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ABSTRACT

Umbral oscillations of intensity and velocity are conspicuous dynamical features
in sunspot umbrae. They are associated with slow magnetoacoustic waves propa-
gating upwards from the photosphere to the corona along the magnetic field with
the sound speed. Interestingly, recent observational studies have reported that these
waves appear to propagate across the magnetic field, forming complex horizontal
patterns. The study of oscillation patterns is significant because they give us infor-
mation about the nature and origin of umbral oscillations and how they can trans-
port their energy from the source region to the chromosphere or above. Moreover,
oscillation patterns are useful to infer the properties of the source region because
they propagate information about the medium which they pass through. Despite
several endeavors to understand the nature of oscillation patterns, it is still elusive.
In this thesis, we devised theoretical models to understand the nature of observed
patterns in sunspot umbrae using the data obtained from the Fast Imaging Solar
Spectrograph of the Goode Solar Telescope and the Atmospheric Imaging Assembly
(AIA) of the Solar Dynamics Observatory (SDO).

First, we suggested a theoretical model that interprets the observed spiral-shaped
wave patterns (SWPs) as the superposition of the axisymmetric mode and the non-
axisymmetric mode of slow waves driven below the sunspot surface in an untwisted
magnetic flux tube. We applied the model to the observed SWPs of the line-of-sight
(LOS) Doppler velocity. The oscillation period of the SWPs was about 160 s with
a duration of about 5 minutes. According to the suggested model, the spiral arm
features were reproduced by the non-zero azimuthal modes (m # 0) driven 1600
km below the surface in the pore. The observed one-armed SWP was formed by
the sausage and the kink modes, and the two-armed SWP was reproduced by the

sausage and fluting modes in the flux tube.



Second, we analyzed the observational properties of the SWPs by using the
SDO/AIA 304 A. We investigated 496 sunspots in the disk center for 2 hours from
the 2013 to 2018 data set. We found 241 SWPs in 140 sunspots with a detection
rate of 0.24 per hour; 192 one-armed SWPs, 48 two-armed SWPs, and only one
three-armed SWP. The lifetime was 780+ 250 seconds, and the oscillation period was
149435 seconds, being comparable to those of conventional umbral oscillations. From
the apparent angular speed, we estimated the rotation periods of each SWP. The
rotation period of one-armed SWPs is 183+72 seconds, and that of two-armed SWPs
is 317+£132 seconds. The observational properties of the SWPs were irrespective of
the hemisphere, latitude, and size of sunspots. By supposing the observed SWPs
originated from localized random events in the interior and by using the eikonal
method, we inferred that most of the SWPs were generated between 2 Mm and 10
Mm below the surface with a mean value of about 6 Mm.

Third, we successfully reproduced the temporal evolution of the observed chro-
mospheric oscillation patterns using the subphotospheric fast resonance model. Be-
cause of the cutoff wavenumber of the fast body waves, only a few low-order modes
can be trapped in the pore-like small-scale flux tube. Through the fast-to-slow mode
conversion, the inherited patterns of resonance of fast waves in the subphotosphere
can be detected in the chromospheric oscillation patterns of slow waves. This model
is the most important achievement of this thesis. It sheds light on the subphoto-
spheric seismology in sunspots in that we can infer the unobservable atmospheric
properties from the observed chromospheric oscillation patterns.

Our approaches provide new insights into the nature and origin of umbral os-
cillations. Furthermore, our results will give a better understanding of the energy
transfer of waves from the interior to the solar corona and infer the internal structure

below the sunspot surface.
Keywords: Sunspots; Magnetohydrodynamics; Solar oscillations; Solar atmosphere;
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Chapter 1

Introduction

Oscillations and waves are ubiquitous dynamic phenomena in the solar atmosphere.
One of the most well-known wave phenomena in the Sun is the global standing
acoustic waves of pressure mode (p-mode) trapped in the solar interior (e.g., Ulrich
1970; Deubner 1975). Since the predominant restoring force of the p-mode waves is
the gas pressure, they are detected from the temporal changes of the intensity and
the Doppler velocity with the dominant period of 5 minutes at the photosphere. The
source of these waves has been considered as the turbulent convective disturbance of
the photosphere at the top of the convection zone near the solar surface (Goldreich
& Kumar 1990). Since the p-mode waves are trapped in the spherical Sun, the
global patterns of the waves can be mathematically described in terms of spherical
harmonics in three dimensions.

In a localized and magnetized region, such as a sunspot, waves have also been
reported. The nature of waves in a sunspot is somewhat different from acoustic
waves because they are affected by strong magnetic fields. In addition, the waves
in a sunspot can transfer their energy from the interior to the corona along the
magnetic field and contribute to the heating of the upper atmosphere. Recently their

two-dimensional patterns in umbrae have been reported, but it is still elusive what



2 Introduction

makes these patterns (e.g., Sych & Nakariakov 2014; Zhao et al. 2015). Therefore,
the understanding of wave patterns in sunspots is significant in that they give us
information about (1) what generates the sunspot waves, (2) how they transfer their

energy, and (3) the medium where the waves occur.

1.1 Magnetohydrodynamic waves

Magnetohydrodynamics (MHD) is the physics that combines hydrodynamics and
electromagnetism to describe the fluid, especially plasma, in a magnetized medium.
The importance of the magnetic field relative to the plasma is decided by the plasma
beta,

D 8mp
5:?:§, (1.1)
m

where p is the gas pressure and p,, = B%/8 is the magnetic pressure and B is the
magnetic field. This plasma [ is also represented in the ratio between sound speed
(c2 = ~p/p) and Alfvén speed (v4 = B?/4rp),

p=2¢

:
5 E, (1.2)
where v is the specific heat ratio, and p is the density of the plasma. In a low-£
plasma (8 < 1), the Lorentz force is dominant, and the Alfvén speed is much higher
than the sound speed. In contrast, in a high-3 region (8 > 1), the pressure gradient
force is dominant, and the sound speed is much higher than the Alfvén speed.

For the sound waves, the restoring force is the gradient force of the gas pressure.
For MHD waves, the Lorentz force also works as the restoring force. This Lorentz
force can be separated into the gradient force of the magnetic pressure and the
magnetic tension force. The combination of three restoring forces generates several

MHD wayves.
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1.1.1 MHD waves in a uniform medium

In a uniform medium, several MHD wave modes are decoupled from each other,
so the fundamental properties of each mode can be described easily. Thus it is
essential to understand the waves in a uniform medium. In this medium, MHD waves
are separated into the Alfvén waves (Alfvén 1942) and the magnetoacoustic waves
depending on the compressibility of the plasma. Figure 1.1 shows the summary of

the MHD waves.

Alfvén waves

The magnetic tension force generates incompressible waves called Alfvén waves. The
Alfvén waves can transfer the magnetic energy only because the restoring force is
the magnetic tension force only. The phase speed and group velocity of the Alfvén

waves are given by,

% = w4 cosfp, (1.3)
ow -

— =tuyB 1.4
ok vas (14)

where w is the frequency, k is the wave vector, k = |k|, 65 is the angle between the
direction of k and B, and B = B /|B] is a unit vector in direction of B. Thus, the
Alfvén waves transport their energy along the magnetic field, and cannot propagate
across the magnetic field. The motion of Alfvén waves is perpendicular to both the
wave vector and the magnetic field because the Alfvén waves are incompressible
(v L k), and the direction of the magnetic tension force is perpendicular to the

magnetic field (v L B).

Magnetoacoustic waves

The magnetoacoustic waves are the compressible MHD waves generated by the com-

bination of gas pressure and magnetic pressure. From the dispersion relation, the
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Magnetoacoustic Waves
Alfvén Waves
Slow Waves Fast Waves
Compressibility Incompressible Compressible
. . . p and p,, p and p,
Restoring Force Magnetic Tension (out of phase) (in phase)

Along the magnetic field

Propagation Along the magnetic field Cannot propagate across the field Quasi-isotropic
Low-|
Propagation Speed v, High ‘; 2] Va
igh-| Va Cs
) Low-B v || B (longitudinal) v.lB
Motion vikandv 1B - ——
High-p vlk v || k (longitudinal)
Low- Acoustic Magnetic
Nature Magnetic - d - 9 -
High-p Magnetic Acoustic

Figure 1.1 Summary of the MHD waves.
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phase speed of the magnetoacoustic waves is given by,

w? 1 2 2 2 2
= =3 (cs—i—vA)i\/(cg—i—vA)Z—élcgvAcosQQB . (1.5)

The magnetoacoustic waves have two solutions; one is the fast magnetoacoustic waves
with the positive (+) root, and the other is the slow magnetoacoustic waves with
the negative (-) root.

Fast magnetoacoustic waves (or fast waves) are generated when two in-phase
gradient forces of gas pressure and magnetic pressure disturb the plasma. The phase
speed is faster than two characteristic speeds (sound speed and Alfvén speed) and
propagates quasi-isotropically in the low-8 and the high-38 plasma. The velocity
perturbation is in the plane of the wave vector and the magnetic field, and the field-
parallel component is in phase with the perpendicular component. In the high-8
region, the fast waves have an acoustic nature transporting more acoustic energy
than magnetic energy with the phase speed of the sound speed. In addition, they
are longitudinal because the velocity perturbation is aligned with the wave vector.
On the other hand, in the low-3 plasma, the fast waves transfer magnetic energy
with the Alfvén speed, and the motion is perpendicular to the magnetic field. Thus
(magnetic) fast waves in the low-3 region are sometimes called compressible Alfvén
waves.

Slow magnetoacoustic waves (or slow waves) are disturbed by two out-of-phase
gradient forces of gas pressure and magnetic pressure. The phase speed is slower
than the sound speed and the Alfvén speed. Similar to the Alfvén waves, they
propagate along the magnetic field and cannot propagate across the field line. As
with the fast waves, the velocity perturbation lies in the same plane of the wave
vector and the magnetic field, but the field-parallel component is out of phase with
the perpendicular component. In fact, the motion of the slow waves is orthogonal to
the motion of fast waves. In the high-3 region, the slow waves have magnetic nature

transporting magnetic energy, and they are transverse to the wave vector. In the low-

r,
b |
I 1

F _'\-.'.“:_1-]5 '_.-:Ji
T -'| T
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B region, the slow waves are considered one-dimensional sound waves because they
propagate along the magnetic field, and their motion is aligned with the magnetic

field showing the longitudinal nature. See more details in Roberts (2019).

1.1.2 Waves in a flux tube

Except for the ideal case, plasma in the Sun is non-uniform and inhomogeneous be-
cause of the structured magnetic field and the effect of gravity. In an inhomogeneous
medium, waves are dispersive: the propagation speed depends on the wavelength.
Thus we should understand the properties of the waves in such a medium.

At first, we consider the magnetoacoustic waves in a cylindrical magnetic flux
tube surrounded by a uniform medium. If the waves are trapped in the flux tube and
exponentially decay in the surroundings, the waves in the flux tube can be classified
as surface waves or body waves by the behavior of the wave motions (see Figure
1.2). The surface waves exponentially decay from the interface, so the radial motion
is maximum at the interface. The motion of body waves also decays outside the flux
tube but is oscillatory within the flux tube. The total pressure perturbation (pr) of
waves inside the tube can be described by Bessel functions I,,, and J,, in cylindrical

coordinates (r,0, z),

Iy (kyr)expi(k,z + mB — wt), Surface waves
pr X (r < R) (1.6)

I (krr) expi(k,z + mb — wt), Body waves
where m is the azimuthal mode, k, is the effective radial wavenumber, k, is the
vertical wavenumber. The total pressure perturbation in the exterior is described by
the Bessel function K,,.
The waves in the flux tube can also be classified according to the distinctive
geometric patterns of the boundary (see Figure 1.3). The symmetric expanding or

contracting boundary is referred to as sausage mode waves. The central axis of the

r,
b |
I 1

F _'\-.'.“:_1-]5 '_.-:Ji
T -'| T
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(a) (b) (c) U U U

Figure 1.2 A surface wave on (a) a single magnetic interface, (b) a magnetic flux
tube, (c) and a body wave on a magnetic flux tube. The surface waves decay away
from the boundary where the velocity is maximized. In contrast, the body waves are

oscillatory in the flux tube. (From Priest (2014))
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Figure 1.3 A sausage mode wave (left) and a kink mode wave (right) on the magnetic
flux tube. The sausage wave has the symmetric motion of the flux tube. The kink
wave is described by the asymmetric motion displacing the central axis of the flux

tube.(From Morton et al. (2012))
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tube is not perturbed because of the symmetric motion. In contrast, asymmetric
transverse motions disturb the central axis of the (thin) flux tube like the motion
of a snake. These waves are called the kink mode waves. Moreover, the more com-
plex higher-order motion of the tube boundary is called fluting modes. The motions
of kink and fluting modes can be linearly or circularly polarized (See the review
Nakariakov et al. 2021). More generally, symmetrical motions of either surface or
body waves are categorized as sausage waves, and asymmetric motions are classified

as kink waves.

1.1.3 Waves in gravitationally stratified atmosphere

When the gravity force is not negligible, we have to consider the effect of gravity on
the medium. In this medium, the mass density and the plasma pressure exponentially
decrease with height: p = pg exp(—z/Hp) and p = pg exp(—z/Hy), where Hy = c2/vg
is the density scale height, and g is the gravitational acceleration. On the other hand,
the amplitude of the oscillations becomes large with height because of the energy
conservation (v oc p~1/2 o exp(z/2Hp)). This atmosphere is called the gravitationally
stratified medium.

Two distinctive effects occur in a gravitationally stratified medium: the acoustic

cutoff frequency and the mode conversion.

Acoustic cutoff frequency

The acoustic cutoff frequency is the critical frequency of whether a particular fre-
quency of acoustic waves can propagate. The acoustic cutoff frequency acts as a
high-frequency filter that the waves with the frequency below this cannot propagate
upwards but exponentially decay, which are called evanescent waves (Kalkofen et al.
1994; Chae & Goode 2015). Only the waves above the acoustic cutoff frequency can

pass through the medium.
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This acoustic cutoff frequency occurs due to the presence of a gravitational force
acting as a buoyancy force. The density gradient creates the buoyancy force oppos-
ing the propagation direction of waves. This buoyancy force is proportional to the
distance from the equilibrium position in the stratified medium. When the buoyancy
force is stronger than the pressure gradient force, waves cannot propagate. It means
that the waves with a wavelength (\) longer than the given length scale 2H cannot
propagate. From the relation of w = ¢4k oc A™1, this critical length can be converted

to the timescale of cutoff frequency w,

cs g
- =29 1.7
YT 9H, T 2es (1.7)

Therefore, the acoustic waves of frequency larger than the acoustic cutoff frequency

can propagate.

Note, the acoustic cutoff frequency has a similar value to the Brunt-Viisala
frequency (N) of the internal gravity waves at the temperature-minimum region.
If the waves propagate obliquely, the acoustic waves with a frequency higher than
the acoustic cutoff and the internal gravity waves with a frequency lower than the
Brunt-Vaisala frequency can propagate. Thus the acoustic cutoff acts as a high-pass
filter of the acoustic waves, but the Brunt-Vaiséla frequency performs as a low-pass
filter of the internal gravity waves. For the case of slow (acoustic) MHD waves in the
low-beta region, the internal gravity waves cannot propagate because the waves are
aligned with the magnetic field (k, > k). The dispersion relation of the acoustic-

gravity waves is given by (Roberts 2019),

2 2 2
9 wf—w; 9 (N
ks = a2 + k5 <w2 - 1) . (1.8)

See more details in chapter 9 of Roberts (2019).
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Figure 1.4 Schematic diagram illustrating the mode conversion in two inclined mag-
netic fields (sky blue). Here the curved black arrow indicates the ray path of the
fast MHD waves, the red arrow represents the wave vector of the slow waves, and
the blue arrow is the wave vector of the Alfvén waves. Some fast (acoustic) waves
are converted to slow (acoustic) waves in the equipartition layer (black solid line),
and some fast (magnetic) waves are converted to Alfvén waves. The efficiency of the
mode conversion decrease with the angle between the wavevector and the magnetic

field. (From Khomenko & Cally (2012))
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Mode conversion

In an inhomogeneous medium, some of the energy of one wave mode can be trans-
ferred to other wave modes. Assume that the atmosphere is gravitationally stratified,
but temperature and the magnetic field strength are not varying with height. In this
atmosphere, the sound speed is constant because it depends on the temperature
(cs o< T), but the Alfvén speed is exponentially increased because it is inversely
proportional to plasma density (v4 o p~1/2? o exp(z/2Hy)). Thus the sound speed
is higher than the Alfvén speed in the deep region (high-3), while the sound speed
is lower than the Alfvén speed in the high atmosphere (low-3). In between, there is
a region where the sound speed and the Alfvén speed are about the same, called the
equipartition layer. In this layer, the speeds of slow and fast waves become similar,
and the two modes are coupled. Thus the energy can be converted between two
modes, and this process is the fast-to-slow mode conversion. This mode conversion
process conserves the nature of the waves. It means that the acoustic nature of fast
waves in the high-3 region are conserved when they are converted to (acoustic)
slow waves, or vice versa (Figure 1.4).

In this thesis, we do not add the gravity force on the momentum equation for
simplification but utilize the concept of the acoustic cutoff frequency and the fast-

to-slow mode conversion process to interpret observed features.

1.2 Umbral oscillations in sunspots

A sunspot is a dark region where the magnetic fields are concentrated. As the mag-
netic tension suppresses the convective flow, the sunspot looks darker, with a tem-
perature of 4000 K. The sunspot can be separated into the umbra and penumbra.
The umbra has strong vertical magnetic fields that suppress heat transport, so it is

cooler than its surroundings. The penumbra surrounds the umbra with the inclined
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magnetic fields, and the field strength is weaker than the umbra. The penumbra
is brighter than the umbra because the magneto-convective cell that transfers the
internal heat to the surface along the magnetic fields becomes larger in a weaker and
more inclined magnetic fields. Especially a sunspot without the penumbra is called

a pore.

One of the most prominent physical phenomena in sunspots is umbral oscillations
of intensity and Doppler line-of-sight (LOS) velocity (Figure 1.5). The first detection
of intensity oscillations in the chromosphere of sunspot umbrae was reported by
Beckers & Tallant (1969) using the Ca II H and K lines. After the first detection,
the umbral oscillations were also found in the photosphere (Bhatnagar et al. 1972;
Lites 1984), the transition region, and the corona (Gurman et al. 1982; O’Shea et al.
2002; Tian et al. 2014). The oscillation period of the umbral oscillation is around 5

minutes in the photosphere, 2-3 minutes above the chromosphere (Figure 1.6).

The nature of umbral oscillations has been known as slow magnetoacoustic waves.
They are compressible waves because they display the fluctuation of either intensity
or LOS velocity. Moreover, they propagate upwards along the magnetic field from
the photosphere to the chromosphere and above (Lites 1984; Centeno et al. 2006;
Felipe et al. 2010). Their propagation speed is around the local sound speed. The
3-minute period above the chromosphere comes from the acoustic cutoff frequency
at the temperature-minimum region of 2-3 minutes (Kalkofen et al. 1994). The long-
period waves of larger than 2-3 minutes are reflected at the temperature-minimum
region, but waves shorter than the acoustic cutoff period can propagate above the
temperature-minimum region. Actually, considering a temperature gradient and ra-
diative heating and cooling, a portion of 5-minute waves can propagate upwards
(Mihalas & Mihalas 1984; Bunte & Bogdan 1994; Chae & Litvinenko 2018; Chae
et al. 2023). Therefore, observed umbral oscillations are interpreted as slow MHD

waves.
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b Chromospheric Intensity Fluctuation

a Photosphere
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Figure 1.5 Chromospheric umbral oscillations. a is the intensity image at the photo-
sphere obtained from the GST/FISS continuum on June 3rd, 2014, at 17:45:47 UT.
b is the time series of the chromospheric intensity fluctuation observed from the Ha
line core from 17:44:27 UT to 17:49:47 UT. c is the time series of the chromospheric
Doppler LOS velocity measured from the Ha line profile. Gray contours in all panels

show the boundary of the pore.
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Figure 1.6 Average power spectrum for a sunspot umbra. The power spectrum de-
rived from the photospheric line is maximized at a frequency of 3.3 mHz, and the
power spectrum obtained from the chromospheric line is peaked at a frequency of 6

mHz. (From Centeno et al. (2006))
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There are two plausible excitation sources of umbral oscillations; one is the ex-
ternal p-mode, and the other is the internal magneto-convection. In the external
driving model, the umbral oscillations are generated by the incoming p-mode waves
from the quiet sun region. A portion of the energy of incident waves can be absorbed
by the sunspot (e.g., Cally et al. 1994; Cally & Bogdan 1997; Cally et al. 2003). This
idea has been supported by measuring the absorption of surrounding p-mode waves
(Zhao & Chou 2013; Grant et al. 2022). In contrast, the internal excitation model
suggests that the umbral waves are disturbed by a local magneto-convection inside
a sunspot (e.g., Lee 1993; Jacoutot et al. 2008). Several works have supported this
model by measuring enhanced wave energy above umbral dots and light bridge of

magneto-convection (Jess et al. 2012; Chae et al. 2017; Cho et al. 2019).

Interestingly, recent observational works have reported that the umbral waves
seem to propagate across the magnetic fields, forming two-dimensional patterns (Fig-
ure 1.7). Sych & Nakariakov (2014) first reported the spiral-shaped wave patterns
observed in the temperature-minimum region and the corona. Zhao et al. (2015)
identified the fast-moving ring-like patterns that appear to propagate across the
magnetic fields with the speed of about 40 km s~! near the photosphere, and this
speed is much faster than the sound speed of less than 10 km s~!. They interpreted
these patterns as slow magnetoacoustic waves by measuring intensity fluctuation and
vertical propagation speed. However, it is still elusive what makes two-dimensional
patterns of umbral oscillations even though the slow waves cannot propagate across
the magnetic field. Here, we suggest two models that can reproduce the observed
chromospheric patterns of umbral oscillations and analyze these to derive their na-

ture and origin.
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Figure 1.7 Two-dimensional patterns of umbral oscillations. Time series of spiral-
shaped umbral oscillations observed on December 08th, 2010, with the SDO/ATA
304 A line (left). Time series of ring-like patterns of umbral oscillations obtained
with the GST/FISS Fe I 5434 A line on June 15th, 2017 (right). Image reproduce
from Sych & Nakariakov (2014) (left) and from Cho et al. (2019) (right).
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1.3 Importance of the oscillation patterns

Numerous studies have successfully interpreted umbral oscillations in one dimension.
However, this one-dimensional perspective cannot explain why the umbral oscillation
has two-dimensional patterns. Thus, the new physical interpretation is indispensable
to comprehend the nature of umbral oscillations.

Moreover, the umbral oscillations patterns may give us the atmospheric condi-
tion of their origin. The waves have the information of the medium that they pass
through. Thus, if we understand wave propagation and nature, we can derive the
properties of the unobservable atmosphere, such as plasma density, temperature,
and magnetic strength, like the helioseismology of p-mode or the seismology of the
earthquake.

One of the unsolved problems in solar physics is the coronal heating. MHD waves
in sunspots can contribute to the heating of the upper atmosphere because they can
transfer either kinetic or magnetic energy. Therefore if we understand how they
transport their energy from the solar interior to the corona, we can give a clue to

the coronal heating problem.

1.4 Instruments

In order to analyze two-dimensional patterns of umbral oscillation, we need data
satisfying several requirements. First, spectral data is preferable. Doppler velocity
is only affected by the motion of the plasma, but the intensity can be affected
by the plasma density and temperature as well as the plasma motion. Thus, the
Doppler velocity is fundamental to derive the properties of the waves. Second, the
field of view (FOV) should be larger than 10 Mm. The size of patterns of umbral
oscillations is comparable to the size of the umbrae, so the data should cover the size

of the umbrae or pore. Third, the spatial resolution should be better than 0.5 Mm.
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In order to resolve the structures of the two-dimensional patterns and to accurately
derive the apparent radial propagation speed of them in a radial direction, we need
a high-spatial resolution of more than one-third of the radius of the umbrae. Finally,
the temporal resolution (time cadence) should be shorter than 30 seconds. To observe
the temporal evolution of the patterns and measure the radial speed in the umbrae,
high-temporal resolution is required. In this thesis, therefore, we examined the data
taken from the Fast Imaging Solar Spectrograph (FISS; Chae et al. 2013b) of 1.6 m
Goode Solar Telescope (GST; Cao et al. 2010) that satisfy the requirements.

The FISS is optimized to study magnetohydrodynamic phenomena from the pho-
tosphere to the chromosphere (Figure 1.8). This instrument simultaneously observes
two chromospheric line profiles of Ho and Ca II 8542 A band covering 10 A and
13 A, respectively. The FISS generates the three-dimensional data (A, y,x) at one
scanning, where X is the wavelength, z is the scanning position, and y is the slit
position. The spectral resolution is about 0.019 A for Ha band and is about 0.026
A for Ca II 8542 A band. The spatial resolution is 0.16” x 0.16”, and the temporal
cadence for 21” x 41" is 20 seconds. See details in Chae et al. (2013b).

We also used the data of the Atmospheric Imaging Assembly of the Solar Dy-
namics Observatory (SDO/AIA; Lemen et al. 2012) for statistical analysis of spiral-
shaped wave patterns. The AIA observes the full-disk image of the Sun from the
temperature-minimum to the corona using two ultraviolet channels (1600 A, 1700
A) and seven extreme ultraviolet bands (94 A, 131 A, 171 A, 193 A, 211 A, 304 A,
335 A) with the spatial resolution of 0.6” and the temporal cadence of 12 seconds.
See details in Lemen et al. (2012).
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Figure 1.8 (Left) The Goode Solar Telescope (GST) and (right) the Fast Imaging

Solar Spectrograph (FISS). (From http://fiss.snu.ac.kr/instrument)
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Figure 1.9 (Left) Solar Dynamics Observatory (SDO) and (right) the Atmospheric

Imaging Assembly (AIA). (From https://sdo.gsfc.nasa.gov)
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1.5 Outline

This thesis consists of several pieces of my work on the nature of the two-dimensional
patterns of the umbral oscillations. It may appear to the readers that the individual
works in the thesis are not well-organized, even lacking consistency. This is because
they reflect the trial and error I experienced throughout my academic journey. They
also display the history of my growth in understanding this interesting topic. I believe
the early works are meaningful themselves, but the final research is more significant
because it is based on my most recent understanding.

In Chapter 2, we suggest the internal excitation model (IEM) that can explain
the spiral-shaped wave patterns. In Chapter 3, we analyze the statistical properties
of the SWPs obtained from the SDO/AIA 304 A line based on the internal exci-
tation model. In Chapter 4, we propose another model of the subphotospheric fast
resonance wave model that can reproduce the chromospheric umbral oscillations
more precisely. In this chapter, we correct a mistake in the equation in the IEM
and explain the frequency-dependent patterns of umbral oscillations that cannot be
described in the IEM. In Chapter 5, we provide the summary and conclusion of our

findings, and then we suggest ideas for future works.



Chapter 2

The Physical Nature of Spiral

Wave Patterns in Sunspots!

2.1 Introduction

Wave motions are a conspicuous dynamic phenomenon observed in sunspots. The
first detection of sunspot waves in the chromosphere was reported by Beckers &
Tallant (1969). Subsequent works revealed that the predominant period of the waves
is 5 minutes in the umbral photosphere (Bhatnagar et al. 1972), and 3 minutes
in the chromosphere (Beckers & Schultz 1972). Sunspot waves were also observed
in the transition region and corona with the periods of less than three minutes
(e.g. De Moortel et al. 2002; Sych et al. 2009; Tian et al. 2014). Furthermore, a
radially propagating wave pattern was detected in the sunspot penumbra that is
known as running penumbral waves (RPWs; Giovanelli 1972; Zirin & Stein 1972).

A comprehensive review of sunspot waves can be found in Khomenko & Collados

"Most of the contents in this chapter were written as a separate paper: Juhyung Kang, Jongchul
Chae, Valery M. Nakariakov, Kyuhyoun Cho, Hannah Kwak, and Kyeore Lee, “The physical Nature
of Spiral Wave Patterns in Sunspots”, 2019, ApJL, 877, 9
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(2015).

The nature of 3 minute chromospheric oscillations has been attributed to upward
propagating slow magnetoacoustic waves (Lites 1984; Centeno et al. 2006). Centeno
et al. (2006) clearly showed the propagating property of the waves by measuring the
phase difference between the time series of the line-of-sight (LOS) velocity in the
photosphere and that in the chromosphere. In the same context, the RPWs have
been interpreted as the slow waves propagating along the inclined magnetic field

lines (Bloomfield et al. 2007; Lohner-Bottcher & Bello Gonzalez 2015).

The plausible driving sources of sunspot waves are external p-modes and internal
magnetoconvection. The external driving scenario assumes that f- and p-mode waves
in a quiet Sun propagate into a sunspot. A fraction of the energy of the incident
f- and p-mode is absorbed by its conversion into a slow magnetoacoustic mode
at the plasma-f equal to one layer (e.g., Cally et al. 1994; Cally & Bogdan 1997;
Cally et al. 2003). Zhao & Chou (2013) successfully observed the absorption of the
f- and p-mode wave energy in a sunspot in the k — w diagram. In the internal
driving model, magnetoconvection occurring inside a sunspot can excite the waves.
The radiative magnetohydrodynamics simulations of the magnetoconvection showed
that multi-frequency waves can be generated in a magnetic concentration region such
as a sunspot (Jacoutot et al. 2008). Chae et al. (2017) found that the wave energy
flux was enhanced around the light bridge and umbral dots, and they concluded
that the magnetoconvection may be the driving source of 3 minute oscillations. The
internal excitation was further supported by Cho et al. (2019)’s identification of
several patterns characterized by oscillation centers and radial propagation above
individual umbral dots that are under substantial changes. Recent works suggested
that an internal driving source may be located, below the sunspot photosphere down
to 5 Mm in the sunspot’s flux tube, by analyzing the photospheric fast-moving wave

patterns (Zhao et al. 2015; Felipe & Khomenko 2017).
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Interestingly, recent observational works reported that in the horizontal plane,
3 minute oscillations often appear in sunspot umbrae as one- and two-armed spiral
wave patterns (SWPs; Sych & Nakariakov 2014; Su et al. 2016; Felipe et al. 2019).
SWPs apparently propagate radially out at the velocity of around 20 km s~!, and
also propagate upward (Su et al. 2016). Because these propagating properties are
similar to RPWs, Su et al. (2016) concluded that observed SWPs could be associated
with the slow waves propagating along a twisted magnetic field. Sych & Nakariakov
(2014), however, pointed out that the magnetic field should be uniformly twisted in
low-3 plasma of sunspots, and it cannot contribute to the non-uniformity of a SWP.
Moreover, the observed SWPs highlight the structure of the wavefront in a certain
horizontal cross section of the magnetic flux tube, which does not require the flux
tube twisting. Very recently, Felipe et al. (2019) also concluded that although the
twist can affect the shape of the observed SWPs, it is not their main cause.

In this chapter we present a simple model that SWPs can naturally appear in
an untwisted magnetic flux tube when non-axisymmetric disturbances from below
the surface are taken into account. We observationally identify one- and two-armed
SWPs in a pore in Doppler velocity maps of the Ha line profiles, and develop a
theoretical model explaining the appearance of SWPs. In section 2.2, we describe
the observations, and summarize observational results. In section 2.3 we describe
the theoretical model that reproduces the SWPs, together with their simulation.

Finally, in Section 2.4 we discuss and conclude the main results.

2.2 Observation

We observed a pore in NOAA 12078 on 2014 June 3 from 16:48:41 to 17:56:32 UT
with the 1.6 m Goode Solar Telescope. The target was located at z = 160", y =
—300” when we started the observation. In this chapter, we used the data acquired

by the Fast Imaging Solar Spectrograph (FISS) in the Ha band, and this is the same
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data analyzed previously in Chae et al. (2015). The FISS scanned the pore with a
spectral sampling of 0.019 Aand spatial sampling of 0.”716, covering a field of view
of 20” by 40”. The exposure time was 30 ms, and the time cadence of the data was
20 s. The basic calibration was performed as described by Chae et al. (2013b). We
measured the LOS Doppler velocities for all data pixels by using the lambdameter
method (Chae et al. 2013a) with the lambdameter chord of 0.4 A. To highlight 3
minute oscillations, we filtered the data in frequency, leaving only the frequencies of

5.5 — 9 mHz.

From the filtered Doppler velocity maps, we identified three SWPs, but here we
deal only with the the case studies of one- and two-armed SWPs. The left panels of
Figure 2.1 show the one- and two-armed SWPs measured from the velocity maps at
17:18:20 UT and 17:44:47 UT, respectively. The temporal evolution of these patterns
during one cycle is illustrated in Figure 2.4 and Figure 2.5. These wave patterns
rotated in the counterclockwise direction. The spiral arm structures are seen to move
outward, and their amplitude become to zero near the boundary of the pore. On the
other hand, the center of the arms moved abruptly inward direction while rotating,
like a spiral; hereafter, we call this as spiraling. We determined the duration of the
SWPs by the visual inspection of the rotating motion. It was found to be about 4
minutes for the one-armed spiral, and 5 minutes for the two-armed spiral. From the
wavelet analysis, we estimated the oscillation period of SWPs at about 120 s at the
center of the pore and at about 250 s near its boundary. The period averaged over

the pore is about 165 s.

To identify the spatial fluctuations of the patterns in the azimuthal direction, the
discrete Fourier transform was applied along the dashed line. The Figure 2.1 shows
the time-averaged azimuthal power spectra of the two SWPs constructed along the
two circles marked by the dashed curves. At these two radii, the power of non-zero

azimuthal mode m is the largest. In the case of the one-armed SWP, most of the
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Figure 2.1 Snapshots of the LOS Doppler velocity maps (left panels), and their time-
averaged azimuthal power spectra in the azimuthal direction along the dashed line
(right panels). Blue (red) color represents upflows (downflows), and the saturation
amplitude of velocity is 3 km s~!. The black contour represents the boundary of the
pore. The cross symbol indicates the center of the dashed line, and this position is
set to be the origin. The radius of the dashed line is 2" for the one-armed SWP (a)
and 3" for the two-armed SWP (c).
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power is concentrated at m = 0 and m = 1 (panel (b)). For the two-armed spiral,
the power is concentrated at the m = 0 and m = 2 (panel (d)). These indicate that
the SWPs are composed of at least two azimuthal modes. We found that during
each event, both the azimuthally symmetric modes (m = 0) and the non-symmetric
mode (m = 1 or 2) appeared and disappeared together. The power of m = 0 mode
at the chosen radius fluctuated substantially for the period of about 80 s, whereas
the power of m = 1 or 2 mode changed slowly with time.

We detected such SWPs in other sunspots as well. Roughly speaking, from an
one hour observation, two or three SWPs occurred inside each sunspot. The rotation
direction of the SWPs did not have any hemispheric dependence. In some cases, in
fact, two SWPs of opposite rotation directions were observed in the same sunspot at
two different times. Even though such SWPs were detected in any types of sunspots,
the spiral arms were simply shaped in small axisymmetric sunspots. The details of

these observational results will be described in a subsequent paper.

2.3 Modeling

To interpret the detected SWPs, we first consider azimuthal wave modes in an
untwisted uniform thick magnetic cylinder with the magnetic field along the z di-
rection, following Edwin & Roberts (1983). The observed pore is well compatible
with this assumption because it contains a straight field that is confined to the
pore’s boundary. The internally oscillatory solution (body waves) of the transverse
and longitudinal velocity components in cylindrical coordinates (r, 6, z) are given as

follows (Spruit 1982; Lépez Ariste et al. 2016):

w? — k22 ,

vy = —WAme(krr) expi (kyz +mb — wt), (2.1)
k.c? .

v: = —i—3 Ap I (kpr) expi (kzz + mb — wt), (2.2)



The Physcial Nature of Spiral Wave Patterns 29

where k, is the wavenumber along the field, w is the frequency, cs is the sound
speed, A,, is the amplitude of an azimuthal mode m, J,, is the Bessel function of
the first kind, and J/, is its derivative. In this chapter, we follow the general naming
convention for the integer azimuthal modes: sausage mode for m = 0, kink mode for
m =1, and fluting modes for m > 2.

The effective radial wavenumber k, is given by (Edwin & Roberts 1983)
12 (w2 — czkz) (w2 — cik?)
To(@+d) (WP gk?)

where c4 is the Alfvén speed, and cr is the tube speed, ¢z = c2c?% /(c2+c%). For body

(2.3)

waves n2 must be positive, and for slow modes the phase speed w/k lies between the

tube speed and sound speed (Roberts 2006).

In addition, we assume that the driving source of the wave is located below
the photosphere inside the flux tube. This approach is in line with the suggestion of
Zhao et al. (2015) and Felipe & Khomenko (2017) made to interpret the photospheric
fast-moving radial wave patterns. In this scenario a fast mode wave is driven at the
high-3 region, then it propagates quasi-isotropically to the § = 1 layer (see Figure
2.2). Thus, the arrival time t4(r) at the 5 = 1 layer is given as a function of the

transverse distance r from the center of the source,

ta(r) = v dz, (2.4)

Vfast

where d is the depth of the source and vg,g; is the averaged propagation speed of the
fast wave in the high-( region. For simplicity, here we have assumed the constancy
of the propagation speed and neglected the effect of refraction and reflection. After
arriving at the § = 1 layer, a portion of the fast wave is converted to the slow wave
(Cally 2001) which then propagates along the field. For that reason, we can observe
the radially propagating wave patterns when the slow mode reaches the detection

layer. With the use of this effect, we can re-write the Equation (2.2) as follows:

2
k,c:

w?

Amdm(krr)expi (k.z +mb —w (t —ta(r))). (2.5)

V, = —1
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Figure 2.2 Schematic images of the longitudinal velocities v, in the m = 1 mode
in the x — z plane. The driving source of the wave is located at the center of the
bottom. Blue (red) color represents the upflows (downflows). The black solid line
indicates the 8 = 1 layer and the dashed line denotes the detection layer (D layer).
Magnetic field lines are shown by the gray arrows. The propagating direction of the

fast (slow) wave is shown by the blue (red) arrow.
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As the wave frequency is constrained by the observation, we can derive the wave
numbers k for each azimuthal mode m from the dispersion relation of (Edwin &
Roberts 1983)

K], (kyeR)
K (kreR)

J' (kR)
= p.k, 2 202 ) ImArn 2.
p (W zCA,e) Jm(krR), ( 6)

pkre (w2 — kgci)
where the subscript e represents the exterior of the flux tube, K,, is the modified
Bessel function of the second kind, K/, is its derivative and R is the radius of
the tube, which is 5” in our case. We take w = 27/160 s~! from the observation,
cs = 9 km s7! from Maltby et al. (1986), c4 = 300 km s~! from Khomenko &
Collados (2006), cse = 1.5¢s and ca = 0.5¢, from Edwin & Roberts (1983), then
the k is approximately 4.36x107% rad m~! for all azimuthal modes.

Substituting these parameters into Equations (2.1) and (2.2), the ratio between
the amplitudes of v, and v, is estimated as v, /v, ~ 5 X 102 for all azimuthal modes.
It means that every azimuthal slow-body mode is predominantly longitudinal in the
chromosphere. Figure 2.3 shows snapshots of v, for m = 0, 1, and 2 modes in the
x — y plane with d = 1600 km and vgg = 20 km s~!. For the case of m = 0, the
ring-like pattern is generated, and this ring apparently propagates radially outward.
On the other hand, m = +1 and 42 modes produce apparently rotating patterns in
the counterclockwise direction with one- and two-armed structures, respectively. As
the ring-like pattern of m = 0 mode propagates radially, the power of this changes
with time and radius, while the power of non-zero modes depends only on the radius
because the patterns of these modes do not move out.

To reproduce the observed one-armed spiraling pattern, we summed up pertur-
bations with m = 0 and m = 1, which are the most powerful modes according to
the Fourier analysis, with the amplitude ratio of Ag/A; = 0.54, the source depth of
d = 1600 km and averaged propagation speed of vg.; = 20 km s~!. In addition, we
introduce the reference time ¢y and reference angle 6y terms to set the origin of the

simulation, then the ¢ is replaced by t — tg, and 6 is substituted by 6 — 6y in Equa-
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Figure 2.3 Snapshots of the simulated parallel velocity component for the azimuthal
wave modes m = 0, +1 and +2 at ¢t = 0 in x — y plane. Speeds are normalized by

the amplitude of each mode.
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tion 2.5. Figure 2.4 indicates that the temporal evolution of the one-armed SWP
from the observation (top) can be fairly well modeled by the simulation (bottom)
with tg = —20 s and 6y = 170°. Like the observation, the simulation can make the
one-armed SWP. The red or blue arms abruptly change the trajectory to inward
around z = 2", y = 1” in both the observation and the simulation.

We can successfully model the observed two-armed SWP as well. Because the
wave power is concentrated at m = 0 and 2, we reproduce this pattern by summing
up v, of m = 0 and m = 2 with the amplitude ratio of Ag/As = 0.54, the reference
time of tg = 30 s, and the reference angle of 6y = 30°. In this simulation, the source
is located at 1600 km below the 5 = 1 layer and the averaged phase velocity is about
20 km s~!. Figure 2.5 represents the temporal evolution of the two-armed SWP. The
observation and simulation show quite similar two-armed spiraling features. The two
blue and red arms abruptly move inward around z = —1”, y = 2.5 and = = 1”7,

y=—2.5.

2.4 Discussion

In this chapter, for the first time, we have presented a model that can explain
the observed SWPs as slow magnetohydrodynamic (MHD) waves in an untwisted
magnetic field. In our model, the apparently rotating pattern is associated with the
superposition of non-zero-m azimuthal slow modes. A non-zero-m mode has a right-
handed (left-handed) helical shaped wavefront for the case of positive (negative) m.
As this wave propagates upwardly along the straight field in a vertical magnetic
flux tube, the wave pattern observed at some height shows an apparent rotation in
the counterclockwise (clockwise) direction. This kind of a rotating wave pattern was
observed for the case of m = 1 kink mode (Jess et al. 2017), and the related vortex
dislocations were detected in a time-distance map along the slit placed in the center

of the axis (Lépez Ariste et al. 2016).
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Figure 2.4 Temporal evolution of observed (top) and simulated (bottom) one-armed
SWP from 17:17:20 UT to 17:20:00 UT. The observed Doppler maps are filtered in
frequency bands from 5.5 to 9 mHz. The speeds in simulation are normalized by the

maximum value. The boundary of the pore is shown by the solid line in both cases.
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Figure 2.5 Similar to Figure 2.4, but for the case of two-armed SWP from

17:44:07 UT to 17:46:47 UT.
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The spiral structures and outward propagating wave patterns are formed by
the internal driving sources, i.e. situated inside the magnetic flux tube forming the
umbra, which are placed below the photosphere. Beacause the wave propagates
quasi-isotropically in the high-3 region, the longer the horizontal distance from the
wave source to the observation point, the later the wave arrives. The difference in the
arrival times in the photosphere results in an apparent radially moving ring pattern
in the case of m = 0 (sausage) mode. In non-zero-m modes, the trailing spiral arm
structures are formed because of the wave patterns rotate earlier as it is closer to
the axis of the waveguiding flux tube. The number of arms depends on the absolute
value of m. Thus, the observed apparent rotating spiral arms are not caused by
the wave propagation in the azimuthal direction, but by the oblique, spiral-shaped

wavefront of vertically propagating perturbations.

Because of the abrupt spiraling motion of the one-armed spiral, Su et al. (2016)
proposed that this pattern may be caused by the reflection at a light bridge. In our
case, however, there was not light bridge at all and, nevertheless, such SWPs were
detected. Our simulation clearly shows that the spiraling patterns are formed by the
superposition of the wavefronts of an m = 0 and a higher-m modes. The one-armed
SWP is generated by an m = 0 sausage mode and an m = 1 kink mode, and the

two-armed SWP is formed by an m = 0 sausage mode and an m = 2 fluting mode.

We surmise that the driving source of a SWP may be associated with the down-
flows caused by the local magnetoconvection inside the sunspot. According to the
3D radiative MHD simulation of Kitiashvili et al. (2019), acoustic waves can be gen-
erated by the converging downflows at 1.5 Mm beneath the surface inside a pore.
This depth is very close to the depth of the source used for our model. Furthermore,
as there is no time lag between the two azimuthal modes in our simulation, it seems

that these modes are excited simultaneously by the same driver.

We need to stress that the kink wave in a sunspot umbra or a pore considered
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here should not be confused with the kink waves studied in coronal loops. In the
loop, the kink mode is a transverse wave (Aschwanden et al. 1999; Nakariakov et al.
1999), while the sunspot kink mode considered here is a longitudinal wave associated
with a slow magnetoacoustic wave (Lopez Ariste et al. 2016; Jess et al. 2017). As a
slow wave in a low-8 plasma, the kink wave in a sunspot is mainly characterized by
parallel, field-aligned plasma flows. The radial flows, v,, in this wave are quite small,
because the w? — k2c? factor in Equation (2.1) tends to zero as the phase speed is
about the sound speed. Another difference is connected with the wave polarization.
Kink oscillations of coronal loops are usually linearly polarized, while the spiral wave
structure in a sunspot requires the kink oscillation to be circularly polarized; i.e. the
azimuthal wavenumber is m = 4+1 or m = —1. The sign is determined by the sense
of rotation of the wavefront.

Because the mechanism does not require additional assumptions such as the flux
tube twisting or rotation, we expect that such SWPs may be generally detected in
any sunspots. As we accumulate the observation of those patterns, we can infer more
physical parameters in sunspots such as propagating speed of fast wave and depth
of the wave driving source. Furthermore, those wave patterns can be considered as
the evidence of the internal excitation of 3 minute oscillations in sunspots. Further
study of the SWPs may provide us with the clues to how magnetoconvection inside

a sunspot generates such waves.
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Chapter 3

Statistical Analysis of

Spiral-Shaped Wave Patterns in

Sunspot Umbrae!

3.1 Introduction

Intensity and velocity oscillations are one of the prominent magnetohydrodynamic
(MHD) features observed in sunspot umbrae. After the first observation of chromo-
spheric umbral oscillations was reported by Beckers & Tallant (1969), it was found
that the predominant oscillation period is 2-3 minutes in the chromosphere (Beckers
& Schultz 1972) and above (Gurman et al. 1982; O’Shea et al. 2002). Sunspot waves
have been considered slow MHD waves that propagate upwards along the magnetic
field with the group speed around sound speed (Centeno et al. 2006; Felipe et al.
2010) even to the corona (Maltby et al. 1999; O’Shea et al. 2002; Sharma et al.

"Most of the contents in this chapter were written as a separate paper: Juhyung Kang, Jongchul
Chae, Jooyeon Geem, “Statistical Analysis of Spiral-Shaped Wave Patterns in Sunspot Umbrae”,
2023, Submmited to ApJ
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2017). These waves have been thought to excited by the magnetoconvection such as
umbral dots (Jess et al. 2012; Cho et al. 2019) and light bridges (Yurchyshyn et al.
2015; Chae et al. 2017).

Sometimes the umbral waves display outstanding spiral-shaped wave patterns
(SWPs) on the image plane. Sych & Nakariakov (2014) first detected the SWPs with
two arms at different atmospheric levels ranging from the temperature minimum
to the corona. These SWPs were characterized by the rotating pattern and the
radially propagating arms. Sych & Nakariakov (2014) concluded that these patterns
are basically consistent with the umbral slow MHD waves propagating upwards.
Subsequently, Su et al. (2016) reported one and multiple-armed spiral structures in
the chromosphere. They suggested that the spiral structure may be related to the
reflection of wavefronts and magnetic twists. However, Felipe et al. (2019) concluded
that the twisted field is not the main cause even though it can affect the shape of
the wavefronts. Jess et al. (2017) interpreted the observed rotating pattern as a
two-dimensional pattern of slow body waves with non-zero azimuthal numbers. This

pattern, however, cannot reproduce the spiral-arm structures.

Recently, Kang et al. (2019) suggested a model that the spiral-shaped pattern re-
sults from a non-axisymmetric disturbance in the interior. According to this model,
the apparent radial outward motion and spiral-shaped arms are related to a source
located in the deep interior. If a disturbance occurs at a deep subsurface region, i.e.
high-5 region, in the sunspot, fast (acoustic) waves are excited, propagate quasi-
isotropically initially, and then become refracted into the outward direction, eventu-
ally reaching the 5 ~ 1 layer (Zhao et al. 2015). The difference in the ray path among
the wavefronts makes the phase vary as a function of radial distance. The resulting
phase difference is responsible for radial motion and spiral arms. The existence of
the non-zero azimuthal mode generates the rotating motion, and the direction of

the rotation is determined by its sign. In addition, the absolute value of the mode is
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related to the number of arm structures. The inward motion near the center of the
SWPs is produced by the superposition of the axisymmetric (m = 0) with the non-
axisymmetric mode. According to this interpretation, the morphology of the SWPs
is irrelevant to the magnetic twist. This conclusion was supported by comparing the
patterns generated in a uniform magnetic field and the waves in a twisted magnetic
field (Wu et al. 2021).

The success of this model implies that these SWPs may occur in any sunspot
regardless of magnetic structures only if a disturbance excites non-axisymmetric
waves. Note that, the previous observational results were obtained from a limited
number of samples. We raise several questions to infer the general properties or to
compare the umbral oscillations. How frequently do the SWPs occur? What are
the observational differences between the SWPs and the umbral waves? Is there any
hemispheric dependence on the rotation direction? Is the size of the umbra associated
with the generation of these patterns? How deep is the source? With these questions
in mind, we investigate the statistics of the observational parameters in this chapter.

In section 3.2, we describe the data and how to define the SWPs. In section
3.3, we show the results. In section 3.4, we summarize the results and present our

discussion.

3.2 Data and Methods

In this chapter, we used 304 A line EUV data taken by the Atmospheric Imaging
Assembly of the Solar Dynamics Observatory (SDO/AIA; Lemen et al. 2012) from
2013 to 2018. The SWPs are observable at the different bandpass of AIA covering
from the temperature minimum to the corona, but are best visible in 304 A with the
maximum power, which covers the upper chromosphere and the transition region
(Sych & Nakariakov 2014).

Here, we examined 496 sunspots satisfying the following criteria. First, they have
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to be located near the disk center with longitudes of |¢| < 30°, i.e. u < 0.87, on the
intensity images obtained with the Helioseismic and Magnetic Imager (HMI; Schou
et al. 2012) as a supplementary data. Second, they should have umbrae larger than
4.5 Mm for spiral arms to be spatially resolved. Third, they should have a simple
shape, either a circle or an ellipse, not having light bridges and jet events that can
modify or shade wave patterns. Finally, they have to be observed for at least two

hours, not being disturbed by any impulsive events such as flares.

We automatically identified SWPs in the sunspot umbrae using a four-step al-
gorithm in the following. First, we extract the intensity oscillation in the frequency
band of 5-9 mHz by applying the Fourier bandpass filter (Figure 3.1b). This fre-
quency band highlights chromospheric umbral oscillations because most of the wave

power is concentrated near cutoff frequency (Chae et al. 2019).

Second, we determine the center of the patterns by locating the local peak of
C(z,y) = V - v/|v| that is stable enough, changing less than one arcsecond over one
minute (panel ¢). Here v is the velocity vector determined with the differential affine
velocity estimator (DAVE) code (Schuck 2006). If the spherical waves (fast waves)
are driven below the surface, as mentioned in section 3.1, the phase difference of
wavefront arriving at the equipartition layer (8 ~ 1) makes a pattern diverge out of

a point. This point is identified by a local peak of C(z,y).

Third, we obtain the spatially-filtered intensity by extracting only the intensity
oscillation of the azimuthal mode of maximum power (panel e). The azimuthal mode
of maximum power is determined from the azimuthal Fourier transform (panel d)
applied to the one-dimensional temporally filtered data taken along the blue dashed
circle. Since the number of spiral arms reflects the spatial distribution of the pattern
(Kang et al. 2019), this number, in fact, becomes equal to the derived azimuthal

mode of the maximum power.

Finally, we obtain the temporal information of SWPs from the wavelet power
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Figure 3.1 Detection method to identify the SWPs. (a) Intensity fluctuation image in
NOAA 11658 obtained on 2013 January 18 at 15:49:19 UT with the SDO/AIA 304 A band.
(b) Temporally-filtered image in a frequency band of 5-9 mHz of the sunspot. (¢) V - v/|v]
map of the filtered image. (d) Azimuthal power spectrum calculated along the blue dashed
circle. (e) Spatially filtered m = 2 mode intensity fluctuation map. (f) Normalized temporally
averaged filtered intensity power map (g) Wavelet power spectrum of m=2 mode intensity
map at the cyan '+’ position. The yellow contour in panels represents the umbra-penumbra
boundary. The green arrows in panel (b) display velocity vectors v. The red "X’ symbol
represents the center of the SWPs; and the cyan '+’ symbol marks the position where the
intensity power is maximized. The orange line shows the slit of the time-distance map, and
the blue dashed circle illustrates the circular slit of the time-angle map shown in Figure 3.2.
The angle of the orange line from the x-axis is equivalent to the gradient between the center
(x) and the maximum intensity (+), and the radius of the blue dashed circle is the same as
the distance. The green dashed line in panels (d) marks the azimuthal mode of maximum
power. The red dashed line in panel (g) shows the equivalent time of the image shown in

other panels. The yellow region in panel (g) represents the lifetime of the detected SWP.
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spectrum of the spatially filtered intensity at the position of maximum intensity
power (panel g). In the intensity power map (panel f), we mark the position of the
maximum intensity power by the cyan '+’ symbol. At this position, we calculate
the wavelet power spectrum of the spatially-filtered intensity and identify the wave
packets. For 2 hours duration, we often identify more than one SWP in the same
sunspot. Note that all the steps above are automatically done. As this automatic
detection may not be perfect, we examine every detection by eye and exclude the

detected patterns that are too complex for the spiral arms to be clearly displayed.

We derive the intensity oscillation period and the lifetime of an SWP from the
wavelet power spectrum. The oscillation period comes from the peak frequency of
the wave packet, which is usually different from the morphological period of the
SWP that is equal to the azimuthal mode times the oscillation period. We set the
lifetime of the SWP to twice the full width at half maximum (FWHM) time of
the wave packet that may be close to the duration when the oscillation has power
significantly above the noise. This oscillation period and lifetime may depend on the
distance of the measurement point from the center because high-frequency waves
are more confined at the center of the axis (Sych & Nakariakov 2014), and these
high-frequency waves can propagate faster than low-frequency that linger for a long
time (Kalkofen et al. 1994; Chae & Goode 2015). We put the measurement point on
the position of maximum intensity power of the azimuthal mode, as we are interested

in the SWP.

We calculate the apparent speed of the pattern from the time-distance map of
intensity fluctuation and the time-angle diagram (Figure 3.2). We produce the time-
distance map by stacking all time data taken from the slit that is directed from the
oscillation center (red x) into the point of the maximum power of |§I|? (cyan +).
From the gradient of ridges visible in the time-distance map, we derive the speed of

apparent radial motion. Similarly, a time-angle diagram was produced by stacking
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Figure 3.2 Time-distance map (a) and time-angle diagram (b) derived from the
orange slit and the blue dashed circle in Figure 3.1b, respectively. The color scale

is the same as the Figure 3.1b. The green solid line represents the gradient of the

ridge.
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all time data taken along the blue dashed circle. The radius of the circle is the
same with the length between two positions. The apparent angular speed (df/dt)
was measured from the gradient of the ridges seen in this map, and the rotation
direction comes from its sign. We convert the angular speed to the rotation period

using the relationship P, = 360°/(d6/dt).

3.3 Results

We found a total of 241 SWPs in 140 sunspots. Among them, 192 SWPs had one
spiral arm and 48 SWPs had two arms. Only one SWP had three arms, which was
not included in our statistical analysis because of its rarity. The detection rate of
SWPs is 0.24 per hour. In other words, if a sunspot is observed for 4 hours, at least
one SWP can be detected. This is significantly lower than the occurrence of the
consecutively generated umbral oscillations.

Figure 3.3 illustrates the time variation of two SWPs rotating in opposite direc-
tions with different spiral arms that occurred at the same sunspot umbra in NOAA
11658 on 2013 June 18. Upper panels display the spiral patterns with one arm and
lower panels exhibit two-armed cases. Two cases clearly showed the apparent radial
moving spiral arms far from the center of the SWPs. The two SWPs swirled in oppo-
site directions: the one-armed SWPs rotated in a clockwise (CW) direction and the
two-armed cases rotated in a counterclockwise (CCW) direction. These features are
very similar to the SWPs previously reported based on the Doppler velocity (Felipe
et al. 2019; Kang et al. 2019).

We find that the rotation direction of the SWPs does not depend on the hemi-
sphere and the latitude as indicated by the histograms of sunspot latitude for the
two rotation directions shown in Figure 3.4a. In order to statistically confirm that
the rotation direction of the SWPs is independent of the hemisphere and the lati-

tude, we examine the hypothesis that the two different rotation samples are drawn
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Figure 3.3 Temporal evolution of one-armed SWPs (upper row) and two-armed
SWPs (lower row) occurred in the same sunspot shown in Figure 3.1 but at different
times ty. The images are filtered in a frequency range of 5-9 mHz. The yellow inner

contour indicates the umbra-penumbra boundary and the outer contour represents

the boundary of the penumbra.
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from the same populations by applying the two-sample Anderson-Darling (AD) test
to two rotation samples (see Anderson & Darling 1952). As a result, we find that
the probability value (p-value) of the AD test is higher than 0.25, which means that
we have no reason to reject the hypothesis. Moreover, we find that CW SWPs and
CCW SWPs are almost equal in number at every latitude in the range of 10 (or—10)
to 20 (or —20) degree where the number of sunspots is large enough (Figure 3.4b).

Does the occurrence probability of a SWP depend on the size of the sunspot
umbra that hosts it? Figure 3.5a indicates that the umbral sizes are mostly (90
%) distributed between 3.0 and 15.5 Mm with a mean of 9.9 Mm and a standard
deviation of 4.4 Mm. Within the range of 3.0 to 15.5 Mm, we find the tendency that
the larger the sunspot umbra is, the higher the occurrence probability of a one-armed
SWP is (panel b). We confirm that this tendency is statistically meaningful. If this
tendency would be nothing but a result of statistical flucutation from a uniform
distribution, the p-value of the AD uniformity test should be higher than at least
0.05. However, our calculation yields a smaller value of 0.038, so the one-armed
SWP relates to the umbral size. Similarly, we find that the occurrence probability
of a two-armed SWP is independent of the umbral size with the p-value of 0.24
obtained from the AD uniformity test. This tendency may be related to the number
of the source of the wave because it can increase with the sunspot size according to

the internal excitation model.

Figure 3.6 presents the number distribution of the parameters determined in
the SWPs of the two types, respectively. First, we find that oscillation periods of
the SWPs of the two types are about the same: the period of one-armed SWPs is
148 + 35 seconds, and that of two-armed SWPs is 151 + 37 seconds (panel a). This
oscillation period is comparable to the period of chromospheric 3-minute umbral
oscillations (see the reviews of Khomenko & Collados 2015), which is not surprising

at all because the SWPs are regarded as a specific pattern of slow magnetoacoustic
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waves propagating along magnetic fields (Sych & Nakariakov 2014; Felipe et al.
2019). As a matter of fact, the SWP at each location can be identified as one-
dimensional umbral oscillations that have their phase depending on their location

inside the sunspot.

Next, we find from Figure 3.6b that the SWPs of the two types have almost the
same lifetime: the lifetime of one-armed SWPs is 770 + 260 seconds, and that of
two-armed SWPs is 810 4 230 seconds. These are roughly five times the oscillation
period, being comparable to the lifetime of the one wave packet of umbral oscillations
of around 10-20 minutes (e.g. O’Shea et al. 2002; Chae et al. 2019), and the duration

of the vortex waves of about 15 minutes (Lépez Ariste et al. 2016).

Figure 3.6¢c shows the histograms of apparent radial speed for one-armed SWPs
and two-armed SWPs, respectively. The measured speed is 42.5418.2 km s~ for the
one-armed SWPs and 42.0416.5 km s~! for the two-armed pattern, indicating that
there is no practical difference in the speed between them. As the apparent radial
speed may depend on the depth of the source according to the internal excitation
model (Felipe & Khomenko 2017; Cho & Chae 2020), the source depth can be
inferred from the pattern speed. Using the eikonal method following the equations (3)
to (7) in Cho & Chae (2020), we have calculated the ray path of waves driven beneath
the surface. As a result, we have obtained the theoretical relationship between the
depth of the source and the radial speed, as shown in Figure 3.7. Using this relation,

I corresponds

we find that the two-sigma range of speed from 10 km s~! to 75 km s~
to the range of depth from 2 to 10 Mm, with the mean depth being about 6 Mm,

irrespective of the type.

Finally, the rotation period of the one-armed SWPs is 183 4 72 seconds which is
half of the two-armed SWPs of 317 + 132 seconds and is comparable to the result
of the m = 1 slow magnetoacoustic mode previously obtained by Jess et al. (2017)

(Figure 3.6d). The observed dependence of the rotation period on the azimuthal
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Figure 3.7 Apparent radial speeds for different depths of wave sources.
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mode is very compatible with the theoretical expression,

360° m
po=20 M 1
do/dt  w (3:-1)

where w is the oscillation frequency that equals the inverse of the oscillation period
(27/P). This relation can be easily derived from the constancy of the phase kz +
mf — wt in the wave equation of Kang et al. (2019) with z being constant. Here w

is independent of the azimuthal mode m (see Figure 3.6).

We found relations between measured parameters from the scatter plots shown
in Figure 3.8. When calculating each correlation value, we excluded the samples
with any parameter outside three times standard deviations as outliers, that is,
with oscillation period longer than 300 seconds, radial speed faster than 95 km
s~!, umbral size larger than 25 Mm and rotation period longer than 500 seconds.
For the case of two-armed SWPs, the rotation period and the intensity oscillation
period have a weak positive correlation (0.31) as described in equation (3.1), but
the correlation is somewhat weak because of the measurement error. There are no
significant correlations between other parameters. The oscillation period and the
radial speed do not correlate because the two parameters come from different layers:
the oscillation period depends on the cutoff frequency at temperature minimum, and
the apparent radial speed may be determined from the source depth according to
the internal excitation model. The radial speed is independent of the umbral size
because the internal excitation source may be irrelevant to the size of the flux tube. If
the converging plasma of the magneto-convection generates waves, the radial speed
is relevant to the rotation period conserving the angular momentum but isn’t. From

these relations, we conjecture that the SWPs may be generated by random events,

such as the turbulent motion in the high-S region.
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Figure 3.8 Scatter plots between measured parameters for one-armed SWPs (blue)
and two-armed SWPs (orange). Pearson correlation values for one-armed SWPs
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panel.
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3.4 Discussion

We investigated the observational properties of the spiral-shaped wave patterns
(SWPs) by investigating 496 sunspots observed in the SDO/AIA 304 A line. We de-
veloped a method to identify the spiral structures in a 2D image plane. The rotation
direction of the patterns does not depend on hemisphere and latitude. The rotation
period is proportional to the number of spiral arms. The SWPs persisted for about
780 seconds with the intensity oscillation period of about 150 seconds. The speed of
apparent radial motion ranges from 10 to 75 km s~!, which suggests a depth of 2 to
10 Mm, according to the model of impulsive excitation below the surface.

The most notable discrepancy between observation and our expectation is the low
value of the detection rate. This discrepancy may come either from observational bias
or physical reasons. Observationally, the SWPs occurring near the umbra-penumbra
boundary are difficult to be identified. Since the waves over the umbra-penumbra
boundary propagate along the inclined magnetic field lines as running penumbral
waves, the observed wavefronts look different from the typical SWPs shown inside the
umbral region. In addition, if several waves occur at the same time but at different
positions, the observed waves can show complex patterns because of the interference.
From the physical viewpoint, we note only the waves where m mode dominates over
—m mode (where m is a non-zero integer) are responsible for the rotating spiral arm
structures. The waves with the balanced +m and —m modes cannot contribute to
the rotating pattern because the rotating component is canceled out. Considering
this, we expect that non-axisymmetric wave modes (m # 0) may exist much more
frequently than SWPs in the umbrae.

It seems that the rotating pattern is relevant neither to magnetic twist nor to
the Coriolis force. We observed the reversal of rotation direction in a sunspot in an
hour, which can not be attributed to the reversal of magnetic twist in such a short

time in the low-f region. Therefore, it is very likely that the rotating direction is
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irrelevant to the magnetic twist. Meanwhile, if the Coriolis force is to be responsible
for the rotating direction, there should be hemispheric dependence, which we could
not find in our data. Thus it is likely that the source may be related to local turbulent
motions if the SWPs are generated by the internal source.

It is possible to explain the measured radial speed if the SWPs originate from
localized sources located 2 to 10 Mm below the surface. From the fast-moving pattern
speed, Zhao et al. (2015) reported that the waves occurred at about 5 Mm beneath
the surface. Analyzing the speed of the ring-like moving pattern with the eikonal
method, Cho & Chae (2020) suggested that the depth of the wave driver is located
between 1 and 2 Mm below. Using the same method, we estimated that the 20 km
s~! radial speed of the SWPs observed in Su et al. (2016) corresponds to a depth
of about 2.1 Mm, which is quite similar to the value of 1.6 Mm proposed in Kang
et al. (2019). Rigorous numerical 2.5D MHD simulations suggested that the observed
pattern speeds are in agreement with the waves that occurred between 1 and 5 Mm
beneath the photosphere (Felipe & Khomenko 2017). Analyzing the acoustic events
in the 3D radiative MHD simulations, Kitiashvili et al. (2019) have reported that
the wave sources are located from 1 to 2.5 Mm below the photosphere inside the
self-organized pore-like magnetic structure. Most recent observational studies have
concluded that the mixed shallow (~ 2000km) and deep (> 5000 km) sources excite
the fast-moving pattern in one sunspot (Cho et al. 2021).

Based on our results, we suggest that the SWPs may be excited by random
events below the surface. In addition, there may be non-zero azimuthal modes as
well that may not rotate, unlike SWPs. Further systematic studies are required to

investigate non-axisymmetric patterns of oscillations including SWPs.
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Chapter 4

Chromospheric Umbral
Oscillations Driven by the
Resonance of Fast
Magnetohydrodynamic Waves
in the Subphotosphere

4.1 Introduction

Umbral oscillations are the most conspicuous magnetohydrodynamic phenomena in
sunspot umbrae. After the first detection of intensity fluctuations in chromospheric
umbrae was reported (Beckers & Tallant 1969), subsequent works have revealed that
these oscillations are the slow waves propagating upwards from the photosphere to
the corona with the group speed of around sound speed (Lites 1984; Centeno et al.

2006; Felipe et al. 2010; Khomenko & Collados 2015). The temperature-minimum
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at the bottom of the chromosphere in the gravitationally stratified medium acts as
a high-pass filter of acoustic waves, and the wave power peaks around the cutoff
frequency of about 6 mHz in the chromosphere (Centeno et al. 2006; Kalkofen et al.
1994; Chae & Goode 2015). A portion of low-frequency waves can propagate upwards
by the effect of the temperature gradient (Chae & Litvinenko 2018), and the non-
adiabatic heating and cooling such as radiation (Centeno et al. 2006; Chae et al.

2023).

Interestingly, even though the slow waves cannot propagate across the magnetic
field, recent observational studies have reported that the waves appear to move
across the magnetic field forming ring-like patterns (Zhao et al. 2015; Cho & Chae
2020; Cho et al. 2021) or spiral-shaped wave patterns (SWPs) (Sych & Nakariakov
2014; Su et al. 2016; Felipe et al. 2019; Kang et al. 2019). To interpret these fea-
tures, the internal excitation model focused on a localized disturbance in the high
plasma f region beneath the sunspot surface (Zhao et al. 2015; Cho & Chae 2020).
If the disturbance excites fast waves in the high-3 region, the waves propagate quasi-
isotropically. The wavefront reaching the 5 ~ 1 region has a time delay as a function
of horizontal distance, and this time delay makes ring-like patterns appear to prop-
agate across the magnetic field (Zhao et al. 2015). After reaching the 8 ~ 1 region,
a portion of the fast waves can be converted to the slow waves by the mode con-
version process (Zhugzhda & Dzhalilov 1984; Cally 2001; Schunker & Cally 2006;
Cally 2007; Cho & Chae 2020). Using this idea, the SWPs were also regarded as the
waves excited by the point-like source generating non-axisymmetric modes beneath

the photosphere (Kang et al. 2019).

Another model to explain the wave patterns is the resonance of the slow body
waves (Stangalini et al. 2022). If the waves are trapped in the flux tube, the orthog-
onal eigenmodes of the resonance appear in the horizontal planes (Edwin & Roberts

1982, 1983; Roberts 2019). According to this model, the observed complex wave
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patterns in a large-scale sunspot were reproduced by the superposition of several
simultaneous resonant modes of slow body waves (Stangalini et al. 2022). In the
same way, the chromospheric oscillation patterns observed in circular and elliptical
sunspots were identified (Albidah et al. 2022). Even though the slow wave resonance
model can explain the patterns themselves, this model cannot explain why only a
few resonant modes were detected in pore-like small-scale flux tubes (Morton et al.
2011; Jess et al. 2017; Keys et al. 2018; Kang et al. 2019) because an infinite number
of modes of slow waves can be trapped in the flux tube (Edwin & Roberts 1982,
1983).

In this chapter, we propose the subphotospheric fast body wave resonance model
that can reproduce the observed complex wave patterns in the chromosphere. Our
model can also explain why less than four radial modes exist in small-scale flux
tubes and why lots of radial modes can be detected in large-scale sunspots from the

existence of the cutoff wavenumber.

4.2 Data and method

We analyzed a pore in NOAA 12078 located at (-301”, 162”) on June 3rd, 2014
from 16:49 UT to 17:56 UT taken with the Fast Imaging Solar Spectrograph (FISS
(Chae et al. 2013b)) at the Goode Solar Telescope (GST), which is the same data
analyzed previously in several studies (Chae et al. 2015; Kang et al. 2019; Chae
et al. 2022). The observed pore is an ideal simple circular flux tube with a size of
7 Mm in diameter and a vertical magnetic field (Figure 4.1a). The time cadence of
the data is 20 seconds with a spatial resolution of 0.16” and a spectral resolution of
19 mA in a spectral domain -5 A to 5 A of Ha. The raw data is calibrated following
the reduction pipeline described in detail by Chae et al. (2013b). Among the two
wavebands of Ho and Ca IT 8542 A, we only used the Ha data in this chapter.

Figure 4.1a shows the continuum intensity map and the chromospheric intensity
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Figure 4.1 Detection of non-axisymmetric oscillation patterns in a pore. a
The continuum intensity map of the GST/FISS constructed at the -3.5 A of the Ho
line center and the chromospheric intensity map constructed at the line center at
17:44:07 UT on June 3rd, 2014. b Spiral-shaped wave patterns of the chromospheric
Doppler velocity map temporally filtered in 5.5 —9 mHz. ¢ Azimuthally decomposed
spiral-shaped wave patterns for m = 0 and £2 modes. d Modeled LOS velocity
fluctuation map constructed by the superposition of three azimuthal modes and
three radial modes for each azimuthal mode. e All resonant modes of fast body
waves for the modeled LOS velocity map. The black contours shown in the panels
b and c represent the boundary of the pore. The dashed circles in the panels d and
e represent the flux tube boundary of the model. The red color in the panels b-e
represents the redshift that is away from the observer, and the blue color represents
the blueshift that is moving towards the observer. The color limit of the panels b-d
is -3.5 to 3.5 km s™!, and that for the panel e is -1.75 to 1.75 km s~!. The temporal

evolution of these patterns is shown in Figure 4.5.
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map at the line center of the Ha. The line-of-sight (LOS) Doppler velocity of the
Ha line spectrum is measured from the lambdameter method (Chae et al. 2014).

Here we only focus on the two-armed SWPs occurred at around 17:43:27 UT (Figure
4.1b).

The observed data is filtered temporally to increase the signal-to-noise ratio. The
wavelet power spectrum of the line-of-sight (LOS) Doppler velocity at the center of
the SWPs shows that most of the wave power is concentrated on the 2-3 minute
band (Figure 4.2). The peak period is around 160 seconds, and a small portion
of energy peaks in 1-minute and 5-minute bands. We apply a bandpass filter in
the range of 5.5 — 9 mHz that is equivalent to the 2-3 minute band by using a fast
Fourier transform (FFT) to focus on the primary peak frequency of the LOS Doppler
velocity map (Figure 4.1b and the top row in Figure 4.5).

Furthermore, we spatially filter the data to decompose each azimuthal mode
m. The wave power of the two-armed SWP is concentrated at the azimuthal mode
m = 0 and 2 (see Figure 1d in Kang et al. (2019)), but m = 1 mode can be negligible.
We first transform the data coordinate to the polar coordinate at the center of the
oscillation patterns using the interpolation and transformation matrix. Second, We
perform the fast Fourier transform along the azimuthal direction for each point to
filter the m = 0 and m = 2 modes. After filtering the azimuthal component, we
return to data coordinates by applying the inverse coordinate transform from polar
to cartesian coordinate. Figure 4.1c and the middle row in Figure 4.5 show the

results.
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Figure 4.2 Wavelet power spectrum. Wavelet power spectrum of the Doppler
velocity averaged over 3 x 3 pixels at the center of the oscillation patterns. The black
dashed line represents the time t=0 at 17:43:27 UT which is the middle time of the
wave packet of spiral-shaped wave patterns. Among the total observing duration

(-3200 s to 780 s), the diagram shows only the time range of -780 s to 780 s.
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4.3 Model

4.3.1 Analytic model

To interpret the observed oscillation patterns using the simple analytic solution,
we consider the wave equation in the uniform vertical magnetic flux tube with a
radius R. The trapped wave solution appears by choosing the exponentially decaying
solution outside the flux tube in cylindrical coordinates (Edwin & Roberts 1983;
Roberts 2019),

vy = Adp(kyr)expi (kyz +mb —wt), 0<z <R (4.1)

where the v, is the velocity fluctuation along the magnetic field, A is an amplitude
constant, J,, is the first kind of the Bessel function of an azimuthal mode m, w is
the angular frequency, and k, is the vertical wavenumber. Here the azimuthal mode

m has an integer value. The k, is the radial wavenumber given as

o (B -GG - u?)

4.2
ENCETN G -

where, v4 is the Alfvén speed, c¢; is the sound speed and cr is the tube speed defined

2,2
2 CsVA
as C = .
T c2 -1—11124

Since observed oscillations have the nature of body waves, the k2
should be positive.

The continuity of the total pressure and the radial velocity fluctuation at the
boundary (r = R) gives a dispersion relation described as (Edwin & Roberts 1983),

1 K], (k-.R)

1 J! (k- R)
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where pg is the density, K, is the second kind of the modified Bessel function,
the dash(/) denotes the derivative of the Bessel function, and parameters with a
subscript e stand for the external region, r > R. For zero-external density limit,

this relation is satisfied when J,,(k,R) ~ 0, and there are several k, satisfying this
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condition. Here we define the radial mode n as the number of nodes (J,,(k,r) = 0)
in the region 0 < r < R. The radial mode n has a positive integer value.

Note, the zero-external density limit is not the general case in the subphotosphere
of the sunspot, but we can easily understand the physics between the slow body
waves and the fast body waves in this limit because the equation can be easily
described analytically by only considering the internal atmospheric condition (¢
and v4). In addition, the difference between the zero-external density limit and the

numerical solution of the dispersion relation is small (see Figure 4.4).

Each resonance mode can have different amplitude A,, ,, orientation 6,,,, wavenum-

ber Er.momn, kzym,n and the phase ¢, ,. Since several modes can be excited simultane-

ously, the vertical velocity fluctuation is the form,

Uy = sz;mm (44)
m,n

= AmnTm(brnnt) expilkzmnz +m(0 = 0m) — w(t — tma)]. (4.5)

Here 0y = 0 because m = 0 is the axisymmetric mode, and we set t51 = 0 as a
reference. In the subphotospheric region, vertical wavenumber k.., , depends on

modes because of the dispersion relation described in the subsequent section.

4.3.2 Cutoff wavenumber

The trapped waves are dispersive, and the wavenumber of each mode is obtained
from the equation 4.2. In the special case of very low external density limit, the
boundary condition in equation 4.3 leads to the simpler one: J,,(k,R) ~ 0, then the

dispersion relation is described simply from the equation 4.2,

—b+ Vb2 —4ac

2 _
kz7q: - 20/




Umbral Oscillations Driven by the Resonance of Fast Waves 67

a 300 Slow Body Waves b 300 Fast Body Waves

250 250

N

o

o
N
o
o

Period (s)
Period (s)

150 150

100 100

50 50
0.005 0.010 0015 0.020 0.025 0.000 0.002 0.004 0.006 0.008 0.010
k. (km™1) k. (km™!)

Figure 4.3 p — k diagrams. a Period p as a function of the vertical wavenumber k,
of four radial modes of m = 2 azimuthal mode for the case of the slow body waves in
the subphotospheric condition (¢se > ¢s > v4). b p — k diagram for the case of the
fast body waves. The white area in panel a marks the range of v4 > v, > ¢y where
the slow body wave solution can exist. The white area in panel b represents the
range where the fast body wave solution can exist (cse > v, > ¢5). We have taken
the internal sound speed of ¢; = 8.1 km s~!, internal Alfvén speed of vy = 0.4c,,
external sound speed of ¢, = 1.5¢s, external Alfvén speed of v4 . = 0.5¢,, and the
tube speed of c& = c2v?/(c? 4+ v?). Here v, represents the longitudinal phase speed

of waves, i.e. v, = w/k,.
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Figure 4.4 Dispersion relations of the zero-external density limit and the
numerical solution. The left panel shows the dispersion relation of the fast body
wave in the zero-external density limit shown in panel b of Figure 4.3. The right
panel shows the numerical solution of the equation 4.3. In the numerical solution,
wave mode in the gray area cannot be calculated. Two panels show a similar trend

with just a small difference.
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where k.,  is the vertical wavenumber of fast waves and £, _ is the solution of slow

waves. The constants are of the form

a =victR?, (4.7)
b = (c +v3)(fr(n)cp — RPw?), (4.8)
c = R%w*— f2 (n)w?(c? +v7), (4.9)

where f,,(n) is n-th root of the Bessel function, Jy,(fm(n)) = 0. Figure 4.3 shows
oscillation period p as a function of vertical wavenumber k, for two body wave cases
following the dispersion relation in the subphotospheric condition (cse > ¢ > v4) at
190 km depth below the equipartition layer, where ¢ . is the external sound speed,
¢s is the internal sound speed and v, is the internal Alfvén speed. Here only four
radial modes of m = 2 azimuthal mode are plotted. The internal sound speed is
derived from the extrapolation of the Maltby M model (Maltby et al. 1986). The
internal Alfvén speed is derived following the method described in Cho et al.(Cho &
Chae 2020): after measuring the mean magnetic field strength of 1400 G magnetic
strength from the Helioseismic and Magnetic Imager onboard the Solar Dynamics
Observatory (SDO/HMI(Schou et al. 2012)) at 100 km height, the magnetic field
strength in the deeper region by applying the vertical gradient of —1 G km~! (Bor-
rero & Ichimoto 2011). For simplification, we set the external sound speed to 1.5¢
and the external Alfvén speed to 0.5cs. Since the phase speed of the fast body
waves v, ¢ is in between the internal sound speed and the external sound speed
(Cs,e > vp g > €5 > v4), the solution is confined in the white region. The slow body
waves are valid if the phase speed (vp ) is in between the Alfvén speed and the tube
speed (v4 > vps > cr). Even if the exterior magnetic field is negligible (vq, = 0),
two body waves can exist in the flux tube (Roberts 1981; Edwin & Roberts 1982).

The noticeable difference between the slow body wave resonance model and the

fast body wave resonance model comes from whether the cutoff wavenumber, which
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is related to the incident angle to the interface, exists or not. For the case of slow
body waves, there is no cutoff wavenumber, and hence infinite radial modes can exist
in all period ranges (panel a). For the case of fast body waves, however, the finite
number of radial mode can be survived by the effect of the cutoff wavenumber (panel
b). Moreover, this cutoff wavenumber highly depends on the oscillation period. In
the case of m = 2 azimuthal mode waves, only one radial mode appears at the period
of 300 seconds, three radial modes exist at the period of 150 seconds, and more than

four radial modes can be survived at the period of 75 seconds.

4.4 Results

To reproduce the temporal evolution of the spatially and temporally filtered SWPs
(Figure 4.5b), we found the free parameter values of Ay, ., Oy, and tp,, in the
equation 4.5. The radial wavenumber k.,,, , is derived from the boundary condition,
and we set z = 0. At first, we found the phase difference value t,, ,, from the shape
of spiral arms and their temporal evolution. Second, we determined the amplitude
Ap, n from the apparent radial pattern speed and the width of the spiral arms. After
that, we rotated the patterns to fit their orientation 6,, to the observation. The two-
armed SWP was reconstructed by the superposition of nine resonant modes; three
azimuthal modes (m = 0, £2) and three radial modes (n = 1,2, 3) of each azimuthal
mode (Figure 4.1 d-e). The temporal evolution of the model is shown in the bottom
panels of Figure 4.5, and the model parameters are described in Table 4.1. The
temporal evolutions of m = 0 and m = 2 azimuthal modes are shown in Figure 4.6
and 4.7, respectively. During the lifetime of the SWPs, the model parameters and
the number of resonant modes are not changed.

The shape of spiral patterns is relevant to the phase difference (¢, ,) between
radial modes. The inner region of the patterns is highly affected by high-order radial

modes, and the outer part is associated with low-order modes. The phase speed
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Figure 4.5 Temporal evolution of the spiral-shaped wave patterns. Top row:
Observed Doppler velocity maps temporally filtered in the frequency range of 5.5—9
mHz. Middle row: Doppler velocity maps that are temporally filtered in the same
frequency range and are spatially filtered in the azimuthal mode m = 0, and 2. Bot-
tom row: Modeled LOS velocity fluctuation v, constructed by the superposition of
total nine resonance modes; m = 0,£2, and n = 1, 2, 3. Columns show the temporal
evolution of each map from left to right. The time ¢ = 0 is equal to 17:43:27 UT.
The black contour indicates the boundary of the pore, and the black dashed circle
represents the boundary of the flux tube of the model. The oscillation period of the
patterns is about 160 seconds, and input model parameters are shown in Table 4.1.
Temporal evolutions of m = 0 and 2 modes are illustrated in Figure 4.6 and 4.7

respectively.
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Table 4.1 Input parameters of the model shown in Figure 4.5

m n Ann Om  tmn
(kms™) (%) (s)
0 1 1.50 0 O
0 2 225 0 -20
0 3 1.50 0 -40
2 1 2.00 30 28
2 2 3.00 30 -2
2 3 3.00 30 -52
-2 1 0.60 30 28
-2 2 090 30 -2
-2 3 090 30 -52
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Figure 4.7 Temporal evolution of oscillation patterns filtered in m = 2
mode. Top row: Similar to the middle row in Fig 4.5 but filtered in the azimuthal

mode m = 2. Bottom row: Modeled LOS velocity fluctuation of m = +2 mode.

.T. 5



Umbral Oscillations Driven by the Resonance of Fast Waves

44.7 km/s 28.9 km/s

@
o
1

N
(&)
1

N
o
1

Distance (Mm)

N
()]
1

-
o
1

0.5

0.0
0 100 0 100
Time (s) Time (s)

21.4 km/s

100
Time (s)

75

Figure 4.8 Time-distance map of modeled m=0 waves. a Time-distance (TD)

map of the m = 0 mode with the amplitudes of Ag; = 2.25, Ags = 2.0 and

Apz = 0.5. b TD map with the amplitudes of Ag1 = 1.5, Ag2 = 2.25 and Ap3 = 1.5.

¢ TD map with the amplitudes of Ap; = 0.5, Ag2 = 2.0 and Ag3 = 2.25. All of

them have the phase differences of ¢o1 = 0, o2 = —20 and ¢yp3 = —40. The solid

lines represent the gradient of ridges.



76 Umbral Oscillations Driven by the Resonance of Fast Waves

difference may be responsible for the phase difference because it takes different
times for different modes to establish standing waves after being reflected at the
flux tube boundary. If the high-order modes form the standing waves earlier than
the low-order modes for non-zero azimuthal modes, the inner part appears to rotate
earlier than the outer part. As a result, the superposition of radial wave modes with

different phases forms trailing spiral arm structures.

The speed of radial apparent fast-moving patterns is associated with the ampli-
tude ratio between radial modes (see Figure 4.8). If the n = 1 mode has the dominant
wave power of the patterns, the radial pattern speed becomes faster (panel a). On
the other hand, if the n = 2 or 3 has the most of the wave power of the patterns,
the apparent speed becomes slower (panels b and c). Therefore, the speed of the
radial moving patterns may be irrelevant to the depth of a source suggested in the
previous studies (Zhao et al. 2015; Cho & Chae 2020; Felipe & Khomenko 2017),

but it corresponds to the energy distribution between radial modes.

The effect of the cutoff wavenumber is shown in the observation of the m = 2
azimuthal mode filtered in three different frequency band (Figure 4.9). The 2.5 — 4
mHz (4.2 — 6.7 minute) frequency-filtered Doppler velocity map shows the blob
patterns generated by only one radial mode (panel a). In contrast with the low
frequency-filtered map, the oscillation pattern filtered in the range of 5.5 — 9 mHz
(1.9—3.0 minute) forms the spiral arms associated with the three radial modes (panel
b), and more winding spiral structures are shown in the 12—20 mHz (0.8—1.4 minute)
frequency-filtered map because of the superposition of more than four radial modes
(panel c¢). These support the idea that the observed chromospheric features are

originally generated by the resonance of the fast body waves in the subphotosphere.

The cutoff wavenumber also depends on the size of a flux tube (see equations
(4.6)-(4.9)). If the flux size is less than 2 Mm, only one resonance mode, fundamental

sausage mode (m = 0, n = 1), can be trapped in the flux tube. For the intermediate
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Figure 4.9 Oscillation patterns filtered in three different frequency bands.
a Observed Doppler velocity map filtered in the range of 2.5 — 4 mHz. b Velocity
map filtered in the range of 5.5 — 9 mHz. ¢ Velocity map filtered in the range of
12 — 20 mHz. The black contour represents the boundary of the pore.
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size of the flux tube with the size of 7 Mm, the waves have the maximum order of
radial mode of four with m = 0 and the highest azimuthal mode of eight with n = 1.
However, a large-scale sunspot of more than 30 Mm can trap many resonance modes,
so it is hard to distinguish whether these modes occur from the resonance of the slow
waves or the resonance of the fast waves. Therefore, only sausage or kink body waves
have been reported previously in small-scale flux tubes such as pores (Morton et al.
2011; Keys et al. 2018), the limited number of resonance modes have been detected
in the intermediate sunspots (Kang et al. 2019; Albidah et al. 2022). and more than
30 resonance modes have been identified in large-scale sunspots (Stangalini et al.

2022).

4.5 Discussion

For the first time, we successfully reproduced the observed temporal evolution of the
spiral-shaped wave patterns by the superposition of the resonance modes of the fast
body waves driven in the subphotosphere. The spiral arms were constructed by the
superposition of three radial modes of non-zero azimuthal modes, and the speed of
the fast-moving radial pattern was associated with the energy distribution between
the radial modes. Since the cutoff wavenumber of the fast body waves limited the
high-order radial modes, only a few low-order radial modes were identified in the
pore. The evidence of the cutoff wavenumber was detected in the filtered Doppler
velocity maps in three different frequency ranges; 2.5—4 mHz, 5.5—9 mHz, and 12—20
mHz. The existence of the cutoff wavenumber is the most remarkable difference from
the solution of trapped slow body waves.

How can the resonance of the fast body waves contribute to the chromospheric
oscillations of slow waves? The mode conversion at the equipartition layer (¢s = v4)
links the subphotospheric fast waves to the chromospheric slow waves (Zhugzhda &

Dzhalilov 1984; Cally 2001; Schunker & Cally 2006; Cally 2007) (see Figure 4.10).
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Figure 4.10 Schematics of the vertical cross-section view of the model. The
yellow area represents the region where the sound speed is faster than the Alfvén
speed (cs > v4), and the white area represents the region where the sound speed is
slower than the Alfvén speed (cs < v4). The black solid line between the two regions
represents the equipartition layer (cs = v4) where the mode conversion can occur.
The gray vertical lines represent the magnetic field lines, and the vertical dashed
line illustrates the boundary of the flux tube. The red line demonstrates the vertical
velocity fluctuation v, of fast body waves and the blue line illustrates the v, of slow
body waves. The dotted horizontal line indicates the resonance layer of the fast body
waves, and the dash-dotted horizontal line expresses the detection layer. The two
panels shown in the right-bottom corner illustrate the vertical velocity fluctuation
of two azimuthal modes of m = 0 and 2. The right-top panel shows the horizontal
cross-section view of the modeled oscillation patterns shown in panel d of Figure

4.1.
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First, the resonance of fast body waves occurs at the resonance layer in the subpho-
tosphere (¢s > v4). When the waves propagate upwards through the equipartition
layer (cs = v4), some portion of fast waves is converted to slow waves maintaining
their oscillation patterns. After mode conversion, the slow waves propagate upwards
along the vertical magnetic field. Therefore we can observe inherited oscillation pat-
terns of the resonance of the fast body waves even in the detection layer of the

chromosphere (cs < v4).

The mode conversion efficiency depends on the order of the radial mode. In
other words, the shape of oscillation patterns in the subphotospheric region may be
slightly different from the patterns observed in the chromosphere. The direction of
the wave vector or the ratio of the vertical wavenumber &, to the radial wavenumber
k, depends on the order of the radial mode. For the lowest order radial mode (n =
1), the k,/k, becomes 3, but the highest order radial mode of n = 3 has a low
wavenumber ratio of around 1. Since the fast-to-slow mode conversion is enhanced
when the wave vector is aligned with the field lines (Schunker & Cally 2006), more
energy of the fast waves of the low-order modes can be converted to the slow waves
rather than the high-order modes. As a result, the chromospheric oscillation patterns
have a larger amplitude ratio of the low-order to high-order modes than the patterns
in the subphotosphere. Thus the chromospheric oscillation patterns can show faster
radial apparent pattern speed than the subphotospheric patterns according to the
notion shown in Figure 4.8. In this chapter, we have ignored this modal-dependant
transmission to describe the observed patterns analytically, but in a further study,

we will consider this effect numerically.

There is a physical reason why horizontal resonance occurs in fast waves, not
in slow waves. To form trapped oscillation patterns in the horizontal plane, waves
should propagate energy across the field lines. Since the wave vector and group

velocity of the slow waves are highly aligned with the field line even in the subpho-
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tospheric region, the slow waves propagate upwards before being trapped in the flux
tube. For the case of fast waves, however, the vertical wavenumber is comparable to
the radial wavenumber, so it is relatively easier for the fast waves to propagate the
wave energy across the field line rather than the slow waves. Therefore, fast waves

are preferred to for the horizontal resonance in flux tubes.

The driving sources of the oscillation patterns can be either internal magneto-
convection or external p-mode. Regardless of the location of a source, the oscillations
can show similar patterns if the waves are trapped in the flux tube. In this regard,
the wave source does not need to be located at the center of the oscillation patterns.
The center of oscillation patterns is related to the shape of the flux tube. In an
axisymmetric circular sunspot, the center of oscillation patterns is located at the
center of the flux tube, and the central position of the resonances in an irregular-
shaped sunspot is affected by the field geometry (Albidah et al. 2022). Therefore,
one should be careful to determine the source of waves from the apparent motion of

the oscillation patterns.

The solution of fast body waves exists only in a shallow range of the subpho-
tosphere (cse > ¢s > v4). In the deep region below the surface, the effect of the
magnetic field is negligible, and then it is difficult to trap the waves in the flux tube
because the boundary becomes ambiguous (¢s ~ ¢s.¢). If the internal sound speed
is slow enough near the equipartition layer, more than four radial modes can be
trapped in the observed pore for the case of 3-minute waves, but it is inconsistent
with the observation. Thus the fast wave resonance should occur in a confined layer.
Calculating the depth of the resonance layer using the Maltby sunspot M model
(Maltby et al. 1986), the fast body wave resonance of the observed two-armed SWPs
is formed in a shallow range of -250 km to -110 km below the equipartition layer

that equals 4 < 8 < 10 in terms of plasma beta.

Our research sheds light on the physical nature and origin of umbral oscillations
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and contributes to the establishment of the subphotospheric seismology in the mag-
netic flux tube. Since the cutoff wavenumber depends on the internal /external sound
speed and internal Alfvén speed for a given flux tube size and oscillation frequency,
we can derive the atmospheric condition from the chromospheric oscillation patterns
by using this model. Our study is significant in that we can infer the atmospheric
conditions and the wave phenomena in the unobservable subphotosphere through

the observable oscillation patterns in the chromosphere.



Chapter 5

Summary and Discussion

5.1 Summary

In this thesis, we investigated the nature and origin of two-dimensional oscillation
patterns in sunspot umbrae by comparing the observations and models.

In Chapter 2, we reproduced observed one- and two-armed spiral-shaped wave
patterns in the pore using the internal excitation model. According to this model, the
spiral arms may be generated by the non-zero azimuthal mode of a localized source
beneath the photosphere. The number of spiral arms is the same as the magnitude
of the azimuthal mode, and the rotation direction is determined by its sign. In this
model, the radial moving patterns and the spiral shape may be associated with
the depth of the disturbance. From this relation, we derived that the source of
the observed SWPs may be located at a depth of 1600 km below the photospheric
surface.

In Chapter 3, we investigated the statistical properties of 241 spiral-shaped wave
patterns in sunspot umbrae. The detection probability of 0.24 per hour is lower than
our expectation. This low detection rate implies that there may be non-rotating

patterns of non-axisymmetric mode with the balanced opposite sign of azimuthal

83



84 Summary and Discussion

modes; +m and —m. The oscillation period of 150 seconds and the lifetime of 780
seconds are comparable to conventional umbral oscillations. The rotation direction
is independent of the hemisphere and the magnetic twist. It implies that SWPs
may be generated by the local turbulent motions if they originated from an internal
source. We indirectly inferred that the source of SWPs is between 2 Mm and 10 Mm
below the equipartition layer using the apparent radial speed supposing the waves

are excited by the interior motion.

In Chapter 77, we proposed the subphotospheric fast resonance model that more
precisely reproduces the observed chromospheric patterns of umbral oscillations.
This model is contrasted with the former internal excitation model employed in
the works described in the previous chapters. In this chapter, we have corrected
the analytic solution of the former model by considering the boundary effect of the
flux tube. In addition, we have interpreted the two-dimensional patterns in three
different frequency bands as the effect of the cutoff wavenumber or cutoff radial mode
related to the incident angle of each radial mode. According to this new model, the
chromospheric patterns of umbral (slow) waves are regarded as the inherited patterns
of the resonance of fast waves in the subphotosphere. Either internal convective
motion or external p-mode waves in the subphotosphere can generate the proposed
resonance of fast waves. The observed patterns in a pore are formed within narrow

and shallow layers between -250 km to -110 km below the surface.

The differences between the earlier internal excitation model (IEM) and the
later subphotospheric fast resonance model (SFRM) are described in Figure 5.1.
The SFRM can reproduce spatial details of the patterns of umbral oscillations be-
cause of the existence of the radial mode. Furthermore, the frequency dependence
of the oscillation patterns can be interpreted as the effect of the cutoff wavenum-
ber (or cutoff radial mode) in the SFRM. The source of the pattern in the IEM is

the localized random impulsive events. Accordingly, the oscillation pattern can be
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located everywhere in the umbrae. On the other hand, the source of the SFRM can
be either internal excitation or the external p-mode. For that reason, the SFRM
can propagate more energy to the upper atmosphere. In addition, the wave pattern
of the SFRM can be located near the center of the umbrae because it is formed
by the standing waves trapped in the flux tube. In the IEM, the apparent radi-
ally propagating pattern is related to the depth of the source. By contrast, in the
SFRM, the radial propagation is associated with the phase difference and the energy
distribution between radial modes.

The remarkable achievement of our studies is that the observed umbral slow
waves are originally fast waves below the surface. The key process connecting these
two wave modes is the mode conversion at the equipartition layer. With the help
of this process, sunspots can transfer the energy of the solar interior to the upper
atmosphere with the two linked magnetoacoustic waves of acoustic nature. Moreover,
we can explore the unobservable sunspot interior from the umbral oscillations with
devised models. If we improve these models more quantitatively with the help of

numerical simulation, we can find a hint to solve the coronal heating problems.

5.2 Future works

Our results broaden our understanding of the observed oscillation in the magnetized
region. Based on this knowledge, we suggest several research subjects. In this section,

we introduce several ideas and some preliminary results.

1. Detection of non-rotating patterns of umbral oscillations

As discussed in Chapter 3, the low detection rate of SWPs implies that there should
be non-rotating patterns (NRPs) of umbral oscillation. We identified some cases of

NRPs in a pore observed on June 24, 2018, from 18:36 to 20:34 UT (Figure 5.2).
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The first case shows the NRP with the dominant powers at the azimuthal numbers
0 and 2, and the second case is the NRP of the superposition of m = 0 and 3. We
reproduced the observed patterns using the temporal evolution of NRPs and the
time-distance map. The apparent radial speeds of m = 0 and m = 2 are different
(Figure 5.3 a and b). It supports the idea of the subphotospheric fast resonance
model because the radial speeds of the different modes are the same if two modes are
generated simultaneously by a single local disturbance, as suggested in the internal
excitation model. The second important finding is that the oscillation power is also
horizontally distributed regardless of the local magneto-convection shown in the
photosphere (Figure 5.3 ¢ and f). Therefore, it should be careful to identify the

source of the slow waves from the distribution of the oscillation power.

2. Nature of penumbral waves

What about the waves shown in the penumbral? According to the subphotospheric
model, the penumbral waves can also be related to the trapped umbral waves. If the
penumbral waves are related to the subphotospheric model, the penumbral waves
are linked with the patterns of umbral oscillations. To find this feature, we analyzed
sunspot waves temporally filtered in the period range of 3-minute and 5-minute
bands, respectively. We find that either 3-minute waves or 5-minute waves appear to
propagate from the umbra to the penumbra (Figure 5.4). From this result, we conjec-
ture that the penumbral waves may be related to the leaky waves. After improving

the analytic model, we will reproduce the observation.
3. Surface waves at the umbra-penumbra boundary and their relation to
the Alfvénic waves

As mentioned in Chapter 1, the surface wave can exist near the umbra-penumbra

boundary. If these surface waves are generated in the subphotosphere like the body
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waves, the only allowable solution is the slow surface waves (see Figure 6 of Edwin
& Roberts (1983)). If we decompose the patterns of body waves with the subpho-
tospheric fast resonance model, we can identify the surface waves at the umbra-
penumbra boundary. Moreover, slow waves have magnetic nature in the high-g re-
gion, and the slow waves are strongly coupled with Alfvén waves. In this region,
a portion of slow waves can be converted to the Alfvén waves, maintaining their
magnetic nature (Cally 2022). Therefore, surface waves can transfer the magnetic

energy of the solar interior to the upper atmosphere.

4. Sunspot seismology

In helioseismology, p-mode waves can be described by spherical harmonics, and this
harmonic feature can be identified in the k—w diagram. Similarly, umbral oscillations
can be given by cylindrical harmonics using the resonance model. Thus the harmonic
feature of umbral oscillation can also be detected in the k — w diagram in a sunspot
umbra with enough spatial and temporal size and resolution. According to Figure
4.3, the separation between two harmonic branches is about 20 seconds in time and
about 200 km in space for 3-minute waves. Considering the Nyquist frequency, the
temporal resolution should be better than 10 seconds, and the spatial resolution
should be better than 100 km. This resolution is slightly better than the resolution
of the FISS. If we improve the FISS in the near future, we can resolve this harmonic

feature in the frequency domain.

5. Distribution of oscillation period in sunspot umbrae

The distribution of the predominant oscillation period is different even in an um-
bra. The oscillation period near the umbra center is shorter than the outer parts.
Conventionally this observed phenomenon is considered as the difference of acoustic

cutoff by the effective gravity of inclination of the magnetic field (Reznikova et al.
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2012; Jess et al. 2013). This phenomenon can also be interpreted as the effect of
the distribution of the maximum amplitude of each radial mode (see Figure 4.9).
Therefore, we will compare these two scenarios by comparing the oscillation power

map and the magnetic field inclination map.

6. Relation between oscillation patterns and structure of sunspot

The morphological patterns of umbral oscillations may depend on the size and struc-
ture of sunspots. According to equation (4.6-4.9), the cutoff wavenumber of trapped
fast waves in the subphotosphere depends on the size of the flux tube. The larger the
umbra is, the more radial modes can be trapped in the umbra. Thus, the shape of
oscillation patterns may depend on the size of the flux tube. Moreover, the oscillation
patterns are affected by the shape of the sunspots. If the sunspots have an elliptical
shape, the oscillation patterns are elongated along the major axis (Aldhafeeri et al.
2021). Therefore, we should consider the structure of the sunspots to derive the wave

mode correctly.

7. Oscillation patterns in fragmented sunspots.

Sunspots can be fragmented by the magneto-convection, such as a light bridge.
Each separated sunspot can trap the waves. If the flow in the light bridge disturbs
these two sunspots, wave patterns in two separated sunspots may be similar or
rotate in opposite directions. If we find these features, the results also support the
idea of a subphotospheric fast resonance model because the internal source cannot

simultaneously disturb two separated flux tubes.

8. Energy transfer of the oscillation patterns

According to the fast subphotospheric resonance model, the external p-mode waves

can be absorbed by a sunspot, and absorbed energy can be transferred to the corona
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along the magnetic field. In this model, the sunspot acts as an optical fiber that traps
the energy within the tube and transfers this energy to the opposite end. If we quan-
titatively measure the absorbed energy of p-mode in the sunspot and the energy flux

of the waves, we can give a clue to the coronal heating problem.

In this dissertation, we have successfully explained the chromospheric oscillation
patterns based on the mode of fast wave resonance in the subphotosphere. We expect
that our model can give a hint or clue to the unsolved problems associated with
sunspot waves, such as the origin of Alfvénic waves or the chromospheric heating

problem.
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