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o7k Hagtd], ol AL AHA FAA F4H THAAY FH A
olfl & stuoltt

s, AW 2E FEAE EYHE 44 F8 A A (formal axiomatic

system)®] F+x2& a3 ZthH(Eves, 1997, pp. 148-149)

(1) o] AAE JrHoz FHgo fojz Aeed AEgAURA, AA
o) A, AAEN FHHE A
7] #E-& o] (primitive terms)e}t g+t

(2) o] AA= 7IEgolsel el grHor THstA @dal Woksol=
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:‘:
(@)
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@
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(4) AA] ve &
(5) AA e 2 A=
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(Francis, 2002).
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e

2011).
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=2 Wth(o] 4

= 2k
= =

3. ‘Ad dA&AS ‘A ARY

< F A A=

A

il

Lakoff & Nuafiez(2000)0] w2 =] A} A]

ds o]

= X
-

Ao, & d

RETA
(¢}

ol 27

_@_

ff

(A 8-F, 1983).
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th-& 1 Zoh(Lakoff & Nafiez, 2000, p. 260).
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s

9) dE E5°l,
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(real Cartesian plane) 2. & Tt}

g AAE “HF3 (categorical)’ o] 2t &th(Hartshorne, 2000).
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(geometrical)’ o] 2} =0 & (Janich, 1992), ¥ A3 RIS 7FA Qi
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woll obFg Wo] Hol:
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Z]

TH(
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o= Z ki (Lakoff &

ol NE7F 4
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Nuafiez, 2000, p. 263)
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=
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MAE2 Aol Rol FAHH
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17k & ol

sl A oH(Bell, 2019, p. ix).

)

= RS A =S
o it}

°] 7bE

Ho
o}
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il
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FAvh, wheba] d 5=
W (A g, 2018), oy F22s HE

°

k)
s

b}

(kenon)®] 3)ofof

RETA

(¢}

51

©

Mo

1o

A
19t (Boyer &

°©

AR of 3 T2 2ol A

o] Frjel Aol th(o] %, 2009).

of A= FAEATRL A4

Merzbach, 1991, pp. 120-122).
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} 9 tH(Furley, 1989, p. 78).
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e A Hw ele] =49

o] AALE & A (A2

td

2008, p. 474). stAIRE Aol opA A3} FZbo] Hom o] FojFrt= AL
I gAE "o R S AAY TERE B4R AYsiA Hed
o] AL o]4ts} = & 13 (discretization program)e©]#}il 3HCHI), thE A ©
2 H7l2Es 83 78S HEete] A 7]stets Al ol A
= 718te A s Ao JFEE olslete Ae 7HEEAIF

AALE S A A AFEH= o] "HolA Akol7F vk A& E
A 718k A iAo 5 WAl v fAxpEol A T]skeA oAt e
S5A4& #AY ol o8] AAEH. o] EHH ASEAAA d2 1
AR FgNA T BES 2he ol AR, A& A d2 g A
czRy T2 Add = A5 Aol ofw, F3tolA e A F
T AY7t B e AS oA9A AYst=A o wel 49 Ege] w1
g2 Fs 7 Uvh weA AR TlskE A didde] e EAE
A Aol #] gk gk A2 FoA A Abagl v, dxEE A
L2 RS YA BEAALS Zta A oR Fxskek Aol

=]
U AdZE, S5 Rl Aol olop (A%,
1988, p. 25; &x13E, 2008, p. 474). o] =H M, o AdE4S S8 =0l
HIESle] Bojof shizd], o] HI2E &2/ WelM = A% 587t
TrAgskal ok EF, e Aol o] Mol mbEojxivin Atk
A = ﬂ%l"i“ﬂ Tl dol EAstal dvkal A= A
Rais

2 flo

13) Ol*Pi} x 2 3ol Lakoff & Nufiez(2000)7F AFE3 @ o=z 7]35138H 4
So] molA o] Fod Aoz Adsai FoA Axe FAE FTin |
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oA AM, AR, WAMS ofmA FolHEsl we AejEA] o

Zj
8, A, B A clalsh qe el @ & sl Aol 3

1. AAd, A&, w3

WA FFUE TAR, oA F4e tedt 2o Rojh

gol 4 AN B F A & Aol

A straight line is a line which lies evenly with the points on itself.

Heath(1956, p. 25 ©| 4el7h HehEe] Aelols faja Aoz
itk BHES AHE bt ¢ BE wE Uolgm ol ssinh
o714 HE e e welx @A St AR olHT F Atk
%, @ 2ol w2 g3 1 Adel BE £e e o, hed Felg
Aol odl the ol meld e HFE gAl@th oRe el
Aol Aol A sbgel oFsted, oed e f3

"
y
o
v
—
=
o
107]
107]
@]
[\
(-]
o
=

—o] m tE A9  T338(Optics); oA

14) & AFdAAE 2= TdE; o &S AAF do tdas wEn A, FdE,
g gz MYge o] FE(2008), 9o WIS Heath(1956)9] Z& wskth Fad 4ol
a8 98-S AAEEEY o)wWlE Fitzpatrick(2008)¢] AS wekth =4, T2, 149
WEs AAT del= A 5 mE 378k @tk 1 e A3 Hel g W&ol of
o 1ol sfdsty] wEolth o, 1] W&o obd Ay B HAA BV

15) Tyl=2 vy g2 (Parmenides); 137e: 3-4.
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-113 Zo] 54 WA, G, K, D)ol gk e el fAB)e o
o =/ ol Aoz xdsta dn ol& & ] gl Izt
of Aldel Adelgts Ae AAstaL Aen, 3 E2kE A4
ek gl Azbe] AJAES ofgste] Aol =2 A AMA(ER
the 4oz yebllva i e 5 v

[ M-1] T338k; o A HA 298 (Burton, 1945, p. 357)

TAE; oA Ade Aoe =9 Aol nls] 7eshs did<d
How AHYE FAsIAt= AHolA 97t dvk(Heath, 1956). 8FA] 7
o] Mo hat Aoy FAAAHT EBFESIL ‘E ZA'Ee Bdo)
oulgt= HhE Y89 olF U foA FrHHoR MHuyyA ger
(Janich, 1992, p. 16; Zormbala & Tzanakis, 2004). o] A& T3] #HA
= olslstrl fsiA = olm Al tigh olmAE zZtal Qlojof F}
(Greenberg, 1993, p. 11). &, o] HAE& &2 Xl AlHo] o] AHout

£3 Mol sl Qs olsely] ojHThD. o AT e L
= ]

16) T#3t, o Aol 21 Qzke] Alokrh EIHE kel Pl HAgel kol fu ww

o] Aloke] ol el 9% o] th(Burton, 1945).

17) A9 B4e ¢ dow Faks wolugth: 4, §4 @ 2 A g
A Aoleh golth SA® Aol 4= A A 54 F o= A
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M el gel, e

;l(ja

e
o
-
i

At Aol dAC o

e

de A9 2 BA

i)

Fo

%9
+

<E M-1> Th4E; oA A, Ao do 2 #A (Heath, 1956; ©]F &, 2018)
R
Aol 1. "AE 24 5 gle Aot
A3 Ao Ao
Aol 2. e Fo] glo] Holvk &= Aot
el 3. Moy & 2 AEo|th
A Ao #A
TE L EE HolA 0E mE goz AHg 18 5 Utk
Aol 1. A& BA 4 9= Aot
A point is that which has no part.

ool Neg Fa) A7 He $uUr AAABN AR F e
2e)4 tgo] obde & = Utk FF= ojfe A FPEL £
3 g Qe AAse SAHor Aste YHoR A4FYE
(A&, 1998), F2e =9 Ao+ olgt Hoh=4 AlaL7h Rk & of
4ot Mg ol dHolm A YgoR vekEe % & 9

SHH, Ao gk Folx= golE ‘A point is that which has no part.
Al oL Helaw Fe RES A e Aotk FAR
Heath(1956, p. 155)= A& ofFA = ol &(nothmg)olﬁ]r A 9] 314
%3 ‘%ﬂ—sj—’@] Wsl Aud F2eso e nvsgdon Pe xu
T ol AoltE S| st= Ao Fohal AT, A F gltheE A
23) oA dAEE Ao T o2 ZAR, Heatht %99 #HE7F Hermann
Bonitz(1814-1888)¢] 141 S 9th Bonitz:E olg2Ede =9 g o]Alal; o A
~9o] HFo] et 1yl agxdE ‘~5 7} RiEoer A S QQufE A vl
2l tH(Heath, 1956, p. 155914 A<1-&)
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SR RS
obot st}
Az2 A AoF Ao Qe Aepuds sus AL 97

A= ZU=(monad)' 2 A 23 th(Heath, 1956; Morrow, 1970). 7] A
RUE = unitg 9 v e 2829 monasol A fElE Aoz whE o]
TFHEE T dva B4R vt gy 52 vkE o] By
ER2RE AAGT A tH(Drozdek, 2016, p. 63). whebx I ERaLE
gratol Al Ruyte WY T4l Sd'e® A HEt(Sextus
Empiricus, 1976; kutateladze, 20060141 A|<1g). H& X7} Ud+= W&
o A Zdo® osfd F Y wEbA oAV|A HE By £
Aolal HEAel onlE At

=5 ol&ste] e AHoE drtaetx stupet de) ofg 2EHE

= owuss 49 77 geay. olYsmdnse  go)yet

(-

;

5
G
(Metaphysics)y ©lA4 A& ‘g E7ls3tdHA AAE 2t A, Zy=
T v EU7lestHA fIAE ZEA v Alolgtar Aokt
(Furley, 1967, pp. 47-4%). o] A ZIRL

Friolwt Zpol7k lemw e AX7E 9

29} zpol 7t glo] Belnh AR ofg A E
e AHHer duetdtts del 9ot v ol 2Ed
P21 8H(Physics)y oA AAE FEEZ Y57 o] ‘B9
TES $AA A dAE F8F F Slojof gttha s T (A H,

o]

2009). #&2 AAE FEEE X
’ _}'\‘ OJ'

24) Oxford English Dictionaryel]l WEw o259 2Uus=s 1 A&7 G924 =2 o
(—) 2. 21 E= Ao tg5+= &4, 3 S ?
AAL 4 NWEARD Az FA T TG on
25) T3 o)A}k (Metaphysics) 1016 b 23-26.
26) A48k (Physics)y 4¥ 10%, 218a6-8.
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=2 =9 AYe ofg2Ed Y20 Hol tigh Al ‘B Erbsed
A RIAE 2= =
Proclus(p. 93)+ ]
Aol Fdetr] woleta a3l
5oz Mol Aojo fiaf 4y H=s shAL.

gel 2. A2 Fo] glo] dojut 3l= Aot

A line is breadthless length.

Proclus® ©] A7} ‘Ael(length) b= 29SS =948t o
‘% (breadth) & FAsttta st (p. 96). Tk, ‘E’o] gt}
o= 74% Q1 “Zlol(depth)’®= gfl&o] WA= Sthal &3
1189 A 120e = FFHAIRE WA AR HOH A

z a2
B FAY Eojont

o] e Hx= g AldE S ol AEE"HYH AR oA AXIY. o
2Edy e AR, i dole 919} ofdf W, 2 A% o
B e Zole oJEN HE WY #dEta st ofg 2E Y
229 wWieto A Zpd L o] Jhegh WEkY ol Y AABEHE o=
olsl&d 4 Att(Janich, 1992, p. 13). ol 2EHH 2= HAS 24 sk W
Fomwt £ Jhed A7kl AU ot 2E Y oA of7]
o] Bt F3s| 7bsslth(Janich, 1992). 22 wWEkoA] Esto] B}
T e AYES A gv Aoz oled

A gy, 4 3 Hol9p Rl wet FR/7F 78] Bk shA W
4ol 28 yWEwors 543 FRY Adevts T g AQdA, oA
AR RE AES T & AJA A & & glok shA Nk o
o thsll, Hartshorne(2000, p. 28) A2 20|49 ‘A’ Al 8o ‘=
Aol ¥t AT Encyclopedia of mathematicoll W= 4 -&

20 THE, 11H A 1 JAE o], F, ZHolE zte= Aot
28) De caelol, 2, 284 b 24
29) Metaph. 1016 b 25-27
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A& E3ste dubAQd HAE AAHSo Ao 4o Z M (straight
= ’d (straightness)o] =] sto Al 2] F =
of Z3t 01‘5 39 MEES o 39 MEsEld +

N i
lo
[‘_>.:

= S8 deF 2 4ol 29 Aol A4S
27 e Aol £FAh AAg0l FAZ e AL 4o 8olA
712 Aoata 4o 9olA] AAze Bz AelF AN B o FAg
F e

aofa A Ao of® WFADIAE B Bhsd 2, Ae Ao
o AN T BT 5@ Aotk AW G} Mo gejwrow
E f2Yse ot dol BA AEE ZFEE AUA, ofUw Aol
HEol Wol THE AUA TFAHOZ 27 ofHrk(Tubbs, 2009, p
207). WekA A3 Aol BAZ setd F e A9 3% FE 12 24

e duEEE

4l 3 e F B HEo|h

The extremities of a line are points.

Heath(1956, p. 165):= 2] 30 A3 A Atele] AAE A st A%
Aew Hokow {FIFY=e AFd ofelyolzt vk shARL
Proclus(AD. 412~485)%= o] A9 3¢ Rogtel digte] A #stitt
(Morrow, 1970). o] E€|™ o] o= “de] & #'o] & EAs= A

@ bk Qi dolut BEE olojxE Ml o] Eo| EAFA

ot 497k EABT olel thal, Heath(1956, p. 165)% ©f AolE ‘w
oF o] £ oW, 1 2 Fsolth 'z oddcl drin oy
olo] W, Qo] AREA HEL, arc) BEE Lol EAGH 1 B

o Aol Hr} A T} AL olojx o] HrhH 1 BL EA4351

30) Aol 8 WHel gl F Aol ME whia, 5ol 3 Aol FolgdA & W, 1
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= 7)ol 7] wE-olt.
gt FRR, gAY A ol AT BPETE A A%
Pz

ol 7hesd. 2 A= AA, A3 Ao Ao AAE T A=

=

s
%= QA ETH(Tall & Katz, 2014). Al
oA 7ststA g FEH o FxetE A g H A
= FE RA ol (Mueller, 1969). uwhebd B A=
o] AL AA A&EA A JHtval ddei o A A%
Aol dAANA AM, M, WHAAE Jidstslr] flE ekelA e E A
o] 3: 49 & EL2 HEo|tf FHIIGL olojA] the HelAE A

g oA AA A sl i A

Ao,
w
=2
N
I
o
N)
4l
§S)
-
e
r

m\l

Yol ol 3 AW A Abele] wAE
o] He| 30] T2

1C_)|_
£ ol fiz o] HoolA ALgHE Lol

kA Heath(1956)7F &gt vh<}
APt SHNA FasH=
.

o Aol 30] Fad

{1

O
=
ko)
>N

o} S :
= gol7} Aaetd gge Aelate dol A&Hon AEH] ol
. Al £e Beltsl 2o Fe: A 6 We) B ASow
rRE, 1140 Aol 2 AAe B AEo A T FAET o
A e A3 A, A3 9, wa g #AE ARas Fa8 §ol
oA ARHOoT AHA g AFHE AF T4 gojojt}
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ofoltt, Aol 1344 ‘Tdll= oW 3 o= FojHn. 1Yl =
Aol 1494 = (figure)= Aolst dlo AFEETY. A 45 ‘=
=9 = =dEod SRS Aolthdd ol B FH, = ‘A= B
of 4ol ZAoltH(A is/are contained by B)E o]%o ojg 7|35}
NS Aoste o FTAoE AMEH = WAootk AEsiAd, E
=8, ‘Eeaoltt = 7|skeA el Ao W&ol FAFQ SH

oA AMH o Aekera Hge] gele] ALgHh

<E M-2> E, 2@, Selt7t S48t 4ol (Heath, 1956; ©1%d, 2018)
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A 2 A W2 E9 TFoundations of Geometry

1. A, A&, 9bAA
dHEE FYACdA AdEe WAHer FoHA et siAT d

Aol ek - AFrel A= FA49 &2 “Hine)s A4
o7 A3 dE Eo], Wylie(1944), Greenberg(1993), %A Y, %7
3120119 Aol = AdE FAHY Eol= B v 1 7tEE d
TAE=H, dH=E FYAE e B
’3}1/}7} —‘?‘Xé—‘l] &o¢l A& Ado=m st Aol7] wEo|th

of JANAM w772

9

2,
=
~
X
=,
rok
it
of,
rlo
%)
)
o
2

Aoa 99 F A A, BE 1dsA A9 BY HES A FE(segment)©]
gt F23, ABY BAR %71 Folt. A9 B Abolol(between) U=
HEe ME AR HEolg =1 w3 AE AR <¢Hinside)ol ¢
o st H A, B AR AB9 % (end point)olg FEth A 9
e e 52 AR AR %(outside)o] EoIdtiar w3ch(Hilbert,

S 3k A H(finite straight line)o&® & o2 A&
g, dHZE FEAoAE ARl WAlHow AHoH
T AHEE FEAA AR FE7t e dubE ] A=

S AAG. a2Ear F A, B Aboldl(between) U= HE

]
B oymA AES o JdE Aoz Aot} oA ‘Alojd’el ‘A
5
H

Nanez(2000, p. 306)7} T3k Aol s W T Al
He Aol dsdEvdr & 5 2
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d A, A, 0, B2 A a 919 Ul Aol stak olul, 0= A% B At
o (between) YA T A9 A" Alolo] AA= L}k A9 A= A o ¥
A A 09 ZFE Fol dvkal dstar, 49 BE A a AlA A 09
E Zo Aot etk A oo HeA A2 09 ZFE Fe e AEY
‘?;(totahty)o OZFE AZE+= Y2 M (ray emanating from O)°]&f

o]
o|
2
3
3 BEv(Hilbert, 1971, p. 8).

[729 M-2] "Foundations of Geometry; oA W24 (Hilbert, 1971, p. 8)
2. #49 &old A A
SHEE FYAcdA dat A2 oE3 2k
A7 Al ZHA el AAE aestaat ok A WA s Aol

gt ki, A, B, C, .. 2= 37|k 7 HA oS Holgt k| g,
b, ¢, .. 5 2% ¥7]|3sAH(Hilbert, 1971, p. 3).

duze FYANN A9 He AoleA % UATE FA §ol
ojth. ol A Mol BAL AdAdow sEsux @ A8, 7
gzAolth, TUE, oMo ge| PAL F3k Aol JEL A B F
of =84 ZA3te 3 g<jlo] ¥ =dl(Mueller, 1969, pp. 294-295), W=
E AN A9 He AdAoln AR ofd wAHL ¢z

9

[rt
t
o
i
.
%)

A A~E (Boyer & Merzbach, 1991). d 3} A 9 =
WA Al Aol ofyet TAEL AFE 32 &g AAel o& A4
A=k A delA BEEo] glvkd oE dojy a2 giA 7}
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5ot th(Nagel, 1939, p. 202). H3h A2 Al & Agste 14
B A5t oma} *a AAE sk ool wgeln (oA |, 2011)

2o #EoHO]: gl stk T3, Greenberg(1993): 3 £o15 A9
7] fleliM = = uE o5 AgdoF okl oW &olE AFYstA %
= Ao= wa;x] gErhd ks Ao whd Aoletar skoith. uhehA
dAdl Fetell A= Aol WAlE o E Vsste AFAA AL gal, on
& A 344 ]é/] RIS

ol S FAHoz Hosth= AL I UdS FAHY o=
AFE s gudth FA Sojd T agiE HFHA Fe A ALE
He &olE 9uEdurtad) dAE, 2005). & ol®, Birkhoff &

Beatley(1999)2] [Basic geometryy oA &= AS A foj2 Fr
w3 The School Mathematics Study Group(SMSG)& 1158t 7]3}
5SS 93 Hilbert$} Birkhoffe] Fe|AAIE AZF3sto] 22719 &
TS o FEAdAE HE FAHY &o2ZA HFH. sHAR
ofwl o] FAHY &2 "gFoXtta A ol ouE ZtA A=
AL ofyw, T e om e} 29e O S E¥ste Ao &
= A TARE(EHF, A8, 2017).

3. A3 A #A

dHl2e gEAd EA4st= & S/e wEdS A9, &AM, §F, 3
P, Aol g WEs F2 de=d 2 TS 8, =4 s
N, & TS 57, B Y VN, A% TS 219 sy = o]
FolA Utk o] FolA A3 e BAE AHstE vEle AF T,
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m-3> A3 &< 1, 2, 3 (Hilbert, 1971)
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o e )
o ol X
I S
TR
) ) X
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N X R
L Y
s ™ 2
il ] =
q q e
CO
< = "
do "= |®E M
ox
= o _
O
= = L
|8 |E
R R ¢
< < —
.| ©
% T CCI
X X W Ry
i i Nk
I REN IS
= -
T T o|®
o A
— [aN] [qp]
oY
W Ho

J)
N

Mo

ol

A <

=
T

of

1 o] th(Hartshorne, 2000).

bf-

|
—_
fite)
o)

ol
o

Mo

)

ek 1 Aol df

T
T

& oy

Mo

o

il 715 stk

9

Tor
—_
fi%e)

ToR

el
ToR

—

NA

il

t}(Hartshorne, 2000).

Eis

(incidence geometry)z}al
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s waze A 4 A%l Atk 459 489S (4B A= 43w, o
REAFA (48, (40, (BAE Holeh dah ol A& [29 m-3]3}
e dolojago ey + QAT oA BH 9o AP
@l gt

(29 mM-3] 23 7|8tes w=sl= =2 (Hartshorne, 2000, p. 67)

td

ggoas ¢4 F87S A HEE 34 Hartshorne(2000, p. 65)
S FEYHE T8, 3 vusds o dW=2E FA FoAA 71 &
7141 FHo] A FEl+(order axioms)olEt SFHTE A FEl TS
el &o] ‘Atololl(between)' o] oW & rASIAL o5 3 A, W, &3t
A EAstE HEo TAE Fosts Ao shsdlzth ‘Aleldl’'s thaat
2ol A 919 AEY BAE V&St fofoth

(o) Mo de2 HZ AT AAlo o, IARAS 7] (description)d}t”]

A3 “Atolell (between)” o] &= ©ol7F AHE-E A o|th(Hilbert, 1971, p. 5).

<3 M-4> A4 2+ 1, 2, 3 (Hilbert, 1971)
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W&

A By ASF C Abolddl Qo A, B, C7F & Ao AR tE Al A
ol B= H3k C9F A Aloldl 011;]_

elel T 4 A9k ol vhatel, A Acel Aolw @ A Bk lolA
C7h Ast B Atolo qivk.

=4 3E 3 | g Aol = Al A @oboR & Awko] yw A F A Afolel] Sl

AN

Greenberg(1993)2] +=2]
Ao Ay et

i
of\
jubad
o
ft
A
>
o
v
—
(N
w
1o
1o

SEEREE

A FE 1A B7F A9k C Abelel QoW A, B C7F g A9
A2 g2 A Holar Be T3 C9F A Atoldl it

A B c

—

[79 M-4] &A1 &< 1 (Hilbert, 1971, p. 5)

Greenberg(1993)= “& B7F A At d C Alolo ATY'E A+ B* C&
Fdst=d, HAES 8l 2 AFoA e o] S WEV|E FH),
oA FE 12 A O gWA 7 v 2gE A B

o
fu

(1) A*B*C el A A, B, C & A4 £19 A= t& Al Holt},
(2) A* Bx C o]l C* B* A °|t}.

(D= F 3 A4, Bk 25 Atele] Al WA A o7F Foixls W, A ¢

35) 4 B7F A A%t C Abeldl 9ltkE vehlE E@e dyAvin vhepsich wm 2
AFN A, 58 A 4FAA Aol el =% W A RHOE AxBrC 8
N @k SAW BaF Pl e EAL A 1 grE 49sg

-Eml
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A c B

[79 IM-5] &A1 &< 2 (Hilbert, 1971, p. 5)

A B 29 Yn)= o [¥ M-6]eF #2o] Foixl q
of pol tisl, A*B*D, B*xC*D, B*D* E & W=3}
7} AA BD 9ol EAFE Flolt

(il
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rr
=
S
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E
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=2h

-
me
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L

[29 M-6] A1 &2 2 (Greenberg, 1993, p. 74)

A B 2 A 919 A9 F Al tiE 2 F A Afel®w
T A Aol 7k obd f1Ael A AN 9o HE EANE Fof

th. webd A4 BDe A By A DellA 2uA 2=

Fa] 39 F Aol A= Al A T Polok & Hwko] Uwx F
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HA gt =oF shr]ol A AAY Aol el thEk §ofe] on]
5 Wegs wd davk Aok WA, TAE; A= 7lskEA Ads A
ofsti Aw el o] ‘&, =, Eeixolt g o7t WA ow A}
|Ht o R =ooA= FAY §oldE Ha AAE € =4
5 FASE guE AMEEE gk 3~ FERo|tP e~
o3l AAAAAR E o]sstara gt 1 ol thad 2k AA, &
T AL A AAY el &, B9 9net FAbstte). =4, A
Al AT Fojsa ARgste= &ojolth. AlA, 3 Ao 54
S OE oty 2Edd 2 g Aol A AAEE &o]7F AFSE T8,

3l¥#  TFoundations of Geometry; oA &= FA £oJ<l ‘Apo]o’<]
olm 7t Aol o3 AT i wHAAE Aot dHel A
EHT o]dd ‘Atoldll(between)'e] WAFH QD ‘Ato] A (betweenness)' S T
Mol o8] FA e §of Atolo' vt ZbA| W= ouje] FTAH o= oF
&3t} o] $-9o] =o 5 Fal Aol 9w E Hu A ST Zlolth

36) AA, &, Edol Akl M el o= vaa 2k 2 ARE 33e) A= 239ket
Ak o] Al doj= BF FEHOR A=Y A Z2 HFYE v gtk

A A= o] oW R Z]Eel ofste] &31E = FHA

B AR, 3 Abs wej oA mRA R @AV HE

= Ab=e] HFE Y ek A A
37) otel=Ed g 2ol A 7]stetA el =424 18I AAA AT, 2009).

AA A g HAA (peras) MEH A= FAe JHA(HFAT, 2015).
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1. ZA g =9

L1 ofgl2Ed 29 B

Se Arlge ¥ gues QAR FARgn @ 5t ol s
Qo] mEw o] ¥ 4 el oJd /A el 2t 54
of BH L, ofd S thgel ‘=G A W FHA HAS
Atk shm, oW slekebd W4 AZ e Jlsketd dak Bel AA
bEow AR AN 4AS gevn @ dF So g are 2
A 7] WEA FHL HAL 24 2om oA AAH 4AWE 2
o3 SITHRA, 2000). obe mEDe At FE FA'S SseA
Bgel AAA 47'e 542 ALsd e 2o

o}

T Mde TAAS(Physics)y oA =2v=d, ofd (Aol F
EEE Uroxe s 'F&HEATL ot ol o] FEES U] T
He W AAE 4T 5 dojof FB(FAR, 2015). A, ol 2E
e == Ty ol (Metaphysics)y 13dlA “AA= (e didS) &
dots =golAY, O AR £8E e ltPa sk o7 2
o tiide] 7] AAlAA oy trE tidd A met B st o5

o 2
il
o
e

Atk oA AHAA He 1 AAZE EFTE F 9A

N
-

+

38) wWebA obelzEde o] A e A9 Hio] ohth shupshu ofel~Ed
dat e 2% 24 @t Aeln A7E 24 % AL obve wel molw A

4 5 goa Bgy) wield oliEddat He BUAA wEo L BE
]_

°

o rlo

'ggl-oleta metem A& gEel el Ao sfdstels A otk 7 A
o WAES thE 49 Ee dhel AU hAE FAHoD EAFTHHA, 2009).
o7l A3 4L BYMon ni Ae A A%A B FARGL & 5 vk



EAE EE e B oln AR, 2015).

TR AR A3k el o Fa A F shb V]

S golt 24 wemz Yol AoAT Aol Ao £ e
Al el Hol e FUSHE EFE 29 Holi Pel'e] o)A
Bas golth He Holsh F2 24 gy olzle Ae Wolsh %
o AglA 1 Aol BFE F glrke Folm, Wiz A WL W
olsh Zo AelN LHF £ Ak LokHAR J15EA el ofw
AAM 2T BbsT u, e Jlsehd ge o AAA 2as
= Aol Jbsdith mtebA o], F olE WE 2 YAE o] A 7
Ao Aol Aao]l BEHEE BE ge BEHE FAL B 5
Gt ol A, A, W, Al AwEA A G AR AT, 2009)

S, AAE FAAIY, BET WA MW A o PO
2 med %3 $e JHE EASEe guddt 4 2@st =
T, 2 A9 AA dol AAHelehs Ao the ol ol T F 9l
oh Aol shibe] Mol oa ¥ e dom REHAhE @ He] Lo
= Aol 9m thE @ A9 AfE o] Quk shite Hom Rl
gidl T ole el AAW Aolth AR Fe BA BSARE o
A

shite] Aol EdEo] F JHe Feo]l B Aow ojsfd 4 glth. of

grEdy 2o EW oA

Uetd Zloz ol d 4 9}

o] ‘AR'EA Fodrprt &l o F 7H9] HA R Eod

E}-E e STH0). 58 o7 o =
o] okt Abfrel ol o =

3].6_' e AbSol 93] &2 skE TS5 AW, 2009).

i)
2

Ao EE F21(2008, p. 474)°] Bl
TH e omAM e EA), deld s 22kl whE AEE

g & = A

o
st bsE, @4 sbsAel wdwE e Aol
Z
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(b) (c)

(a)

(b)-1 A"l ~7ut A, Be} 744 Xoll tiall, A7F B ¢tell gl
A otoll ithd Xi= B okol]

(b)-2 ZH ol ~7)u} A, B 71A Yol tisll, A7} B <tell dal, Y+
Bl wrol v, Y= A9l whel 9l

[ V-1] "ol 27]vt (Lakoff & Nuapez, 2000, p. 32)

A (b)-1, )2+ ¥ (h)EFE Fusirt, o]

h7b Zde] olm x| FR S TRl =EE Feta i
of ¥+ Mo Agat 1t 4 8
wolth olojA f19 19 (o) T d ‘/}0}7} 242 dAE H
= MEA A"y EEe AA S, o] 4 |

¢ Boll sAlel EAg. HEloly 27lnke ofA7 B4 AL
H FAsE AT Yoyt 244 dAE Holdoew R stow
of gk =43 =& A olsfetar 1A = UA sk AAA

ol th(Lakoff & Nuafez, 2000, pp. 32-33). T3+ ZH oy ~7|n}7}

2 AdE =g3td A fsﬂﬂ]ﬂ =z 9243 o 2 (Lakoff
Nanez, 2000, p. 140), 231 &, F8&, A¥dsE, 25 A B

2
W oW, FAE EA opoltlelt Adeld @e

i)
o
ofl
o
2,
N
i)

k)
o
ol
o,

o
in
~N

o

-

R
MEogo HTORN

M

) ’

-

A (containerlike

43) ¥ Yot JeES 7w @ 944 ‘Fﬂ"ﬂ/ﬂ ‘74 Al(boundary)’ ol thaf] 43k
o5 WA & AFelA 2 HofE v By esra Suso] gex o
ct.

§3 o_.>i
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ZA" oy 27utet= &ol7F FHH 7] ofdFH A thdk A
EAAT. g o]FPENELS UdAe] HEoRw FEozl w4 AAE
Al Alg-arzb skl o o] Aol 7]skste] o] wHvtal gy EEtE
< Trli=(Menon)y NA ‘ZE =] dialA, A7 AA o A
A A= vke] Aol =F'olgt g wp Qv T g 2 A5
Aol whEE gl osiA SAIA A A EAS EEFE LERIL
A5l A4S gobs = JA At A7t T, AAl= A
(peras)E AHOo=ZH hdafxa e ZHASZ o]t by Zo

? o= & %

A EAGTE A, 2 2H2e 7, olBUe 4, AF A
Q

NA T8-S Afretal glow, ol 37

33 a1 A2S AA 3 (Trendelenburg, 1898, p. 25).
olFA ddH Bl i 17k HAAe B AW s ARH N
spontanueous concpet)2t =4l (Cornu, 1981; Tall, 1991, p. 15494
A1), BA NS vtE o] AAA e sjgEdHa & & v
=, DA mtFAlE AbEC gk 7 AdS Fe kb A Al
el AA=HA Fofsial 1A st oA Wy FAstE 7]skehE o
&e] AA ek o]af 2 o]oj A= ol

L
~—

2. Aol el HE =9

21. TAE,; o A2%H Ato]A

ool A T gdel wet T2, oA o =gl Aol TAH
A=d, 2 T Syt HkE Afo] A (betweenness)ol  thE Aelth
(Greenberg, 1980). T &, o= Ale]Adol digt F2|7F EA8HA &l
= Eetal 2 Es o AACAA Aol S dEHeR M sa

44) Tv=(Menon); 76a.
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(Hartshorne, 2000, p. 2). 2 o= A 109 s SHEAA =g}

FA 10 2 FojW ARG oG Rt}

(1) ABE Fox d¥olg kAL
(2) AB 919l A28 ABCE T-THWA 1).

(3) £ ACB7} A& CDdll 23] o5&

(4) o)A AR AB7} A Dol ol& o]5RES Holx}

(5) A¥ ACSt CB: M=E Za, AR CDe F5olnz F AR Ace
CD= ZYZy A% BC, CD9} %t}

(6) Z18]3L £ ACD®} 2« BCD+ %

(7) wetA, @i ADE U BD9F 2uh(8 A 446),

(2" V-2] T&, 179 A 10 (Greenberg, 1993)

45) A 9 1 Fo A3 o] sEstol Tt
46) BA 4= SAS FF AeE ov g



1980).

7/

D A B

(29 V=31 & D7} A A%t A B Aloldl] A &e A¢
(Greenberg, 1993, p. 73)

Aot 2o addAE THe YUY A= B fFEst. 5wl
ADS} Ul BDE U= ZAEo] y2t)h wEbA o] FHolA 19 9
E5A] &3 H D7 A A9 B AFole ue= AMA S HAT 4 Qe

T A Abolel]l A=A o] ofF= F o] wi
A=Al gt =2lo] 7| %= stth(Hartshorne, 2000, p. 34). ©]
= S 4o A =g

47) WA 72 AR el SSS e 2ol tiE WA 89 Tl AMEE T Aol T2

3.
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o] WAk etk ol AbaL HA L HE FHol AR 7o
o EAets A5 5T wiA e A0 oEstH o] tfoloj 1
= ARESHA] gae ASEIA AEE F ok ol d iAot wA=
W =Yg Eo e veAoer AHeke SAY d-Hddsd 18E 5
S AT Aol AolAdel gt ¥ 2 o] th(Hartshorne, 2000, p. 35).

2.2. Atol el gk A+

Hartshorne(2000, p. 73)

of Aol v o] FEjvy oM e A¥s wEa ads

rlo
>
>
o,
oX,
=2
=
ot
A
==
ol
rlo
o
i)
o,
e,
ox
i)
0,

(Russell, 2014).

18881 o] Paschi= AtelAd o] 7HdE& 7IWwte = 3 A= 84 7%
= A A3 o] Paschel 7]388He =4 7]38}8H ordered geometry)ef
1 B £A4 e AtoldE T8 JidoeR stuA F73
(Measurement)] 7N'dS wlAlet= 7|8kste] & FJE|E L3op4d). Pasch
9] ¥ A= Peano(1889), Veblen(1904) 5 ol Fatxfo] <ol&f 7HA 5
dom IHZE FYAdE w2 JgS 1 HH(Coxeter, 1969). L H =
E FHA ¢4 FE L Paschol 9&] Al<tE =4 (Troyanov,
2014), &3] vl WHA A F2lE Pasche A3 dHo=z Qg F o
Pasche] A2 Byt o] Fg= A@#Aom 3 2 o] 4H7E 9

48) =4 71sere ol H (affine) 7|3te, FF 2 =(Euclidean) 713}, At (absolute) 713}
& 43t (hyperbolic) 7]3F8te] WA Abol Aol that 7] G2 (framework) S A 33},
49) A, B, C& 3 A $lo JA &2 Holzgt sta a5 M H A, B, C & o' HE
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3 WM AX YWREZR Boiud, tgE 3 WS AX R yus
S @3cH(Greenberg, 1993, p. 80).
A 718Fstell Al A3 Mol dish FElE A¥rEd oS3 2ok

(e a) Wk At B7F b F AW, AxBxCE WEIE= HolxE I )
o A o7F EAFT

(&2 b) wteF AxpxColW, Ast C= o Flolth

(&2 c) W AxBxColH, CxBrAC)AW BxCx A= ot}

(el d) & ok D7F A AB 19 A& b AHold, A= A CD $1el 3

oy

(8 a)v A 4, B7F AT Wl 4xpxCcE WFHot= H oo EAA
= B v A7 FEIRE A A2 A ot F A 4, B
o] Afolel]l EAfst= Zlo] ofehs Aotk =) FEE
A He Aol F A" Afolo] EAsk= Hol ofd Aolth (37| b)ol A
‘B7F A%k ¢ Atolel A= A A A% o7 AR dEvE S 9|
kol 19 7] wjiEel ‘B7F o9F A Atolel AW =, CcxBxA7F FQAA o
F7b fa3sk =971 "k (38 o xBxA7F Folm o]k HEo] Bx
CxAT AAYS Fa vk BxcxA7F AAolEE AL whA] AHEE
g 30| Mo] ¢t 5o HAst
A 7lststol = obA S oFEehA] ko E=E AL
Fdalojof s}t AxBx (7} CxBxAT WAT BxCxA
= AFYES sroldud, oxBxAE BxAxC7F AAYLS sheoldtl u}

=
A BRbol yw A F 4 Atolo] vt 2E
o

23 =4S 2

)
ox
(2o
o
e

oo
o,

=3

ol

S} p7F QW A 4B 9} A cpe B O] Xﬂ% SR I K |
o] A A, B, ¢, Dol W] od F F& AdEste] A FAsiE =
O AES AR 2SS RS

AUA ek Y ABC 919 Aele sk wek, o Mol A% AB Sl A& A
7 e MR AC B AR BC 99 H& Adr,
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Aol 71sker FEl Al Al e FEldt oyt oy WHE FaA
: : = 4= 9lt}. Ten Brinke et al., (2004)= 7
g8 Bolstaivt. Ad g dek

ME oE Al A oa b, coll tisll AEdA pe o3 2ol Fojdnh

(a,b,c)E8 < dla,b) + d(b,c) = dla,c)

Venema(2011)o] w2 Alo]A]L TS Zo] A4 AA &4
AE oS3 E A 7Hssitth

ABCE AR 1 919 A= bE A Fold s agm g
frloRE ] MF HE G5 4 3 O ASH B Abold] 9 A
2 f(A)<f(O<f(B) & f(A)>F(O>f(B)A Az sAelth

l

A, ME TN A5 27 a%h b Aol A8 dme 4

A (axb)E WFH oz tpe3 o] Ao % (Hashimoto, 1958).

i

(axb)ex =aa+(1—a)h, 0<a <1

53], Russell(2014)2> Alol/d & e += AHa A <
2 t}h Russelle] w2, Aol o] st &4 RS 23
= 1 BAE BYT g gl &4 #AVE BeEHY] A& 7R A e
12 & Al 7h9 47 des, 24s 5 stve o0& 7 JhY A}
of At} A 7He] &S a, b, c2 3 D7} a®t ¢ AFo]el Qlﬂr’ﬂ‘r»‘i 2
of gk Aojolx} A FEEUE bl ek ae] #A,
A7 A& wjoltt. spAINE ojuf acl Wigk b ¥Al, bl
= SASHAl eFotob gt mReF yol] thdk xo ¥ RE xRyE Y
Eldtd, ‘b a9t ¢ Akoldl s A AoE usd 2ok Ml & a,
b, coll W3l akb, bRcO) A bRa, cRb= oFd ™A Ro] &350, o]
gk Aol stollA T HAES dubd oz Awe Ao=m AAHEY



(Russell, 2014).

(1) b7k a9k ¢ Akelel laL c7F beb d Abolel Uthd, b= a%l d Akl

of SAth.
(2) b7k a9k ¢ Akelel laL d7F ask b Abelell AthH, b= doF ¢ Akl
o 3l

=, ‘Aol Aok A2 oAdoeZE Al 3 Alo] TAIR] AAH B
oA qk AL o #A A thzt #AA'S Z3tth(Russell, 2014,
p. 211). olw F 3 Alole] #HA = F9| 4 (transitive)o] 2 HFT) A A

(asymmetrical)©] tH(p. 216)5D.

)

CAM, HE, wH A Re

Peanot Alol A< o]l &3t AdE o33 2o Bosttt. ‘A
T A a bl el zxaxpE WHoks 25 AR, axareE WHSE o
59 A axprrs WEFE 259 AT A o, 09 TGO} B}
FAH o R Vailativ Foldola #A AR #AAES] EAHT AFE
oj-g3ote] A ABostitt. 13 SAFE Kb st oJwI F A
Abelol= A7 Kol gk @AV & sty =A%ty 1ed #AE
Rrolgl st¥ #A RS Ads BYTH. F) @, 07t aRbE WS T
AolW o= Ads e ket "FeF arpol™, aRc Ot cROE W
b= A o7b EASH, srdE Vot A de SATH oA A=
A9 Peanod AHolA L3I 24E BF zZrEUE AL gt

(Russell, 2014, pp. 394-395).

50) ol A& theat o] EAY % AUtk b ash ¢ Atelo] Atk A'E ‘ash b, 1)
® bk o WAL Folsoln WA WA Rol EA B 5 Aol
oW rRyY W #A R FolAoldm @ ma,

‘2RyolH yRx'd wl 3A RS A A (symmetrical) o] 2t 3} A Holx] %S o
= xRyolAT &4 yRxQl AL ofd w v Holgta 3o}
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= Aol an, o9
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<HEZ1> TAR ;) oA ‘Eg#o]th(be contained by) 7} AFgEHE A9
(Fitzpatrick, 2008)

W&

19 49 15

A circle is a plane figure contained by a single line which is called a
circumference, (%)

14 < 18

A semi-circle is the figure contained by the diameter and the
circumference cuts off by it. ()

1 Aol 19

Rectilinear figures are those (figures) contained by
straight -lines (%)

27 el 1

Any rectangular parallelogram is said to be contained by the two
straight-lines containing the right angle.

37 49l 6

A segment of a circle is the figure contained by a straight-line and a
circumference of a circle.

38 A 7

The angle of a segment is that contained by a straight-line and a
circumference of a circle.

398 Aol 8

The angle in a segment is the angle contained by the joined
straight-lines, (%2F)

34 4] 10

A sector of a circle is the figure contained by the straight-lines
surrounding an angle, ($-2F)

114 4l 5

The inclination of a straight-line to a plane is the angle contained by
the drawn and standing straight-lines, (52F)

114 4] 6

The inclination of a plane to another plane is the acute angle
contained by the straight-lines, (52F)

1148 A9 9

Similar solid figures are those contained by equal numbers of similar
planes (which are similarly arranged).

1148 A9 11

(=) .. a solid angle is that contained by more than two plane
angles, (%)

114 49 12

A pyramid is a solid figure, contained by planes, (which is)
constructed from one plane to one point.

1148 A9 13

A prism is a solid figure, contained by planes, of which the two
opposite (planes) are equal, similar, and paralle, ($-2F)

1148 e 25

A cube is a solid figure contained by six equal squares.

1148 A9 26

An octahedron is a solid figure contained by eight equal and
equilateral triangles.

1148 A9 27

An icosahedron is a solid figure contained by twenty equal and
equilateral triangles.

1148 4e] 28

A dodecahedron is a solid figure contained by twelve equal,
equilateral, and equiangular pentagons.
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Abstract
A Study of Two Perspectives

on straight lines, line segments,
and rays and the Properties of

Points

Jung, Soon-Won
Department of Mathematics Education

The Graduate School

Seoul National University

The purpose of this study is to derive different perspectives on
straight lines, line segments, and rays, and the properties of points
from each perspective, and to find implications for school geometry
education. The research method is literature analysis and review, and
the research objects are Euclid's Elements, Hilbert’s Foundations of
Geometry, and literature and data on 'boundary’ and ’'betweenness’.
The two perspectives on straight lines, line segments, and rays and
the properties of points derived from the literature analysis and

review are as follows.
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In the "natural continuum” perspective, straight lines, line segments,
and rays are not constructed from a collection of points, and points
are themselves tools for dividing continuous lines. A line divided by a
point 1s said to have "boundary property” if there is a point at the
location of the division. Thus, a straight line, a line segment, and a
ray have 0, 2, and 1 points with boundary property, respectively. On
the other hand, from a "set of points” perspective, a line, line
segment, or ray 1S a collection of points and requires a rule or
relationship between the points. For example, the ordering relationship
between three points on a line, such as "there is a point between two
points,” ensures the existence of the points and specifies how they
are arranged. When the existence and position of a point 1is
determined by a rule or relationship with the other two points, the
three points are said to have a "betweenness property”. Straight lines,
line segments, and rays are sets of points with the betweenness
property.

We then analyzed elementary and middle school geometry textbooks
based on the perspective of straight lines, line segments, and rays
and the properties of points. As a result, we found that the "natural
continuum” perspective predominates in primary textbooks, and the
"set of points” perspective begins to emerge alongside the "natural
continuum” perspective 1in secondary textbooks. In addition, the

/

'vertex of ~', which accounts for the majority of points studied in
elementary textbooks, 1s considered to be a point with boundary
property. Based on the results of the analysis, we concluded that
elementary textbooks should emphasize the "natural continuum”
perspective and points with "boundary property,” and suggested the
following implications for the organization of elementary textbooks.

First, a term for points with boundary property should be introduced.
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Second, among straight lines, line segments, and rays, line segments
where both points have boundary property should be taught first.
Third, provide opportunities to learn to distinguish between straight
lines, line segments, and rays based on points with boundary property
and to identify and view their relationships.

The results of this study are significant in that the different
perspectives on straight lines, line segments and rays, and the
properties of points can provide new perspectives on elementary and
middle school geometry education. However, the limitations of this
study include the fact that it is a theoretical study and does not
consider the cognitive level of the students, that it does not analyze
the properties of all the points studied in school geometry education,
and that it does not suggest any implications for the properties
between them. In order to overcome these limitations and provide
broad and meaningful implications for school geometry education,
further theoretical and empirical studies are needed. We hope that

this study can serve as a reference for further research.

keywords : straight lines, line segments, rays, natural
continuum perspective, set of points perspective,
boundary property, betweenness property
Student Number : 2021-25636
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