figure 3.2: Node notation for unstructured TVD schemes
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43 -"H_E -1~ | 1



a virtual node U is defined by exact r formulation [50], which given as

r = (¢p — ov) — (¢p — ¢C) (3.69)

¢p — ¢c

In Eq. (3.69), ¢c and ¢p are given values, while ¢ should be estimated, as U

represents a virtual node, as shown in Figure 3.2. Then ¢p — ¢y may be estimated as

(¢p — ¢u) = Voo -rup =2V¢c - Tep (3.70)

Then, Eq. (3.69) may be recast as

. 2Voc-rep
/ ép — ¢c

r can be used for both unstructured and meshless discretization.

1 (3.71)

3.4.2 Venkatakrishnan limiter

The face flux by the limiter function of Venkatakrishnan is given as

(z)f = ¢c + Yven VOO - A'r'fC’ (3.72)

d}ven = min (@Z)C’z) (373)

where ¢ denotes the nodes that compose cell C' as shown in Figure 3.3.
Pc; 18 given by

1 A2 + A +2A2A
Yoi = (2+ 2) . (3.74)
A [AT +2A° +A_AL +¢

Ay =max(¢p) — ¢ (3.75)

1 [, 1] 3
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(3.76)

Figure 3.3: Node notation for Venkatakrishnan limiter
In Eq.(3.75), D is a adjacent cell index.

3.4.3 Gradient calculation

In this study, two methods are used to estimate the gradient: the first is the least
squares method, which is described in Section 3.2.2, and the second is the node-based
Green-Gauss theorem. Thus, only node-based Green-Gauss Theorem is described in
this Section.

The gradient of function ¢ using Green-Gauss Theorem is given by

1
Voo ~ . > orAy (3.77)
!

Vi denotes the volume of cell C, and f represents the interface index between
C and its neighboring cells. And A denotes a interface area vector. For node-based

Green-Gauss theorem, ¢y is the average of the nodal values that compose interface

1 ™
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f. The nodal values are estimated by cells which share node with face f as shown in

Figure 3.4.

Figure 3.4: Illustration of nodal value interpolation

3.5 Time integration

3.5.1 Local time stepping

To accelerate convergence for steady state problems, local time stepping may be em-
ployed in this study. A local time step is estimated based on the spectral radius of the
convective and viscous flux Jacobian. the spectral radius of convective and viscous

flux an arbitrary cell or node ‘0’ may be expressed as

Ae=) (IVo- Avil+ || Ao II) co (3.78)
=1

where Ag; denotes So;/Vp in Eq. (3.13) and meshless coefficient vector (ag;, boi, co;)

for CFV and meshless discretization respectively. And Vo and cq denote the velocity

vector and speed of sound at point 0.
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2/3]\400 - %
Ay =1 SO RO g | (3.79)

~ ResPr = Poi+1/2

where fig;11/2 and po; 1 /2 is average viscosity and density between 0 and 7. Then,

local time step is given as

CFL
Aty = 3.80
TR A, 350
3.5.2 Explicit Runge-Kutta

Eq. (3.1) can be explicitly discretized as
Agg

= o 3.81

A = Rig)) (381)

The four-stage explicit Runge-Kutta time integration is employed in this study[51].

a0 = q4

@\ = )+ a1 AtR(q))

@tV = qb + aaALR(q))

(3.82)
Y = @@ + asAtR(q})
gt = @ + auALR(q})

4
0 = qf”

3.5.3 LU-SGS for unstructured grids

LU-SGS was used for the implementation of implicit time integration because its

suitability for this purpose is well established in industrial CFD, for both structured
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and unstructured methods. Eq. (3.1) can be discretized implicitly on an arbitrary cell

(or node) 0 as follows:

n N
(i S H =0 (3.83)
Ato 07

i
where, IV is the number of nearest neighboring cells or nodes. The flux function
H; between 0 and ¢ can be expressed in various manners. The flux function using

Meshless discretization may be expressed as

where,

Hy; = aoi(f; — fo) + boi(g; — 90) + coi(hi — ho)
(3.84)

- [QOi(-fv,i - fv,O) + bOi(gv,i - gv,O) + COi(hUJ' - hU,O)]

In this study, the flux at the midpoint is used, resulting in the following expression

for Eq.(3.84):

Hoy; =2 [QOi(.fi+1/2 = fo) + boi(git1/2 — 9o) + coi(hit1/2 — ho)]

(3.85)
-2 [aOi(fv,i+1/2 = fo0) T 00i(Guiv1/2 — Guo) + coilhyip1/2 — hv,O)]
For GC-LSM, Eq.(3.83) can be recast as
Aqp N
Ao + ZZ: 2[ (ao¢f¢+1/2 + b0i9iy1/2 T COihi+1/2> - 56

<a0ifv7i+1/2 + b0i9yv,i11/2 + COihv,i+1/2> ] =0
Since, va ag; = O, va bo,‘ = 0, va Co; = 0. Then, HOZ’ by GC-LSM may be

expressed as

Hy = 2[ <a0ifi+1/2 + 00igiv172 + COihiH/?) -
(3.87)

(amf vit1/2 T 00iGvit1/2 + Coily i1 /2) ]

¥ [, | =
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The flux function H ; of finite volume methods is given as

N

Soi
Hyi=)_ ((Gm — Guoi) - Vg) (3.88)

i
The convective and viscous fluxes are represented by G and G, respectively, in
the expression for the flux function H ;. Sp; and Vj are the interface surface vector
and volume of the cell 0 respectively. As seen in Eq. (3.87) and (3.88), %(am, boi, Coi)
and S0i/V 0 correspond to each other. Thus, Eq.(3.84) is universal for meshless and
finite volume methods.

As a result, Hy; may be linearized independent of methods. Then, H; is ex-

pressed as
HI = Hy + AL Aqy + AjAg; (3.89)

where
Ag; = % (Aoi £ Xoil) (3.90)
A =0H/dq (3.91)

where \q; is the eigenvalue of the Jacobian matrix Ag;. By Eq.(3.89), (3.83) may

be written as
1 | N N N
(mo +5 Z m) TAGy + ) AgAg; = Y Avdag == Hp (392)

X [, 1] =
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For finite volume methods, the sum of Jacobian matrix Ag; in Eq. (3.92) must
be zero due to the geometric conservation law. Generally, conventional meshless dis-
cretization cannot satisfy va Ap; = 0 since the methods are not geometric con-
servative discretization, whereas GC-LSM naturally satisfy va Ap; = 0 due to its
geometric conservative features. Due to this, the original multicloud method used to
implemented to only for explicit schemes since the meshless discretization used does

not satisfy geometric conservation law. Consequently, Eq.(3.92) may be recast as

1 n
(Am+ ZAOZ) TAq, + Z Ay Ag; + Z Ay Ag; =Ry (3.93)

1€L(0) €U0

where L(0) and U(0) are the set of nearest points whose indices are less than
and greater than those for point 0, respectively. Consequently, Eq.(3.93) may have
the same form with unstructured LU-SGS so that the equation may be decomposed

in the same way as for the unstructured method:

Agy=D; |R Z AyAq; (3.94)
1€L(0)
N
Agy=Ag;— Dy ) AgAg; (3.95)
i€l (0)
where
1 1
Do=|—+=NS "2 | T 3.96
0 (ATO + 5 zZ: 0) (3.96)

Eq.(3.95) and (3.94) are forward and backward sweeps, respectively. Thus, LU-
SGS may be implemented to the multicloud method without formulating new algo-

rithm complexity by using only GC-LSM.

1 ™
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3.5.4 LU-SGS for non-conservative meshless discretization

In this thesis, LU-SGS for non-conservative meshless discretization is also formu-
lated to compare the performances between GC-LSM and LSM discretization. Eq.(3.92)

without the geometric conservation law can be expressed as:

N
1
( A3 Zm) IAqq + Z AjAg; + Z AylAg; — ZAolAqo = R}
i€L(0) i€t (0)
(3.97)
Then Eq.(3.97) may be recast as:
where,
L= Z Aoy U= Z Ay (3.99)
1€L(0 €U0
1 1E R
Dy=|—+= i | I, Dy= = Ay; 3.100
0 (ATO+221:/\0) 0 22; 0 ( )
Eq.(3.98) can be described as:
(L + Do)(Do + Do) ' (U + Do)Aq, = R} (3.101)
Finally, Eq.(3.101) can be solved as:
Agqy =Dy |R Z Ay Agq; | :Forward sweep (3.102)

1€ L(0)

1 ™
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(a) Configuration of fowbnp and its flow grid (b) fowbnp’s level 3 flow point domain

Figure 3.5: Illustration of flow grid for fowbnp

DyAq;, = DyAq;, + DyAg;, : Diagonal sweep (3.103)
N
DyAqy = DoAgqp — Z Aj;Aq; :Backward sweep (3.104)
1€U(0)

Non-conservative meshless LU-SGS (M-LU) was tested for LSM meshless dis-
cretization. The flow grids is 3 level CNA coarsened grid of Figure 3.5a. The flow
point domain is illustrated in Figure 3.5b. The reason level 3 domain is chosen is that
unstructured LU-SGS (U-LU) generally works well when points are well-distributed,
such as in an unstructured grid, even for non-conservative meshless discretization. In
order to demonstrate M-LU, the points must be randomly distributed, as the coarse-
level point distribution is always random in the multicloud method. The flow condi-

tion is Mach 0.75 with AOA 0.49°. The CFL condition for M-LU is 15, while for

52 “ xﬂ B T_'_”

g
—

- e

{_‘J]-
1

n



U-LU itis 4.2, as a value higher than 4.2 for U-LU leads to divergence right after the
few iterations. 4.2 is threshold CFL numebr for U-LU with LSM.

Figure 3.6 illustrates convergence histrories for M-LU and U-LU. U-LU leads to
converges the order of -2 even for much less CFL number than M-LU. Whereas, M-
LU converges stably to the order of -15 with higher convergence rates than U-LU. It
is evident that M-LU works perfectly for non-conserative meshless dicretization with

randomly distributed points.

0
2
(4%
\
A
\ |
= \ | M-LU (CFL 15) ||
3 | U-LU (CFL4.2)
(o3
2 RN
@ Y,
=)
B \
10 -
12 N
14 \\
2000 2000 6000

iteration

Figure 3.6: Comparison between M-LU and U-LU with LSM discretization
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Chapter 4

Numerical Results

4.1 Comparisons for explicit and implicit time integration

Unlike the previous Multicloud methods, An implicit version of multiclut method
method using LU-SGS is developed in this study. The purpose of this section is to
verify the performance of the implicit multicloud by comparing to the explicit mul-
ticloud method. In this study, Runge-Kutta 4th order time integration method is em-
ployed as a explicit scheme. Cases involving tetrahedral grids in three-dimensional
configurations were tested to analyze the acceleration performance according to time
integration methods. The first case is ONERA M6 and The second case is DLR-F6
wing body base configuration with transonic flows. GC-LSM is used to compute both
fine and coarse level solutions in this section. AUSM™*-up is used for flux estimation

with MINMOD limiter for both cases.
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4.1.1 ONERA M6

The first test case in this study consists of transonic flow around the ONERA M6
wing, which is the most widely used model for the three-dimensional validation case.
The fine level tetrahedral grid is shown in Figure 4.1b. In this study, meshless dis-
cretization was used for all levels, such that the nodes of the grids were considered
as meshless points, as shown in Figure 4.1c. The coarsening results are shown in
Figure 4.1d. The Mach number of the flow was 0.8395 with an angle of attack of
3.06°. Four cases were tested: the explicit 4th-order Runge-Kutta (RK4) method and
implicit LU-SGS, for both single grid and multicloud methods.

With respect to the Courant-Friedrich-Lewy (CFL) condition, the CFD numbers
for the explicit and implicit schemes were set to 1 and 20, respectively. Here, we
define the unit work as CPU time per iteration on the finest grid compared to the
single RK4 method, such that the work associated with RK4 is unity, as shown in
Table 4.1. LU-SGS spends much less computational coat than RK4 since RK4 should
calculate 4 residuals for 4 each step. Hence, single-grid LU-SGS spends computation
cost 0.39 of RK4. In the multicloud method, the computational cost of four-level V
cycle is the factor of 1.5-1.6 of single-method. Hence, the given problem, time per
iteration of RK4 four-level V cycle was the factor of 1.59 of single RK4. And LU-
SGS with four-level V cycle was the factor of 0.62. Every compuational cost was
estimated with repect to single RK4. In fact, the computational cost spent on single
RK4 is higher than four-level V cycle LU-SGS.

The convergence history is presented in Figure 4.2a and 4.2b. Figure 4.2a dis-
plays the density residual per iteration on the finest grid, and Figure 4.2b displays the

density residual per unit work. In Figure 4.2a, the four-level procedure with LU-SGS

1 ™
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exhibits dramatic convergence speedup with respect to the number of iterations. Four
levels with RK4 also exhibited substantial speedup, exceeding that of single LU-SGS.
However, the unit work associated with RK4 exceed those associated with LU, such
that the convergence history with respect to the number of unit work shows a differ-
ent result compared to the history with respect to the number of iterations, as shown
in Figure 4.2a. In terms of unit work, four levels with LU-SGS exhibited the highest
convergence rates, as formulated in this study. For the ONERA M6 wing, inviscid
analyses exhibited slight differences in surface pressure because turbulence is not a
crucial factor in that context[52]. The surface pressure results are compared with the
experimental results[53] in Figure 4.3 4.8. The surface pressure results agree well
with the experimental results. However, slight differences in the location of the shock
on both the 0.2 and the 0.8 span are shown. These differences are typical of invis-
cid methods[54]. Finally, the four-level procedure and single LU display satisfactory

agreement with each other as well as with the experimental results.

Scheme RK4SG RK4MC LUSG LUMC

Unit work 1.00 1.59 0.39 0.62

CFL 1 1 20 20

Table 4.1: Units of work and CFL for each case

4.1.2 DLR-F6 wing body configuration

To highlight the performance of the implicit multicloud method, the flow around the
baseline wing-body DLR-F6[41], whose geometry is complicated, was analyzed. The

Mach number of the flow was 0.75 with an angle of attack of 0.49°. In Figure 4.10,
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(b) Tetrahedral grids for ONERA M6

(d) Coarse level cloud for level 2

(a) ONERA M6 configuration

(c) Global point cloud obtained from

nodes of tetrahedral grids

(f) Coarse level cloud for level 4

(e) Coarse level cloud for level 3

Figure 4.1: Coarsening results for ONERA M6
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(a) Convergence history in term of iteration

Single RK4
————— Single LU
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(b) Convergence history in term of unit work

Figure 4.2: Convergence histories for ONERA M6
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Figure 4.4: Surface pressure along y=0.447
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Figure 4.5: Surface pressure along y=0.657
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Figure 4.6: Surface pressure along y=0.87n
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Figure 4.8: Surface pressure along y=0.957
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the finest and coarse level clouds are shown. It appears that the coarsening procedure
works well, even for complex geometries.

In Figure 4.11, residual history results are plotted in the same manner as for the
ONERA M6 test case. For the complicated geometry, the four-level LU-SGS proce-
dure exhibits the highest convergence speed compared to other methods. In Figure
4.12 and 4.13, the results of surface pressure are compared for the four-level, sin-
gle, and experimental[55] cases. As seen in Figure 4.12 and 4.13, the four-level and
single results show strong agreement. However, a disagreement with the experimen-
tal results is shown downstream, where the shock is located, while strong agreement
is shown around the stagnation line. As mentioned previously, these disagreements
are typical for the inviscid method[54]. Furthermore, the DLR-F6 model is more
sensitive to turbulence than the ONERA M6 model because the DLR-F6 geometry
has a large separation bubble on the wing[41]. Although it is necessary to solve the
Navier-Stokes equations with turbulence modelling to obtain accurate surface pres-
sure results, considering turbulent flow is beyond the scope of this study, and a mul-
ticloud for viscous flow will be discussed in a future study. Such that it seems that
disagreement is acceptable for inviscid method. The L2 norm of the surface pressure
difference between the single and four-level procedures is also less than le-11, such
that the four-level and single methods display the same results. As a result, the im-
plicit multicloud method provide significantly dramatic acceleration effect compared

to that of explicit method even for complex configurations.
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Figure 4.9: Surface pressure contour for ONERA M6

4.2 Application to non-primal grid system

The previous results are based on tetrahedral grids. Local point clouds for primal
grids, which are represented as tetrahedron and prism, are generally well-defined.
Thus, an octree-structured grid system[56, 57] with prism (OctP) is tested to demon-
strate the versatility and robustness of the multicloud method. Each level domain is
discretized by GC-LSM based on Octree-prism grids. The nodes of volumes are used
for meshless discretization. AUSMPW+ and minmod limiter were used and LU-SGS

was used for the time integration.

4.2.1 NACA0012

In order demonstrate the efficacy of the multicloud method. NACAO0012 airfoil with
2D version of OctP (QuaP) is tested. As shown Figure 4.15, the node of multiscale
Cartesian and O-type mixed grid are used for meshless domain. Numerical experi-
ments are tested for subsonic flows (Mach 0.5 and AOA 3° and transonic flows (Mach
0.85 and AOA 1°). Figure 4.16 shows that convergence history with respect to the it-

eration for subsonic flows. As seen from Figure 4.15, even though the resulting coarse
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(a) ONERA M6 configuration

(c) Global point cloud based on the nodes (d) Coarse level cloud for level 2

3 Level| 4 Level|

(e) Coarse level cloud for level 3 (f) Coarse level cloud for level 4

Figure 4.10: Coarsening results for DLR-F6
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Figure 4.11: Convergence histories for DLR-F6
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Figure 4.14: Surface pressure contour for dlr-f6 wing body

domain is randomly distributed, the convergence acceleration effect is still dramatic
without solution differences(See Figure 4.17). The transonic condition is also inves-
tigated using the same point clouds. Figure 4.18 shows the convergence history for
transonic flows. A slight decrease in acceleration is observed due to the presence of
shock waves, which can degrade the acceleration effect. Nevertheless, the effect of
speed up is significant. The effectiveness of the multicloud method is demonstrated,

even for points that are significantly randomly distributed from the results.

Figure 4.15: Illustration of computational domains for NACA0012
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Table 4.2: The number of point comparisons for each level for NACA0012

level the number
1(points) 32,589
2(points) 8,155
3(points) 1,996
4(points) 485
10 =
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Figure 4.16: Convergence history for NACA0012, M=0.5 AOA=3° (QuaP)

4.2.2 ONERA M6

To verify the validity of the method in three dimension, ONERA M6 with OctP grids
is tested. The coarsening results are shown in Figure 4.20. The number of points
on fine level is 2,215,030. Then, the number of points reduced as 380,957, 64,278,
11,142 as the level decreases. The multicloud coarsening method is effective for OctP
grids, whereas it can be challenging to use traditional geometric multigrid methods.
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Figure 4.17: Surface pressure for NACA0012, M=0.5 AOA=3° (QuaP)
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Figure 4.18: Convergence history for NACA0012, M=0.85 AOA=1° (QuaP)

In addition to the coarsening results, it is necessary to demonstrate the acceleration
effect on convergence. Figure 4.21 represents convergence history in terms of itera-

tion. The multicloud results show a convergence acceleration factor of five compared
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Figure 4.19: Surface pressure for NACA0012, M=0.85 AOA=1° (QuaP)

to single grid. The time spent per iteration of the multicloud method is a factor of 1.5
compared to that of the single-grid method. Figure 4.22-4.27 show the comparison
between single and multilevel solutions. It is evident that two solutions rarely show
the discrepancy. Thus, it is evident that the multicloud method provides an effective
convergence acceleration effect for any grid type. It seems that the multicloud defi-
nitely provides the satisfactory convergence acceleration regardless of grid types and

dimension.
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(a) Fine level (b) Level 2

(c) Level 3 (d) Level 4

Figure 4.20: Each level point distribution based on octree-prism for ONERA M6
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Figure 4.21: Convergence history for ONERA M6 (OctP)
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Figure 4.23: Surface pressure along y=0.44n
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Figure 4.25: Surface pressure along y=0.87n
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Figure 4.27: Surface pressure along y=0.95n
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4.3 Cell coarsening strategy comparisons

In this section, the acceleration performance of different cell coarsening procedures
is analyzed. The difference between CFA, the basic approach, and CNA, the improve
approach, is presented. Cell finite volume discretization is employed for fine level
domain and GC-LSM meshless discretization is employed for coarse level domain.
AUSM™-up is used on the all levels as a numerical flux scheme and LU-SGS is also
used for all levels. Numerical experiments are tested for the three-configurations,
ONERA M6, DLR-F6 wing body (fowb) and DLR-F6 wing body nacelle pylon
(fowbnp). Especially, fowbnp geometry is considerably complicated that the robust-

ness of multicloud method might be highlighted.

4.3.1 DLR-F6 wbnp configuration

The first validation case is DLR-F6 wing body nacelle pylon(fowbnp) configuration
that was used for AIAA drag prediction workshop[41]. The geometries were based
on those of Laflin et al.[41]. fowbnp has a significantly complex geometry, as shown
in Figure 4.28. For this reason, the robustness of CNA coarsening is uncertain for
other non-conservative meshless methods. In this test, comparisons are provided not
only between CFA and CNA but also between LSM and GC-LSM to demonstrate the
performance of GC-LSM with CNA coarsening. AUSM+up is used for every case.
And Venkakrishnan limiter is used for CFV exclusively.

Then, four-cases are tested for the demonstration as shown in Table 4.4. M-LU is
combined with non-conservative schemes and U-LU is combined with conservative
schemes. Every multicloud strategy is four-level V cycle with CFL condition 15. The

convergence histories for each case are presented in Figure 4.29. As seen in Figure
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Figure 4.28: Configuration of fowbnp and its flow grid

4.29, CFA with LSM and CNA with GC-LSM showcase dramatic convergence ac-
celeration than single-grid method. It is evident that CNA grants much higher level
of acceleration since average distance among point is further than that of CFA. How-
ever, CNA with LSM cannot converge to the same level of CNA with GC-LSM. This
is because non-conservative meshless discretizations is not guaranteed its stability
for highly coarsened domains such as CNA. It seems that LSM discretization gen-
erated more error than GC-LSM on CNA coarsened domain. Figure 4.30 shows the
surface density contour obtained by fully converged results computed by each mesh-
less discretization on CNA level 2 domain by the single grid method. As seen in
Figure 4.30a & 4.30b, LSM discretization generated more error on the surface than
GC-LSM. Those errors involved by LSM might inhibit convergence in the multi-
cloud method. Thus, only CNA coarsening with GC-LSM might guarantee dramatic

acceleration effect than any other methods.
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Furthermore, Figure 4.31 illustrate convergence histories between Single-grid,
CFA and CNA with respect to walltime, which denotes the wall clock time. CNA 4
level converges only in 2000 seconds while that of CFA 4 level is 3900 seconds. It is
15000 seconds for single-grid method. The speed-up for CNA 4 levels is the factor
of 7.5 while that of CFA 4 levels is 3.84. CNA with GC-LSM provides twice the
speed-up than that of CFA 4 level. The acceleration effect is significantly dramatic
for the highly complex configuration of féwbnp. As seen in Figure 4.32 and 4.33, no

solution discrepancy appears.

Table 4.3: The number of point comparisons for each level

level CNA CFA

1(cells) 5,809,122
2(points) 229,918 2,123,670
3(points) 46,806 252,575

4(points) 10,170 48,951

Temporal Coarsening Spatial

U-LU Single grid CFV
M-LU CFA 4 level 1:CFV &2-4:LSM

M-LU  CNA 4 level 1:CFV & 2-4: LSM

U-LU CNA 4level 1:CFV & 2-4:GC-LSM

Table 4.4: Description for test cases
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Figure 4.29: Convergence histories for fowbnp in term of iteration
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Figure 4.30: Surface results of fully converged solutions on level 2 point domains
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Figure 4.31: Convergence history of féwbnp in terms of the walltime
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Figure 4.32: Convergence history of lift coefficient for fowbnp in terms of the itera-

tion
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Figure 4.33: Surface pressure comparison for fowbnp
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4.3.2 ONERA M6

To verify the performance of the CNA coarsening procedure, the transonic flow
around ONERA M6(M = 0.8395 and @ = 3.06°) was analyzed. To demonstrate
the mesh transparency of CNA coarsening, tetrahedral grids (TG) and hybrid grids
(HG), which are mixtures of tetrahedrons and prisms, were tested, as shown in Figure
4.34. Discreitzation of fine level was carried out by CFV for every case. AUSM+up
was used for numerical flux compuation with unstructured MINMOD limiter. Table
4.5 lists the numbers of points for each case. Figure 4.35 illustrates the coarsening
results of the tetrahedral grid for both the CNA (TG-CNA) and CFA (TG-CFA) sys-
tems. CFL number was 5 for TG and 2 for HG for LU-SGS. As described in Table
4.5, the CNA coarsening procedure provides coarser point clouds than the CFA. At
level 4, the coarsening rate was 0.00187, which was better than the ideal coarsening
rate of 0.00195 obtained in the three-dimensional space, whereas the CFA coarsen-
ing rate was 0.00680. Furthermore, the CFA strategy shows unsatisfactory coarsening
rates at Level 2, which is a dominant factor in determining the success of multigrid
methods in terms of time and iterations. Figure 4.36-4.38 show the convergence his-
tories of TG for each coarsening strategy. As mentioned above, the CFV method was
used at the finest level for all cases; therefore, meshless discretization was used only
on the coarse-levels and four-level V cycle was applied. In Figure 4.36, the x-axis
indicates the number of iterations required on a fine-level grid. As shown in Figure
4.36, both TG-CFA and TG-CNA show a dramatic acceleration effect compared with
the single-grid method in terms of iterations. The CNA strategy reaches an order of
-8.5 in approximately 2800 iterations, such that the required fine-level iterations are

less than half of the 6500 iterations from the CNA strategy. Figure 4.37 shows the
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wall time vs. the residuals. In addition, in terms of the wall time, TG-CNA showed
greater convergence acceleration behavior than TG-CFA. The lift coefficient conver-
gence histories are presented in Figure 4.38. Similar to the residual histories, the lift
coefficient of TG-CNA converged significantly faster than those of the other methods.
Figure 4.39-4.44 show comparisons of the surface pressures. As shown in the figures,
the results from the four-level and single grid CNA rarely differ from the single grid
results. Both the single- and four-level models also showed good agreement with
the experimental results[53]. According to these findings, CNA greatly improves the
speed of these systems without losing its robustness and accuracy, despite the scarcity
of the point distribution on level 2.

To demonstrate the mesh-transparent characteristics of the CNA coarsening strat-
egy, numerical experiments were performed using HG. In Table 4.5, the number
of coarse-level points is described for the HG case (HG-CFA & HG-CNA). Figure
4.45-4.47 show the convergence histories. Similar to TG, CNA presented exceptional
coarsening rates compared to CFA for HG. In comparison to the TG case, all the
other cases exhibit slower convergence due to the presence of HG involving high-
aspect-ratio grids, which can result in delays convergence. However, the acceleration
effect is more significant than that of TG, which can be attributed to the regularity
of the prism coarsening. The results indicate that CNA coarsening provides the most

powerful acceleration effect regardless of grid type.
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Figure 4.34: Illustration of the unstructured grid for the ONERA M6 wing. (a),(b)

Tetrahedral grid (TG), (c) hybrid grid (HG).

Table 4.5: The number of point comparisons for each level

level TG-CNA TG-CFA HG-CNA HG-CFA

1(cells) 1,540,522 2,336,161
2(points) 62,190 557,926 124,500 923,865

3(points) 12,084 56,371 22,626 117,623

4(points) 2,877 10,484 4,660 22,695

(a) Level 2 point cloud (b) Level 3 point cloud (c) Level 4 point cloud

Figure 4.35: Comparison of the coarsening results between TG-CNA (left) and TG-

CFA (right)
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Figure 4.36: Convergence history in term of iteration for transonic ONERA M6 flows
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Figure 4.38: Lift convergence history in term of iteration for transonic ONERA M6
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Figure 4.39: Surface pressure along y=0.27
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Figure 4.44: Surface pressure along y=0.95n
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Figure 4.45: Convergence history in term of iteration for transonic ONERA M6 flows
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Figure 4.46: Convergence history in term of walltime for transonic ONERA M6 flows
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4.3.3 DLR-F6 wing body configuration

To highlight the performance of the CNA coarsening procedure for complex geome-
tries, the DLR-F6 wing body (féwb) model was tested. CFV was used for the finest
level discretization with unstructured MINMOD limiter and LU-SGS with CFL 2.
The geometries were also based on those of Laflin et al.[41]. The flow simulation
was tested using both CNA and CFA. The tetrahedral grids for this case are shown in
Figure 4.48. A numerical simulation was performed for M = 0.75 and o = 0.48°.
coarsening results on the surface grid are shown in Figure 4.49-4.51. Surface points
are evenly distributed which provide the robust and effective multicloud computation.
The convergence histories of fowb are presented in Figure 4.52-4.54. The four-levels
CNA strategy reached an order of -8 in approximately 4800 fine-level iterations,
while CFA required approximately 9000 iterations. Both CNA and CFA achieved
a high acceleration compared to a single grid (55000 iterations). Furthermore, the
results of the multicloud and single-grid methods do not significantly differ, as indi-
cated in Figure 4.54 and 4.55. The results of f6wb demonstrate that the CNA coars-

ening strategy works well for three-dimensional complex geometries.
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Figure 4.48: Configuration of fowb and its flow grid
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Figure 4.49: Frontal view of surface point distribution on level 2 for féwb
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Figure 4.50: Frontal view of surface point distribution on level 2 for féwb

Figure 4.51: Frontal view of surface point distribution on level 4 for féwb
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Figure 4.52: Convergence history of fowb in terms of the iteration
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Figure 4.53: Convergence history of fowb in terms of the walltime
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4.4 Laminar flows

In this section, laminar flows were tested to demonstrate the validity of the multicloud
method to viscous flows. NACAOQO012 and cylinder Laminar flows were tested. four-

level V cycle with CNA coarening is applied to every test case.

4.4.1 NACAO0012 Laminar flows

The first test case is Laminar flows around NACA0012 with Mach 0.5 and Reynolds
number 5000. This test case is widely used to demonstrate developed numerical
methods[58]. The goal of this case is not only comparing convergence histories but
also scrutinizing the discrepancy of solution between single and multicloud method
in viscous flows. To analyze viscous flows, blend of quadrature and triangle grids are
used as seen in Figure 4.56. CNA coarsening was applied to the grids since CFV was
used for discretization. the coarsening rates at level 2 is 0.168 and 0.31 for both 3
and 4 levels, which are the satisfactory coarsening rates for two-dimensional grids.
Finally, four-level V cycle was used.

Finite discretization was carried out by CFV and AUSM-+up with Venkatakrish-
nan limiter was used for numerical flux computation. LU-SGS was used with CFL
condition 5. Estimation of gradient was computed by Nodal-based Green-Gauss The-
orem for both reconstruction and viscous flux. Figure 4.57 and 4.58 illustrate conver-
gence histories. As seen in Figure 4.57, the multicloud method needs 3537 iterations
to achieve -14 order of convergence whereas the single method takes 77079 itera-
tions. The speed-up is the factor of 22. This speed-up is by far the fastest case. It
might be driven by viscous effect and grid quality. In term of walltime, the acceler-

ation effect is rarely effected. The single grid case takes 2929 seconds whereas the
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Figure 4.56: The flow grid for NACA0012

multicloud case take 235 seconds, which is the factor of 12.
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Figure 4.57: Density residual history for NACA(0012 terms of iteration
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Figure 4.58: Density residual history for NACA0O012 in terms of walltime

Figure 4.59 presents the comparisons of contour between the single and multi-
cloud methods. As seen in Figure 4.59b, the separation exhibit excellent agreement
between methods. Comparisons regarding surface coefficients are illustrated in Fig-
ure 4.60. As seen from the figures, surface pressure and skin friction coefficients ex-
hibit no discrepancy even though the multicloud method convergence 12 times faster

than the single grid method.



(a) Mach number contour (b) Streamline pattern in the trailing edge

Figure 4.59: Contour comparison for NACA(0012 Laminar flows (Upper : Single,
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Figure 4.60: surface coefficient comparison for NACA0012 Laminar flows
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4.4.2 Laminar flows around the cylinder (Re 40)

The next valdiation case for laminar flow is Mach 0.1 flow around the cylinder with
Reynolds number 40. laminar cylinder flows is the famous benchmark for validation
of laminar flows[59]. Re 40 cylinder flows is the famous test case for steady laminar
flows without vortex shedding. Figure 4.61 illustrates the flow grid used in this case,
which is the blend of quadrature and triangle grids. AUSM+up with Venkatakrishnan

limiter and LU-SGS with CFL 2 were used. Furthermore, CNA coarsening with GC-
LSM was applied with four-level V cycle.

%

A S AVAVAYATAYD
KA AN
PR o

VA
VA‘VA

SVAY
vﬂ%

Ay
i

Dk
SORRRRE
K

L
AVA‘
DO

ey,
=
ISR
5
25

I
AN
RRR
SRRREERERY
LRk
ety <
R0

[
i
i
%
7

4
AV
%

S
S

v
i
R

<

R R
PR

Figure 4.61: Flow grid for Re 40 cylinder flows

Convergence histories are plotted in Figure 4.62 and 4.63. The single-grid method
takes 175,000 iterations to convergence which is extreme higher iteration numbers
than those of the multicloud method (19295 iterations). In term of walltime, the mul-

ticloud method spend 13,168 seconds to convergence whereas walltime spent on the
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single-grid method is 68,249 seconds. It is the factor of five. Re 40 cylinder flows
exhibit less acceleration effect than Re 5000 NACAO0012 laminar flows. It seems that
the separation in the downstream that is shown in Figure 4.64 requires more iter-
ations to be stabilized. As seen in Figure 4.64, the comparison of the location of
separation in the downstream between the single-grid and multicloud show excellent
agreements. In fact, the L2 norm of rho solution difference is less than 1E-10. Fur-
thermore, Figure 4.65 illustrates comparisons of skin friction and pressure coefficient
along the surface. It is evident that the two methods provide the same solution though

the multicloud provides the solution 5 time faster.
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Figure 4.62: Density residual history of Re 40 cylinder flow in terms of iteration
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Figure 4.63: Density residual history of Re 40 cylinder flow in terms of walltime
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Figure 4.64: Streamline pattern in the downstream (upper : single, nether : 4 levels)
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4.5 Tuarbulent flows

4.5.1 Transonic flows around ONERA M6 (Re 11.75¢6)

The results in this section are provided to investigate convergence properties of the
multicloud method with directional coarsening. The transonic flows around ONERA
M6(Reynolds number 11.75E6) was numerically solved by turbulent solver. S-A one
equation model was used to estimate the viscosity. Furthermore, S-A equation was
also included in the multicloud process. However, S-A equation was applied to three-
level V cycle, whereas five basic transport equations (mass, momentum, energy) was
applied to four-level V cycle. Furthermore, only one iteration was conducted for S-
A equations on the coarse levels while five transport equations was performed by
multiple iterations on the coarse levels. The flow grid used in this case is shown in
Figure 4.66 with its coarsening result. Directional coarsening was applied since the
maximum aspect ratio is approximately 500. As seen from Figure 4.66a-4.66¢, points
are coarsened along the marching direction of prism in order to alleviate high stretch
of the grids. Furthermore, meshlss discretization work perfectly on the region where
prisms encounter tetrahedral grids. Figure 4.67 and 4.68 show p and ¥ convergence
histories. Significant acceleration effect is shown Both p and © residuals. Although
the results are slightly slower compared to the inviscid results, they are still signifi-

cantly effective.
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(a) level 2 (b) level 3 (c) level 4

Figure 4.66: Illustration of coarsening results for the highly stretched grid for ON-

ERA M6
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Figure 4.68: v residual history of ONERA M6 (Re 11.75e6)
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4.6 hypersonic flows

4.6.1 Mach 8 flow around the cylinder
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(a) Level 2 point cloud (b) Level 3 point cloud (c) Level 4 point cloud

Figure 4.70: Coarse level point cloud generated by CNA coarsening

four-level multicloud method takes 11533 iterations to achieve the order of -8 which
is 4 times faster than the single method (46600 iterations). In terms of wall time,
the single method takes 0.040 seconds for an iteration whereas 0.068 seconds for the
four-level V cycle multicloud method. Thus the speed-up with respect to walltime is
the factor of 2.31. Problems that include strong shocks generally exhibit degraded ac-
celeration. Furthermore the factor of 2.31 is a similar level of acceleration compared
to the structured multigrid methods for hypersonic flows. Furthermore, the multi-
cloud method demonstrated superior acceleration compared to the structured multi-
grid method proposed by Kim[6] even though unstructured multigrid methods often
shows less acceleration than structured multigrid methods. As seen in Figure 4.73,
solution discrepancy does not exhibit since L2 norm of the difference of rho is the
order of 1E-10. Consequently, it is evident that the multicloud method for hypersonic

flows delivers a satisfactory acceleration effect, regardless of the grid types.
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4 levels 4 levels

(a) Pressure contour (b) Temperature contour

Figure 4.73: Contour comparisons between the single and four-level grid

4.6.2 Mach 8 flows around the sphere

The mach 8 flows around the sphere was tested to verify the performance of the
damping functions in three-dimensional space. Figure 4.74 illustrates the symmetric
flow grid for the sphere. Only the quarter of the sphere is considered since supersonic
inflow and outflow condition is only valid in this case. CFV spatial discretization
was applied to the grid in Figure 4.74. AUSMPW+ and LU-SGS were applied with
CFL condition 0.2. The four-level V cycle multicloud method with CNA coarsening
was used. Figure 4.76 exhibits the convergence history with respect to walltime. The
single-method takes 9375 seconds until convergence whereas that of the four-level
multicloud is 3835, which is the factor of 2.44. The speed-up factor is not degraded
compared to the two-dimension case and even more effective than that of the 2D
structured multigrid method of Kim[6]. Pressure and temperature contours exhibit no

solution discrepancy for this case(See Figure 4.77). The L2norm of the difference of
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4.6.3 HTV-2

In order to demonstrate the performance of developed damping methods for a three-
dimensional practical problem, The DARPA/AF Falcon Hypersonic Technology Vehicle-
2 (HTV-2)[60] is selected. The Mach number conditions of HTV-2 ranged from Mach
6 to Mach 16, which are accompanied by strong shock. The hypersonic flow with
Mach 16 and angle of attack 10°[61] was tested, which is the maximum mach num-
ber among the test conditions. The prism and tetrahederal hybrid grids are used for
the finest level. CNA coarsening was used until 4 level for four-level V cycle. CFV
method was used with AUSMPW+ and LU-SGS. CFL condition was 0.5. Figure 4.79
and 4.80 illustrate convergence histories in term of iteration and wall time. The single
grid method takes 7600 iterations to converges whereas the multicloud method takes
only 2200 iterations. The speed-up in terms of iteration is the factor of 3. But in terms
of walltime, the time spent per iteration is 0.55 seconds for the single grid method
and 0.96 seconds for the multicloud method. Consequently, the speed-up in terms of
walltime is the factor of 2 approximately. The speed-up is less effective than the pre-
vious results since strong shock intensively damps the restriction and prolongation.
Nonetheless, The results indicate that the acceleration seems to be not only satisfac-
tory but also robust for extremely high speed flows even for the three-dimensional
practical problem. Figure 4.81 compares the results between the single-grid and mul-
ticloud methods at x = 1.5. As seen from the figure, both Mach number and pressure

contours exhibit excellent agreement even for extremely strong shock.
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Chapter 5

Concluding remarks

5.1 Conclusions

The goal of the thesis is to develop a improved meshless geometric multigrid that
is called as multicloud method. The improvements were achieved in a variety ways
through the thesis.

The main achievement is attained by a new cell coarsening strategy, which is
named as common node approach(CNA) coarsening. The new cell coarsening strat-
egy provides extremely coarsened computational domains than the ideal coarsening
rates. It was obvious that more coarsened domain grants the enhanced acceleration
effect but it was uncertain that the meshless discretization can work robustly on the
extremely coarsened domain. It is proved that the conventional least squares(LSM)
meshless discretization exhibit instability on the CNA coarsening. However, meshless
discretizaion by least squares method with geometric conservation law(GC-LSM)
does not lose it robustness on CNA coarsening. Consequently, by combining GC-

LSM and CNA coarsening, the extremely dramatic convergence acceleration effect

T 5 =11
116 ~ = L



was obtained since GC-LSM grants the robust and accurate numerical estimation of
fluxes even on the CNA coarsened domain.

Furthermore, lower-upper symmetric Gauss-Seidel (LU-SGS) method was ap-
plied to meshless methods regardless of its conservative properties. Considering the
previous multicloud methods was used based on explicit time integration method,
implementation of LU-SGS is significant progress for the multicloud method since it
is evident that implicit time integration method guarantees much higher CFL number
than that of explicit methods.

The blend of CNA coarsening, LU-SGS and GC-LSM have proven its perfor-
mance for both inviscid and viscous flows. Results obtained from highly complicated
configurations, such as the DLR-F6 wing body nacelle pylon model, clearly high-
lighted the significant effectiveness of the developed method.

Moreover, meshless damping methods were developed to stably accelerate con-
vergence problems with strong shock. It was proved that the meshless damping meth-
ods is significantly effective through results of hypersonic flows regardless of dimen-
sion.

Finally, the results clearly demonstrate that the improved multicloud method
cosnsitently outperforms the original multicloud method through a variety of pro-
posed methodologies, regardless of the dimension, geometries, and flow conditions

involved.

5.2 Future works

Even though the developed method provides successful meshless convergence accel-

erator, following studies are required for more applications. Most of all, the mutlcloud

1 ™
117 *" = L]



application to other turbulence model is needed such as k-w sst[62]. The implemen-
tation may be more difficult than S-A one equation since two equations are added
for k-w sst. Then, the multicloud application to dynamic mesh for unsteady problems
is also highly recommended since meshless discretization can be useful tool for dy-
namic mesh. Furthermore, the adopation to overset grid can be a good application for

the multicloud method.
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