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Ifwelet zy = 20 = -+ =z, in (1.13), we obtain
2" =r"(cosnf 4+ isinnd). (1.14)
For |z| = 1 (the unit circle), (1.14) reduces to
(cos @+ isin#)" = cosnb + isinnb, (1.15)

a theorem of DeMoivre.
The possibility of finding nth roots of the complex number is suggested hy
(1.14). A complex number z is an nth root of zy if 2" = zy, written z = ;;[1,/ "
The problem is to reverse the multiplicative operation and determine a
number which, when multiplied by itself n times, furnishes us with the original
number. Given a complex number zy = ro(cos g+ sinfy ), how do you find a
complex number z = r(cos# + isin#) such that z" = 2,7 By (1.14), we must

[ 2-9] <E&i&As> dd wAdA  FElF A5 =9

(Ponnusamy & Silverman, 2006, p. 18)

Saffe} Snider(2003)%= 2l A
2-10] #a1).

=3
o
ftlo
do
o
i
o
=8
iR
rot
=
I
o

Continuing in this manner we arrive at the formula for the nth power of z:

" =r"e" = " (cosnb + i sinng). (1)
Clearly this is just an extension of De Moivre’s formula, discussed in Example 3 of
Sec. 1.4.

Equation (1) is an appealing formula for raising a complex number to a positive
integer power. It is easy to see that the identity is also valid for negative integers n
(see Prob. 2). The question arises whether the formula will work for n = 1/m, so that
¢ = z!'/™ is an mth root of z satisfying

M=z (2)

[19 2-10] <HF&EAE> dE wAoA Faa Ay =9 (Saff &
Snider, 2003, p. 33)
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FElF AF BAAA BE BaF G9o FgaE A A5 G
Aol 24 Aol oug adw fAF Aol webd fd5 A5
7B =afl AP AE AANA FH5 A5 e 2=
FARES Baso) fes A5 HFFTE G ARG Qe
ovE AAE AHEE Aol fu% A% vzt BN o =ao)
sebe e A% Jqst Bag Ge] fu% A5 BEd fFen

complex number z = r(cos @ 4 isin#) such that 2" = 2,7 By (1.14), we must
have

r"(cosnb + isinnf) = ro(cos g + isinby). (1.16)

Since |cosa +isina| =1 for all real a, (1.16) yields the relations
r' =g, cosnf +isinnf = cosfy + isinf. (1.17)
The first relation in (1.17) shows that |z| = Té/ ", which we already knew
(why)? But the second gives important information about the argument of

z, namely, that narg z differs from arg zy by a multiple of 27 (that is, nf =
Oy +2km, k=0,4£1,4+2, ... ):

. 90 + Qe

T

0 (1.18)

How many integers k in (1.18) produce distinct solutions? We have

1/n 1/n Oy + 2km . ty + 2km L
z = zé/ = Té/ {cos (DJF> +1sin (DJF) } . (1.19)
n n

For each k (k=0,1,2, ... ,n— 1), there is a different value for z. We leave it
for the reader to verify that there are no more solutions. Thus, given zy # 0,

there are exactly n distinct complex numbers z such that z" = zj.
[Z28 2-11] <H&&|Ast> A nAd Mesd a5 A d= T
st W (Ponnusamy & Silverman, 2006, pp. 18-19)

4) LI <S> WAAAAE Fels A5 Edol B 2" = al ek FA
49 e flth e A5 A FARY 4B w AF AFUA F s

o (¢")" =a"" e WHIHES A4S FeFR HgEE FHolA T 2 A

FAlETeR st HAAA B 2" =a] HE v Fe] WEH] QU
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To see how the additional roots fit into the scheme of things, let's work out the
polar description of the equation r* = 1 for each of these numbers:

14 = (19 = 140 =1,
i4 = (']el'ﬂ'f?.)-'jr — ldefzﬂ =1,
(-1 = (le’.")d‘ = 1%/ =1,

To obtain the mth roots of an arbitrary (nonzero) complex number z = re'®, we
generalize the idea displayed by Eq. (4) and, reasoning similarly, conclude that the m
distinct mth roots of z are given by

z.l/m _nm |z,el‘(9+2kﬂ'um (k — 0! 1, 21 e — l). (6)

Equivalently, we can form these roots by taking any single one such as given in (3)
and multiplying by the mth roots of unity.

/i

a9 2-12] <EAHHS> AT WA AEE FIF A5 @gE T

2 =
= W9 (Saff & Snider, 2003, pp. 33, 36)

0

O

o]

T

B ol fels Aol elg w1 2-13] Fa),

Let m and n be positive integers that have no conunonlfaclor. Prove tha.t the set of
numbers (z1/7)" is the sanie as the set of numbers (z")!/#. We denote this common
set of numbers by z™/". Show that

2 = N [cos E(6' + 2km) + i sin ’:—:(9 + Zk”)] ®)
n

fork=0.1,2,....,n—1.

[29 2-13] <EFAad4s> Ay wAd Mesd [ ATy A9
(Saff & Snider, 2003, p. 38)
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Onc important theoretical use of the logarithmic function is to define complex powers
of z. The definition is motivated by the identity

= (elogz)n — enlogz‘

which holds for any integer n.

> > > 70’
Definition 5. Jf e is2 complex constant and z 3 0, thenwe define z by
2= P log:i

. oo
This means that each value of log z leadsto a particular value of z%.

(29 2-14] <FAAE> AF wAd AMsd BAh X9 Ao (Saff
& Snider, p. 132)

oo st 2e Aol vt FEFHE Bad G fels A

Fol el gojet dAde Medrh(1d 2-15

we
Sl

for z, one for each choice of the integer k in Eq. (1). On the c;ther l;and, if @ =m/n,

where w and 1y > 0‘ arc integers having no common factor, then one can verify that
there are exactly n distinct values of z7/" namely,

mpe i YA
7 _exp(;Loglq)uxp(r—r}-(Argz+2k:r)) k=01,....,.n=D. (2@

This is entirely consistent with the theory of roots discussed in Sec. 1.5. In summary,

[2% 2-15] <HAAE> da wAdd Asd 54 A5 Ao uw
2 faE5 A5 49l (Saff & Snider, 2003, p. 132)
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Abstract

Analysis of Pre-service
Teachers’ Understanding of the
Exponential Expression:
Focusing on a Polysemous

Approach

Kyeonjun Kim
Department of Mathematics Education

The Graduate School

Seoul National University

The concept of exponentiation is covered in the curricula of middle
school, high school, and wuniversity education. In middle school,
exponential expression is introduced through the concept of repeated
multiplication, and in high school, it is extended to include real
exponents. In university, the concept 1s further expanded to
encompass complex exponents within the discipline of Complex
Analysis. When the concept of exponentiation is extended from real

numbers to complex numbers, some of the properties that held true
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for real exponents undergo a change in meaning. This leads to a
multiplicity of interpretations within the domain of exponential
notation. It is a product of efforts to maximize the usefulness of
results and minimize potential inconsistencies based on the principles
of formal invariance and non-contradiction. Consequently, even a
single exponential expression can have different interpretations
depending on whether the considered domain is real or complex.
From this perspective, exponential expression 1s understood as a
concept with multifaceted interpretations for learners studying
university-level mathematics.

To examine pre-service teachers’ understanding of exponential
expression, we analyzed their concept i1mages of exponential
expression from a polysemous approach. To do this, we collected oral
exam responses from students who had taken a Complex Analysis
course at a teacher education college. From the pre-service teachers’
answers, we derived domain-specific conceptions, overarching
conceptions, and meta—premises. Based on this information, we
analyzed the characteristics of group-specific polysemous concept
images of exponential expressions. The research findings are as
follows:

First, pre-service teachers’ polysemous concept images of
exponential expression can be categorized into unified polysemous
concept image (CCC group) and biased polysemous concept image
(CCR group, CRC group, CRR group). Biased polysemous concept
image can be further divided into biased polysemous concept image
of rational exponents in the real number domain (CCR group), biased
polysemous concept image influenced by real roots (CRC group), and
biased polysemous concept image influenced by real numbers (CRR

group). Students belonging to the groups other than CCC group
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mistakenly placed domain-specific conceptions into overarching
conceptions. These students regarded exponential expressions in the
complex number domain as a single-object phenomenon or mistakenly
applied prior knowledge that only holds in the real number domain.
Furthermore, they sometimes misunderstood the concept of rational
exponentiation with a negative base, which is undefined in the real
number domain, through the domain-specific conception that only
holds in the complex number domain.

Second, the formation of different concept images regarding
exponential expression was due to differences in meta-premises.
Students in the CCC group, who had unified polysemous concept
image, possessed a meta—premises such as "properties that hold in
the pre-extension domain do not necessarily hold in the
post—-extension domain.” This generalized way of thinking is suitable
for understanding exponential expression with polysemy. In contrast,
students in the CCR, CRC, and CRR groups with biased concept
images held a meta-premises such as "Properties that hold in the
pre—extension domain always hold in the post-extension domain.”
This 1s a generalized way of thinking that applies in the learning
process up to real exponents but i1s no longer applicable in the
complex exponentiation domain.

This study is significant in presenting a polysemous approach to
understanding how learners comprehend mathematical concepts with
polysemy, which are studied over an extended period. Specifically
flexible understanding of polysemous mathematical concepts by
prospective teachers 1s essential for grasping the essence of
mathematical content in school and for dealing with various teaching
situations. Therefore this research can provide ideas for teaching

exponentiation 1n school mathematics 1n the future and offer
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implications for the education of prospective teachers in Complex

Analysis.

keywords : concept image, exponential expression, polysemous
approach, meta-premise, complex analysis
Student Number : 2019-23685
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