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Abstract

For a prime p and a positive integer n, an integral quadratic form over the

ring Zp is called primitively n-universal if it primitively represents all integral

quadratic forms of rank n over Zp. In [7], Earnest and Gunawardana provided

some criteria for determining whether or not a given integral quadratic form

over Zp is primitively 1-universal. In this thesis, we prove that the minimal

rank of primitively n-universal integral quadratic form over Zp is 2n, if p is an

odd prime or if p = 2 and n ≥ 5. Moreover, we obtain a complete classification

of primitively 2-universal integral quadratic forms over Zp of minimal rank.

For a positive integer n, a positive definite integral quadratic form is called

primitively n-universal if it primitively represents all positive definite integral

quadratic forms of rank n. It was proved in [11] that there are exactly 107

primitively 1-universal quaternary integral quadratic forms up to isometry. In

this thesis, we prove that the minimal rank of primitively 2-universal integral

quadratic forms is six, and we prove that there are exactly 201 primitively

2-universal senary integral quadratic forms up to isometry.
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Chapter 1

Introduction

A quadratic form of rank n is a quadratic homogeneous polynomial

f(x1, . . . , xn) =
n∑

i,j=1

fijxixj (fij = fji ∈ Q),

where the corresponding symmetric matrix Mf = (fij) is nondegenerate. We

say f is integral if Mf is an integral matrix, and we say f is positive definite

if Mf is positive definite. Throughout this thesis, we always assume that any

quadratic form is integral and positive definite.

For two (positive definite integral) quadratic forms f and g of rank n and

m, respectively, we say f is represented by g if there is an integral matrix

T ∈Mm,n(Z) such that Mf = T tMgT . We say f is isometric to g if the above

matrix T is invertible. We further say f is primitively represented by g if the

above matrix T can be extended to an invertible matrix in GLm(Z) by adding

1



CHAPTER 1. INTRODUCTION

suitable (m − n) columns. In particular, a positive integer a is primitively

represented by g if and only if there are integers x1, . . . , xm such that

g(x1, . . . , xm) = a and gcd(x1, . . . , xm) = 1.

For a positive integer n, a quadratic form is called (primitively) n-universal

if it (primitively, respectively) represents all quadratic forms of rank n. La-

grange’s four-square theorem states that the quaternary quadratic form corre-

sponding to the identity matrix I4 is 1-universal. The complete classification

of 1-universal quadratic forms up to isometry has been done by Ramanujan,

Dickson, Conway–Schneeberger, and Bhargava (see [20], [6], and [1]). In 1998,

Kim, Kim, and Oh in [13] proved that there are exactly eleven 2-universal

quinary quadratic forms up to isometry. For some more information on n-

universal quadratic forms, see [12] or [16].

For a ring R, a quadratic R-form of rank n is a quadratic homogeneous

polynomial

f(x1, . . . , xn) =

n∑
i,j=1

fijxixj (fij = fji ∈ R),

where the corresponding symmetric matrix Mf = (fij) ∈ Mn(R) is nonde-

generate. An integral quadratic form is a quadratic Z-form, and a quadratic

S-form can be viewed as a quadratic R-form whenever S is a subring of R.

For two quadratic R-forms f and g of rank n and m, respectively, we say f is

represented by g (over R) if there is a matrix T ∈Mm,n(R) over R such that

Mf = T tMgT . We say f is isometric to g (over R) if the above matrix T is

2



CHAPTER 1. INTRODUCTION

invertible over R. We further say g is primitively represented by f (over R)

if the above matrix T can be extended to an invertible matrix in GLm(R) by

adding suitable (m− n) columns in Rm.

Clearly, if f is (primitively) represented by g over Z, then f is also (prim-

itively, respectively) represented by g over Zp for any prime p. However, the

converse is not true in general. In fact, there is an effective criterion whether

or not f is represented by g over Zp for any prime p (for this, see [18]). How-

ever, as far as the author knows, there is no known effective criterion whether

or not f is primitively represented by g over Zp.

Finding primitively 1-universal quadratic forms was first considered by

Budarina in [2]. She classified all primitively 1-universal quaternary quadratic

forms satisfying some special local properties. Later, she also classified in [3]

all primitively 2-universal quadratic forms that is of class number one and has

odd squarefree discriminant. Recently, Earnest and Gunawardana classified

in [7] all quadratic Zp-forms that primitively represent all unary quadratic

Zp-forms for any prime p including p = 2. Furthermore, they gave a complete

list of all quaternary 1-universal quadratic forms that are almost primitively

1-universal. Here, a quadratic form is called almost primitively 1-universal if

it represents almost all positive integers primitively. Recently, Ju, Kim, Kim,

Kim and Oh in [11] finally proved that there are exactly 107 primitively 1-

universal quaternary quadratic forms up to isometry.

In this thesis, we study the minimal rank of primitively n-universal quadratic

forms and the classification of primitively n-universal quadratic forms of min-

imal rank, over Z and Zp for a prime p. Most results were done by joint work

3



CHAPTER 1. INTRODUCTION

with Prof. Byeong-Kweon Oh.

In Chapter 2, we summarize basic facts and preliminary results about rep-

resentations of quadratic spaces and lattices. We also introduce some results

on n-universal and primitively n-universal quadratic forms over Z and Zp for

a prime p.

In Chapter 3, we discuss primitive n-universality over Zp for a prime p. We

first state a necessary condition for a Zp-lattice to be primitively n-universal.

Next, we prove that the minimal rank of primitively n-universal quadartic

forms over Zp is 2n if p is odd or n ≥ 5. Furthermore, it is 2n + 1 if p = 2

and n = 2, 3. Finally, we provide a complete classification of primitively n-

universal quadratic forms of minimal rank, when p is odd and n = 2, 3, and

when p = 2 and n = 2.

In Chapter 4, we discuss primitive n-universality over Z. We prove that

the minimal rank of primitively 2-universal quadratic forms over Z is six. Fur-

thermore, we prove that there are exactly 201 primitively 2-universal senary

quadratic forms up to isometry (see Table 4.1).

4



Chapter 2

Preliminaries

In this chapter, we introduce definitions, notations and known results which

will be used throughout the thesis.

2.1 Representations of quadratic spaces

Let F be a field of characteristic not 2. By a quadratic space V over F we

mean a finite dimensional vector space V over F equipped with a symmetric

bilinear form B on V , i. e. a mapping

B : V × V → F

with the following properties:

B(αx+ y, z) = αB(x, z) +B(y, z), B(x, y) = B(y, x)

5



CHAPTER 2. PRELIMINARIES

for all x, y, z ∈ V and all α ∈ F . We define the quadratic form Q (associated

with B) on V by Q(x) = B(x, x) for all x ∈ V . We use Q and B to denote the

quadratic form and the associated bilinear form on any quadratic space. We

say that a quadratic space is unary, binary, ternary, quaternary, . . . , n-ary

according as its dimension is 1, 2, 3, 4, . . . , n. The quadratic space V is said

to represent a field element α if α ∈ Q(V ). We say that V is universal if

Q(V ) = F .

Suppose that V and W are quadratic spaces. A linear map σ ∈ L(V,W )

is called a representation from V into W (with respect to the bilinear forms

B on V and W ) if

B(σx, σy) = B(x, y) for any x, y ∈ V .

We let V → W denote a representation. We say that V is represented by W

if there is a representation V → W . An injective representation is called an

isometry of V into W . And V and W are said to be isometric if there exists

an isometry σ of V onto W . We let V ∼= W denote an isometry of V onto

W . The set of all isometries V into itself is written O(V ). It is a subgroup of

GL(V ), called the orthogonal group of V with respect to the quadratic form

Q.

Let V be an n-ary quadratic space. With each basis x1, . . . , xn for V , we

associate an n×n symmetric matrix N whose (i, j) entry is B(xi, xj). We call

N the (Gram) matrix of V in the basis x1, . . . , xn and write

V ∼= N in x1, . . . , xn.

6



CHAPTER 2. PRELIMINARIES

If there is a basis x1, . . . , xn for which this holds, then we say that V has the

(Gram) matrix N and we write

V ∼= N .

The discriminant of V , written dV , is defined to be the canonical image of

detN in the quotient monoid F/(F×)2. It is easily seen that the above defi-

nition of discriminant is actually independent of the choice of a basis.

Consider the quadratic space V . The orthogonal sum is the direct sum of

subspaces V1, . . . , Vr, which are pairwise orthogonal, i. e. which satisfies

B(Vi, Vj) = 0 for 1 ≤ i < j ≤ r.

It is denoted V1 ⊥ · · · ⊥ Vr. If the orthogonal sum of subspaces V1, . . . , Vr is

equal to V , then we say that V has the (orthogonal) splitting

V = V1 ⊥ · · · ⊥ Vr

into subspaces V1, . . . , Vr. We call Vi the (orthogonal) components of the

splitting. We say that a subspace U (orthogonally) splits V , or that it is a

component of V , if there exists a subspace W such that

V = U ⊥W .

Suppose that we are given quadratic spaces V1, . . . , Vr over F . Then there

is a unique symmetric bilinear form on the direct sum V1 ⊕ · · · ⊕ Vr which

induces the given bilinear forms on the Vi and under which the summands V1,

7



CHAPTER 2. PRELIMINARIES

. . . , Vr are mutually orthogonal. For if B1, . . . , Br are the respective given

bilinear forms, define

B
(∑

xi,
∑

yi

)
=

∑
Bi(xi, yi)

for typical vectors
∑
xi,

∑
yi in

⊕
Vi; it is easily seen that B has the required

properties. In this case,
⊕
Vi equipped with such a B also is denoted by

V1 ⊥ · · · ⊥ Vr and is called an orthogonal sum of quadratic spaces V1, . . .Vr.

Given a symmetric n×nmatrixN , we let ⟨N⟩ (or sometimesN itself) stand

for an n-ary quadratic space which has the matrix N . Hence, for instance, the

notation

N1 ⊥N2

with N1 and N2 symmetric matrices over F denotes a quadratic space over F

which has the matrix  N1 0

0 N2

.

Similarly,

⟨α1⟩ ⊥ · · · ⊥ ⟨αn⟩

with all αi in F denotes a quadratic space over F which has the matrix

diag(α1, . . . , αn).

We simply let ⟨α1, . . . , αn⟩ stand for such a space. A basis B for the quadratic

space V is called an orthogonal basis if the matrix of V in B is diagonal. Every

nonzero quadratic space has an orthogonal basis.

8



CHAPTER 2. PRELIMINARIES

For a subset S of the quadratic space V , we put

S⊥ = {x ∈ V | B(x, S) = 0}.

It is easily seen that S⊥ is a subspace of V . For a subspace U of V , we call

U⊥ the orthogonal complement of U in V . We say that V is a nondegenerate

quadratic space if V ⊥ = 0, or equivalently if dV ̸= 0. If U is a nondegenerate

subspace of the quadratic space V , then it is well known that

V = U ⊥ U⊥.

Theorem 2.1.1 (Witt). (a) If U and W are isometric nondegenerate sub-

spaces of a quadratic space V , then U⊥ and W⊥ are isometric.

(b) If V and V ′ are isometric nondegenerate quadratic spaces and U is any

subspace of V , then for any isometry σ : U → V ′, there is an extension

of σ to an isometry of V onto V ′.

Proof. (a) See [19, Theorem 42:16]. (b) See [19, Theorem 42:17].

Let x be an nonzero vector in the quadratic space V . We call x isotropic if

Q(x) = 0, and we call it anisotropic otherwise. Let V be a nonzero quadratic

space. We call V isotropic if it contains an isotropic vector, and we call it

anisotropic otherwise. A quadratic space V is called a hyperbolic plane if it

has the matrix

V ∼=

0 1

1 0
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CHAPTER 2. PRELIMINARIES

in one of its bases, called a hyperbolic basis for V . A binary quadratic space

V is a hyperbolic plane if and only if V is isotropic and nondegenerate, if and

only if −1 ∈ dV . We let H stand for the hyperbolic plane.

We call a nonzero quadratic space is totally isotropic if each of its nonzero

vector is isotropic. Let V be a nondegenerate quadratic space. Then any max-

imal totally isotropic subspace of V has the same dimension. This dimension

is called the (Witt) index of V , and is written indV . If the index of V is r,

then V is split by an orthogonal sum of r copies of hyperbolic planes. This

implies

0 ≤ 2 indV ≤ dimV .

We call V a hyperbolic space if 0 < 2r = dimV . Thus V is hyperbolic if and

only if it is isometric to a nonempty orthogonal sum of hyperbolic planes.

Let a field F and nonzero scalars α, β ∈ F are given. Take a four dimen-

sional space U and a basis 1, i, j, k for U so that

U = F1 + Fi+ Fj + Fk.

Define a multiplication on these basis vectors by the multiplication table

1 i j k

1 1 i j k

i i α1 k αj

j j −k β1 −βi

k k −αj βi −αβ1

10



CHAPTER 2. PRELIMINARIES

and extend this by linearity to a multiplication on U . Then U is an associative

F -algebra with multiplicative identity 1. For each pair of nonzero scalars

α, β ∈ F , the algebra obtained by the preceding construction is called the

quaternion algebra (
α, β

F

)
.

Consider a nondegenerate n-ary quadratic space V over the field F . Suppose

that

V ∼= ⟨α1, . . . , αn⟩.

We define the Hasse algebra

SFV :=
⊗

1≤i≤j≤n

(
αi, αj

F

)
.

It may be shown that SFV is uniquely determined up to an algebra isomor-

phism. Hence it is an invariant of the quadratic space V .

A global field is either a finite extension of the field of rational numbers

Q, or a finite extension of the field Fq(t) of rational functions in one variable

over a finite constant field Fq. A local field is a composite object consisting of

a place p on F such that p is complete and discrete, and the residue class field

at p is finite. It is known that the completion of a global field at any one of

its nontrivial nonarchimedean places is a local field.

Suppose that F has a unique nontrivial place p, and suppose that F is

either a local field at p, or p is archimedean and complete. In any of these

situation, it is well-known that the Brauer group of F is cyclic of order at most

2, and hence it may be identified with a subgroup of {±1}. For a nondegenerate

11
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quadratic space V over F , we define the Hasse symbol SpV ∈ {±1} to be the

canonical image of the Hasse algebra in the Brauer group of F . Also, given

nonzero scalars α, β ∈ F , we define the Hilbert symbol
(α,β

p

)
∈ {±1} to be the

canonical image of a quaternion algebra
(α,β

F

)
in the Brauer group of F . Then

evidently (
α, β

p

)
=

+1 if ⟨α, β⟩ represents 1,

−1 otherwise.

The Hasse symbol may be computed from Hilbert symbols by the identity

SpV =
∏

1≤i≤j≤n

(
αi, αj

p

)
.

The following three theorems completely resolve the representability prob-

lem of positive definite quadratic spaces over Q. For instance, we know that If

the dimension of a positive definite quadratic space over Q is ≥ 4, then it rep-

resents any positive rational number in Q. If V is a nondegenerate quadratic

space over the global field F and p is a nontrivial place on F , then we put

Vp = Fp ⊗ V . The Hasse symbol SpVp will be written SpV .

Theorem 2.1.2 (19, Theorem 63:20). Let F be a local field at the prime place

p. Then nondegenerate quadratic spaces U and V over F are isometric if and

only if

dimU = dimV , dU = dV , SpU = SpV .

Theorem 2.1.3 (19, Theorem 63:21). Let U and V be nondegenerate quadratic

spaces over a local field with ν = dimV − dimU ≥ 0. Then U is represented

12
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by V if and only if ν ≥ 3 or
V ∼= U if ν = 0,

V ∼= U ⊥ ⟨dU · dV ⟩ if ν = 1,

V ∼= U ⊥H if ν = 2 and dV = −dU ,

where H is the hyperbolic plane.

Theorem 2.1.4 (19, Theorem 66:3). Let U and V be nondegenerate quadratic

spaces over the global field F . Then U is represented by V if and only if Up is

represented by Vp for all places p on F .

The following facts about isotropy of quadratic spaces over local fields are

well known. If F is a local field and R is the ring of integers in F , we fix

a nonsquare unit ∆ in R such that ∆ = 1 + 4ρ for some unit ρ in R. If

(F,R) = (Qp,Zp) for a prime p, we let ∆p = ∆.

Theorem 2.1.5. Let V be a nondegenerate n-ary quadratic space over F a

local field at p.

(a) If n = 3, then V is isotropic if and only if SpV = (−1,−1).

(b) Suppose n = 4. If dV is nonsquare, then V is isotropic. If dV is a

square, then V is isotropic if and only if SpV = (−1,−1). If V is

anisotropic, then

V ∼= ⟨1,−∆, π,−π∆⟩,

where π is a uniformizer of F .

13
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(c) If n ≥ 5, then V is isotropic.

Proof. (a) See [19, 58:6]. (b) See [19, 63:17]. (c) See [19, 63:19].

Let V be a nondegenerate quadratic space over the global field F and let

Ω be the set of all nontrivial places on F . The Hilbert Reciprocity Law for F

gives a reciprocity law for Hasse symbols, namely∏
p∈Ω

SpV = 1,

for any nondegenerate quadratic space V over F .

2.2 Representations of quadratic lattices

Let F be a field and let R be a Dedekind domain defined by a Dedekind set of

places S on F (for the definition, see [19, §22F]). Let V be a finite dimensional

vector space over F . A lattice in V (with respect to R, or with respect to

the defining set of places S) is a finitely generated R-submodule of V . For

a lattice M in V , we define FM to be the F -span of M in V . We call M a

lattice on V if FM = V . If F is a local field at p then S = {p} so that R

is the ring of integers in F . If F = Q then we assume S = Ω \ {∞} so that

R = Z. We are interested mainly in the cases when F = Q or F = Qp, so we

suppose that R is a PID from now on. Thus, every lattice is free over R, and

its rank over R is well-defined.

Let F be a field of characteristic not 2. A lattice L in a quadratic space V

is called a quadratic lattice, for it inherits the symmetric bilinear form B and

14
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associated quadratic form Q from the ambient space V . We call a quadratic

lattice L unary, binary, ternary, quaternary, . . . , n-ary according as its rank

is 1, 2, 3, 4, . . . , n.

Suppose that L and M are lattices in quadratic spaces V and W , respec-

tively. A representation from L intoM is a representation σ : FL→ FM such

that σL ⊆ M , and we denote it by L → M . We say that L is represented by

M if there is a representation L→M . An isometry of L intoM is an isometry

σ : FL → FM such that σL ⊆ M . We say that L and M are isometric, and

write

L ∼=M ,

if there is an isometry σ : FL ∼= FM such that σL = M . A primitive

representation from L into M is a representation σ : L → M such that σL is

a primitive sublattice in M . Suppose that L and M are lattices on the same

quadratic space V . We say that L and M are in the same class if

M = σL for some σ ∈ O(V ).

This is clearly an equivalence relation on the set of all lattices on V , and we

accordingly obtain a partition of this set into equivalence classes. We use

clsL

to denote the class of L.

Let L be an n-ary lattice on the quadratic space V . Since L is free over R,

there is an R-basis for L, and any such basis is also an F -basis for V . With
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each basis x1, . . . , xn for L, we associate the matrix N = (B(xi, xj)), i. e. the

matrix of V in x1, . . . , xn. We call N the (Gram) matrix of L in the basis

x1, . . . , xn and write

L ∼= N in x1, . . . , xn.

If there is a basis x1, . . . , xn for which this holds, then we say that L has the

(Gram) matrix N and we write

L ∼= N .

The discriminant of L, written dL, is defined to be the canonical image of

detN in the quotient monoid F/(R×)2. It is easily seen that the above defi-

nition of discriminant is actually independent of the choice of a basis.

Consider the quadratic space V . The orthogonal sum is the direct sum of

lattices L1, . . . , Lr in V , which are pairwise orthogonal, i. e. which satisfies

B(Li, Lj) = 0 for 1 ≤ i < j ≤ r.

It is denoted L1 ⊥ · · · ⊥ Lr. If a lattice L in V is the orthogonal sum of

sublattices L1, . . . , Lr, then we say that L has the (orthogonal) splitting

L = L1 ⊥ · · · ⊥ Lr

into sublattices L1, . . . , Lr. We call Li the (orthogonal) components of the

splitting. We say that a sublattice K (orthogonally) splits L, or that it is a

component of L, if there exists a sublattice M such that

L = K ⊥M .

16
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Suppose that we are given quadratic spaces Vi (1 ≤ i ≤ r) over F and

lattices Li in Vi Then we know that there exists a quadratic space V over F

such that

V ∼= V1 ⊥ · · · ⊥ Vr.

Hence there always exists a quadratic space V which includes a lattice L such

that

L ∼= L1 ⊥ · · · ⊥ Lr.

Given a symmetric n×n matrix N , we have agreed to let ⟨N⟩ or N stand

for an n-ary quadratic space having the matrix N . We also use the symbol

⟨N⟩ or N to denote a free n-ary quadratic lattice with the matrix N (in a

suitable quadratic space). Hence, as for spaces we have

N1 ⊥N2
∼=

 N1 0

0 N2


for symmetric matrices N1 and N2 over F and

⟨α1, . . . , αn⟩ ∼= ⟨diag(α1, . . . , αn)⟩ ∼= ⟨α1⟩ ⊥ · · · ⊥ ⟨αn⟩

for field elements αi in F . A basis B for the quadratic lattice L is called an

orthogonal basis if the matrix of L in B is diagonal.

For a subset S of the quadratic lattice L, we put

S⊥ = {x ∈ L | B(x, S) = 0}.

Clearly S⊥ (in L) is equal to the intersection of S⊥ (in V ) with L. Hence S⊥ is

a primitive sublattice of L. For a sublattice K of L, we call K⊥ the orthogonal

17
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complement of K in L. We call L nondegenerate if L⊥ = 0, or equivalently if

dL ̸= 0.

Consider a lattice L in the quadratic space V . By the scale

sL

of L we mean the R-submodule B(L,L) of F . We define the norm

nL

of L to be the R-submodule generated by the subset Q(L) of F . We know

that sL and nL are either a fractional ideal or 0, and

2sL ⊆ nL ⊆ sL.

It is clear that s(Lp) = (sL)p and n(Lp) = (nL)p for any p ∈ S.

Consider a n-ary lattice L in the quadratic space V . Suppose that the

scale of L is the fractional ideal (a) = aR. Then we know that sL = aR and

dL ⊆ anR. If L actually satisfies

sL = aR and dL ⊆ anR×,

then we call L aR-modular or simply a-modular. We call L unimodular if it is

R-modular. We say that L is modular if it is a-modular for some a. Since R

is a PID, a nonzero lattice L in a quadratic space V is a-modular if and only

if B(x, L) = (a) for every primitive vector x in L.

We have agreed to let H stand for a hyperbolic plane. We also use the

symbol H to denote a free binary quadratic lattice with the matrix ( 0 1
1 0 ) in

18
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one of its bases, called a hyperbolic basis for H. Note that sH = R, nH = 2R,

and that H is a unimodular lattice on a hyperbolic plane. Moreover, we let A

denote a lattice with the matrix A. For α ∈ F , by an expression αH (αA) we

mean a scaling of H (A, resp.) by α. That is,

αH ∼= α

0 1

1 0

 and αA ∼= α

2 1

1 2

 .

Note that αH and αA are α-modular.

Proposition 2.2.1 (19, Proposition 82:15 and Corollary 82:15a). Let L be a

lattice in a quadratic space V and J is an a-modular sublattice of L. Then J

splits L if and only if B(J, L) ⊆ (a). In particular, J splits L if sL = (a).

Consider a nonzero nondegenerate lattice L in the quadratic space V over

the local field F . The above proposition implies that L splits into unary and

binary modular lattices. If we group the modular components of the above

splitting suitably, then L has a splitting

L = J1 ⊥ · · · ⊥ Jt

in which each component is modular and

sJ1 ⊋ · · · ⊋ sJt.

Any such splitting is called a Jordan splitting of L. We have therefore proved

that every nonzero nondegenerate lattice L in a quadratic space V over a local

field F has at least one Jordan splitting.
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Theorem 2.2.2 (19, Theorem 91:9). Let L be a nonzero nondegenerate lattice

in the quadratic space V over the local field, and let

L = J1 ⊥ · · · ⊥ Jt, L = K1 ⊥ · · · ⊥KT

be two Jordan splittings of L. Then t = T . And for 1 ≤ i ≤ t we have

sJi = sKi, rank Ji = rankKi, and nJi = sJi if and only if nKi = sKi.

Therefore given a nonzero nondegenerate quadratic lattice L, the number

of Jordan components t, the i-th Jordan scale sJi and the i-th Jordan rank

rank Ji are invariants of L. Consider nonzero nondegenerate lattice L and M

in quadratic spaces V and W over the same field F . Let

L = J1 ⊥ · · · ⊥ Jt, M = K1 ⊥ · · · ⊥KT

be any Jordan splitting of respectively L and M . We say that the lattices L

and M are of the same Jordan type if t = T and, whenever 1 ≤ i ≤ t, we have

sJi = sKi, rankJi = rankKi

and

nJi = sJi if and only if nKi = nJi.

The last theorem guarantees that the above conditions are independent of

the choice of Jordan splittings, and hence the notion of Jordan type is well-

defined. Sometimes it is convenient to index the Jordan components by its

scale, namely

L =⊥
i∈Z

Li

where each Li is p
i-modular or 0, and all but finitely many summands are 0.
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Theorem 2.2.3 (19, Theorem 92:1). Let L be a unimodular lattice with respect

to R on the quadratic space over the nondyadic local field. Then

L ∼= ⟨1, . . . , 1, ϵ⟩

for any unit ϵ in R satisfying dL = ϵ(R×)2.

Theorem 2.2.4 (19, Theorem 92:2). Let L and M be lattices of the same

Jordan type on the nondegenerate quadratic space over the nondyadic local

field. Consider Jordan splittings

L = J1 ⊥ · · · ⊥ Jt, M = K1 ⊥ · · · ⊥Kt.

Then L ∼=M if and only if

dJi = dKi for 1 ≤ i ≤ t.

Theorem 2.2.5 (18, Theorem 1). Let ℓ and L be nonzero nondegenerate

quadratic lattices over the nondyadic local field F . Consider Jordan splittings

ℓ =⊥ ℓλ, L =⊥Lλ and define

li :=⊥{ℓµ | sℓµ ⊇ pi}, Li :=⊥{Lµ | sLµ ⊇ pi}

for i ∈ Z. Then ℓ→ L if and only if

F li → FLi for all i.

The above four theorem together with Witt theorem(Theorem 2.1.1) im-

plies the following cancellation law: for nondegenerate lattices M , M1, M2
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over the nondyadic local field, M ⊥M1 → M ⊥M2 if and only if M1 → M2.

However, over a dyadic local field, the situation is much more complicated.

Now consider dyadic case. Let L be a lattice on a nondegenerate quadratic

space over the dyadic local field F . We define the norm group of L to be an

additive subgroup

gL = Q(L) + 2sL

of F . For a fractional ideal a in F , we define La as the sublattice

La = {x ∈ L | B(x, L) ⊆ a}

of L.

Theorem 2.2.6. Suppose that a L on a nondegenerate quadratic space over

a dyadic local field F has splittings

L =M ⊥M1 = N ⊥N1

with M is isometric to N .

(a) If M ∼= H, then M1 is isometric to N1.

(b) If M is a-modular with gM ⊆ g(Ma
1 ) and gM ⊆ g(Na

1 ), then M1 is

isometric to N1.

(c) Suppose F = Q2. If M ∼= ⟨ϵ⟩ for a unit ϵ in Z2, s(M1) = s(N1) ⊆ (2)

and n(M1) = n(N1), then M1 is isometric to N1.

Proof. (a)(b) See [19, Theorem 93:14 and Corollary 93:14a]. (c) See [14, The-

orem 5.3.6].
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Theorem 2.2.7 (19, Theorem 93:16). Let L and M be unimodular lattices on

the same quadratic space over a dyadic local field. Then L ∼=M if and only if

gL = gM . Hence L ∼=M if and only if Q(L) = Q(M).

There are no known effective criteria to determine representability between

lattices over a general dyadic local field. A dyadic local field is called a 2-adic

local field if 2 is unramified. Let L be a lattice in a nonzero nondegenerate

quadratic space V over a 2-adic local field F with the Jordan splitting L =

L1 ⊥ · · · ⊥ Lt. For 1 ≤ i ≤ t, nLi = sLi or 2sLi, and hence nLi is also an

invariant of L. Put si = sLi and ni = nLi (1 ≤ i ≤ t). We call the quantities

t, rankLi, si, ni (1 ≤ i ≤ t)

the Jordan invariants of L. Clearly two lattices have the same Jordan invari-

ants if and only if they are of the same Jordan type. We put

ui = ord2 ni.

Theorem 2.2.8 (19, Theorem 93:29). Let L and M be lattices on a nonzero

nondegenerate quadratic spaces over the 2-adic local field F and suppose that

L and M have the same Jordan invariants. Consider Jordan splittings

L = J1 ⊥ · · · ⊥ Jt, M = K1 ⊥ · · · ⊥Kt

and put

L(i) = J1 ⊥ · · · ⊥ Ji, M(i) = K1 ⊥ · · · ⊥Ki (1 ≤ i ≤ t).

Then L ∼=M if and only if the following coditions hold for 1 ≤ i ≤ t− 1:
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(1) dL(i)/dM(i) is congruent to a unit square modulo nini+1/s
2
i ,

(2) FL(i) → FK(i) ⊥ ⟨2ui⟩ when ni+1 ⊆ 4ni.

In order to describe representations of lattices over a 2-adic local field,

we need more definitions. Let F be a 2-adic local field and let R be the

ring of integers in F . A modular R-lattice M is called proper if nM = sM ,

and improper otherwise. Let ℓ and L be nonzero nondegenerate quadratic

lattices over the 2-adic local field F . Consider Jordan splittings ℓ =⊥ ℓλ and

L =⊥Lλ. We define

li :=⊥{ℓµ | sµ ⊇ 2iR}, Li :=⊥{Lµ | sµ ⊇ 2iR},

l[i] := li ⊥⊥{ℓµ | nµ = 2sµ = 2i+2R}, L(i) :=⊥{Lµ | nµ ⊇ 2iR}

for i ∈ Z.

We define ∆i for L as follows: If L has a proper 2i+1-modular component,

∆i := 2i+1R; failing this, ∆i := 2i+2R if L has a proper 2i+2-modular com-

ponent; otherwise, ∆i = 0. We define δi for ℓi in the same manner. We put

Di = d(Li)R and di = d(li)R; if Li = 0 then put Di = 0 and the same when

li = 0. Note that these definitions are independent of the Jordan decomposi-

tion of ℓ or L. For any R-submodule a in F and a quadratic space U over F ,

we write a → U if a = Q(x)R for some x ∈ U . Hence, 0 → U means a vacuous

condition.

Definition 2.2.9. We say that ℓ have a lower type than L if the followings

24



CHAPTER 2. PRELIMINARIES

hold for all i:

(1) dim li ≤ dimLi,

(2) diDi → ⟨1⟩ if dim li = dimLi,

(3) δi ⊆ ∆i + 2i+2R and ∆i−1 ⊆ δi−1 + 2i+1R if dim li = dimLi,

(4) ∆i−1 ⊆ δi−1 + 2i+1R if dimLi − 1 = dim li > 0 and diDi → ⟨2i−1⟩,

(5) δi ⊆ ∆i + 2i+2R if dimLi − 1 = dim li > 0 and diDi → ⟨2i⟩.

For two nondegenerate quadratic lattices m and M over R such that m→

M , we denote by M/m the quadratic space over F such that Fm⊥ (M/m) ∼=
FM . For any α ∈ F and a quadratic space U over F , we write α→ U if either

α→ U or ∆α→ U .

Theorem 2.2.10 (18, Theorem 3). Let ℓ have a lower type than L. Then

ℓ→ L if and only if the following conditions hold for all i:

(6) ∆i → L(i+2)/l[i],

(7) δi → L(i+2)/l[i],

(8) L(i+2)/l[i] ∼= H implies ∆iδi ⊆ δ2i ,

(9) 2i → (2i ⊥ L(i+1))/li,

(10) 2i → (2i ⊥ Li+1)/l[i].

Remark 2.2.11. In the statement of condition (V) of [18, Theorem 3], there

is a typo; “L(i+1)” should be replaced by “Li+1”. The same for [18, Proposi-

tion 25].

Let L be a lattice on a quadratic space V over the global field F . We

define the genus genL of L on V to be the set of all lattices M on V with
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the following property: for each p ∈ S there exists an isometry Σp ∈ O(Vp)

such that Mp = ΣpLp. The set of all lattices on V is thereby partitioned into

genera. We immediately have

genM = genL if and only if clsMp = clsLp ∀p ∈ S.

Proposition 2.2.12. Let L be a lattice on the quadratic space V over a global

field F , let K be a nondegenerate lattice in V . If there is a representation

Kp → Lp at each p ∈ S, then there is a representation K → L′ of K into

some lattice L′ in genL. If there is a primitive prepresentation Kp → Lp at

each p ∈ S, then there is a primitive representation K → L′ of K into some

lattice L′ in genL.

Proof. See [19, Example 102:5].

Let p and q be fractional ideals in F such that 2p ⊆ q ⊆ p. Suppose that

L and M are lattices in quadratic spaces V and W , respectively. We write

L→M mod (q, p)

if there is an R-linear map σ from L into M such that

Q(σx) ≡ Q(x) mod q and B(σx, σy) ≡ Q(x, y) mod p

for any x, y ∈ L. If q = p, we write L→M mod p. If σ is bijective, we write

L ∼=M mod (q, p) and L ∼=M mod p, respectively.
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2.3 n-universality and primitive n-universality

Let F be a global field or a local field and let R be a Dedekind domain defined

by a Dedekind set of spots S on F . A lattice in a quadratic space V over F

is called an (integral) R-lattice if its scale is included in R. A Z-lattice L is

called positive definite if Q(x) > 0 for all nonzero x ∈ L, or equivalently if its

Gram matrix (in any basis) is positive definite. Hereafter, we always assume

that any Z-lattice is positive definite. An R-lattice is called n-universal if it

represents all n-ary R-lattices. A 1-universal lattice is simply called universal.

Clearly, if a Z-lattice L is n-universal then Lp is n-universal for all prime p.

We denote by u(n) the minimal rank of n-universal positive definite Z-lattices,

and by up(n) the minimal rank of n-universal Zp-lattices. Evidently we have

u(n) ≥ up(n) for all prime p.

In the following four theorems, F is a local field and R is the ring of integers

in F .

Theorem 2.3.1 (10, Proposition 3.3). Let F be a nondyadic local field. Let

L = J1 ⊥ · · · ⊥ Jt be a Jordan splitting of an R-lattice such that R = sJ1 ⊋

· · · ⊋ sJt. Then L is 2-universal if and only if one of the following conditions

hold:

(A) rank J1 ≥ 5.

(B) J1 ∼= ⟨1, 1, 1, 1⟩.

(C) J1 ∼= ⟨1, 1, 1,∆⟩ and J2 is p-modular with rank J2 ≥ 1.
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(D) rank J1 = 3, and J2 is p-modular with rank J2 ≥ 2.

Theorem 2.3.2 (10, Proposition 3.4). Let F be a nondyadic local field. Let

L = J1 ⊥ · · · ⊥ Jt be a Jordan splitting of an R-lattice such that R = sJ1 ⊋

· · · ⊋ sJt and let n ≥ 3. Then L is n-universal if and only if one of the

following conditions hold:

(A) rank J1 ≥ k + 3.

(B) rank J1 = k + 2 and J2 is p-modular with rank J2 ≥ 1.

(C) rank J1 = k + 1 and J2 is p-modular with rank J2 ≥ 2.

Theorem 2.3.3 (9, Theorem 1.3). Let F be a 2-adic local field. Let L = J1 ⊥

· · · ⊥ Jt be a Jordan splitting of an R-lattice such that R ⊇ sJ1 ⊋ · · · ⊋ sJt,

and let n be an even integer ≥ 2. Then L is n-universal if and only if sJ1 =

nJ1 = R and one of the following conditions hold:

(A) dim J1 ≥ k + 3.

(B) dim J1 = k + 2 and sJ2 = nJ2 = (2).

(C) dim J1 = k + 2, (−1)
(dimFJ1−1) dimFJ1

2 d(FJ1) /∈ {1,∆}(F×)2 and nJ2 =

(4).

(D) dim J1 = k + 1, dim J2 ≥ 2 and sJ2 = nJ2 = (2).

(E) dim J1 = k + 1, dim J2 = 1, sJ2 = nJ2 = (2) and nJ3 ⊇ (8).
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Theorem 2.3.4 (9, Theorem 6.16). Let F be a 2-adic local field. Let L =

J1 ⊥ · · · ⊥ Jt be a Jordan splitting of an R-lattice such that R ⊇ sJ1 ⊋ · · · ⊋

sJt, and let n be an odd integer ≥ 3. Then L is n-universal if and only if

sJ1 = nJ1 = R and one of the following conditions hold:

(A) dim J1 ≥ k + 3.

(B) dim J1 = k + 2 and nJ2 ⊇ (4).

(C) dim J1 = k+1, sJ2 = nJ2 = (2), and one of the following cases happens:

(C1) dim J2 ≥ 2;

(C2) dim J2 = 1 and nJ3 ⊇ (8).

(D) dim J1 = k, sJ2 = nJ2 = (2), and one of the following cases happens:

(D1) dim J2 ≥ 3;

(D2) dim J2 = 2 and sJ3 = nJ3 = (4);

(D3) dim J2 = 1, dim J3 ≥ 2, and sJ3 = nJ3 = (4);

(D4) dim J2 = dim J3 = 1, sJ3 = nJ3 = (4), and sJ4 = nJ4 = (8).

Theorem 2.3.5 (“The Fifteen Theorem”). A positive definite Z-lattice is

universal if and only if it represents the nine critical numbers

1, 2, 3, 5, 6, 7, 10, 14, and 15.

If t is any one of the above critical numbers, then there is a Z-lattice that

represents every positive integer except t. There are exactly 204 universal

quaternary Z-lattices up to isometry.
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Proof. See [1].

Theorem 2.3.6 (13, Theorems 1 and 2). A positive definite Z-lattice is 2-

universal if and only if it represents the following six positive definite binary

Z-lattices:

I2, ⟨2, 3⟩, ⟨3, 3⟩, A, ( 2 1
1 3 ), ( 2 1

1 4 ).

Moreover, this is a minimal set, that is, for any ℓ among the six Z-lattices

above, there is a positive Z-lattice that represents the other five except ℓ. There

are exactly eleven 2-universal positive definite quinary Z-lattices up to isome-

try.

An R-lattice is called primitively n-universal if it primitively represents

all n-ary R-lattices. A primitively 1-universal lattice is simply called primi-

tively universal. An R-lattice is called almost (primitively) n-universal if it

(primitively, resp.) represents almost all (that is, all but finitely many) n-

ary R-lattices. We also define almost (primitively) universal lattices simi-

larly. Clearly a (primitively) n-universal lattice is almost (primitively, resp.)

n-universal. If a Z-lattice L is almost (primitively) n-universal then Lp is

(primitively, resp.) n-universal for all prime p. The converse is not true in

general. However, the following Cassels’ theorem serves a partial converse. It

is known that the conclusion of the theorem is no longer true for n = 3 or if

the word “primitively” is omitted.

Theorem 2.3.7 (4, Ch. 11, Theorem 1.6). Let L be a Z-lattice of rank n ≥ 4.

Then there is an integer N with the following property:
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If a ≥ N is an integer which is primitively represented by Lp for all primes

p, then a is primitively represented by L.

Recently Earnest and Gunawardana established a connection between the

primitive universality and isotropy of Zp-lattices.

Theorem 2.3.8 (8, Corollary3.10). A primitively universal Zp-lattice is isotropic.
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Primitively n-universal

Zp-lattices of minimal rank

3.1 Generalities

In this section, we prove a necessary space condition of primitive n-universality.

If M is a primitively n-universal quadratic Zp-lattice, then the space QpM

must be represent an 2n-dimensional hyperbolic space. In particular, we have

u∗p(n) ≥ 2n.

Let K be a field complete with respect to an absolute value |·| satisfying

the strong triangle inequality and let o := {x ∈ K : |x| ≤ 1}.

Lemma 3.1.1 (5, Theorem 3.3). Let n ≥ 1 and define a norm of c =

(c1, . . . , cn) ∈ Kn by ∥c∥ := maxi|ci|. Denote the derivative matrix and Ja-
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cobian of f(X) = f(X1, . . . , Xn) = (f1(X), . . . , fn(X)) ∈ K[X1, . . . , Xn]
n by

(Df)(X) =
(

∂fi
∂Xj

)
1≤i,j≤n

and Jf (X) = det((Df)(X)).

Let f ∈ o[X]n and a ∈ on satisfy ∥f(a)∥ < |Jf (a)|2. Then there is a unique

α ∈ on such that f(α) = 0 and ∥α− a∥ < |Jf (a)|.

Corollary 3.1.2 (5, Theorem 3.8). For m ≥ n, let f = (f1, . . . , fn) ∈

o[X1, . . . , Xm]n and a = (a1, . . . , am) ∈ om satisfy ∥f(a)∥ < |Jf ,n(a)|2 where

Jf ,n(a) = det
(

∂fi
∂Xj

)
1≤i,j≤n

. Then there is an α ∈ on such that

f(α1, . . . , αn, an+1, . . . , am) = 0

and |αi − ai| < |Jf ,n(a)| for i = 1, . . . , n.

Lemma 3.1.3. For m ≥ n ≥ 1, let F = (fij)m×m and G = (gij)n×n be

symmetric matrices over o, and let A = (a1, . . . ,an) = (aij)m×n be a matrix

over o such that AtFA = G. Suppose that F has nonzero determinant and

A is primitive. Then for any (h1, . . . , hn) ∈ on satisfying max1≤i≤n|gin −

hi| < 4|detF |2, there is an α ∈ om such that B = (a1, . . . ,an−1,α) is again

primitive and BtFB = (g′ij) satisfies

g′ij =


hj if i = n,

hi if j = n,

gij otherwise.

Proof. Regard g1n − h1 = gn1 − h1, . . . , gn−1,n − hn−1 = gn,n−1 − hn−1 and

gnn − hn as n polynomials in m variables a1n, . . . , amn. To apply the previous
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corollary, it suffices to show that the derivative matrix has an n×n subdeter-

minant whose absolute value is ≥ 2|detF |.

First note that the derivative matrix is diag(1, . . . , 1, 2)AtF . Hence it

suffices to show that AtF has an n× n subdeterminant whose absolute value

is ≥ |detF |. By the primitivity of A, we may complete At to an element of

GLmo, namely

U =

At

C

 .

By the theory of modules over PID, there is a V ∈ GLmo such that UFV =

T = (tij)m×m is lower triangular. Clearly AtFV = (tij)n×m has a submatrix

(the leftmost one) whose determinant is d =
∏n

i=1 tii, then evidently |d| =

|
∏n

i=1 tii| ≥ |
∏m

i=1 tii| = |detUFV | = |detF |. Now observe that d is a linear

combination of n×n subdeterminants of AtF , hence there must exist at least

one with absolute value ≥ |detF |, as desired.

Corollary 3.1.4. Let M , N , N ′ be quadratic Zp-lattices such that M is non-

degenerate. Suppose that N , N ′ has Gram matrices G, G′, respectively such

that G−G′ ⊊ 4(dM)2Zp. Then M primitively represents N if and only if M

primitively represents N ′.

Corollary 3.1.5. Let M be a nondegenerate quadratic Zp-lattice. Then the

followings are equivalent:

(1) indQpM ≥ n.
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(2) M primitively represents some n-ary quadratic lattice N with sN ⊊

4(dM)2Zp.

(3) M primitively represents every n-ary quadratic lattice N with sN ⊊

4(dM)2Zp.

Corollary 3.1.6. If M is a primitively n-universal quadratic Zp-lattice then

indQpM ≥ n.

Corollary 3.1.7. We have up(n) ≥ 2n. Let M be a primitively n-universal

Zp-lattice of rank m ≥ 2n.

(a) If m = 2n, then QpM is hyperbolic.

(b) If m = 2n+ 1, then QpM ∼= Hn ⊥ ⟨(−1)ndM⟩.

(c) If m = 2n+ 2 and dM = (−1)n+1, then QpM is hyperbolic.

In particular, any primitively n-universal (2n)-ary Zp-lattice is an n-universal

Zp-lattice on the hyperbolic space Hn, and any primitively n-universal (2n+1)-

ary Zp-lattice M is an n-universal Zp-lattice on the space Hn ⊥ ⟨(−1)ndM⟩.

3.2 Primitively n-universal Zp-lattices of minimal

rank for an odd prime p

In this section, we prove that up(n) = 2n for any odd prime p and any positive

integer n. Also, we show that for any odd prime p, up to isometry, there
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are exactly one primitively 2-universal quaternary Zp-lattice and exactly two

primitively 3-universal senary Zp-lattices.

Let R = Z or Zp for a prime p. Recall that H ∼= ( 0 1
1 0 ) is the even unimod-

ular R-lattice on the hyperbolic plane. If e, f denotes a hyperbolic basis for

H, then Q(αe+ βf) = 2αβ for any α, β ∈ R. Now the proof of the following

lemma is quite straightforward.

Lemma 3.2.1. Let R be either Z or Zp for a prime p.

(a) The R-lattice H primitively represents all even integers. In particular,

H is primitively 1-universal over Zp for any odd prime p.

(b) If an R-lattice J primitively represents an k-ary R-lattice ℓ, then H⊥ J

primitively represents all (k + 1)-ary R-lattices of the form ⟨α⟩ ⊥ ℓ for

any even integer α. In particular, H⊥ · · · ⊥H (n copies) is primitively

n-universal over Zp for any odd prime p.

The above lemma shows that for any odd prime p, there is a primitively

n-universal Zp-lattice of 2n, namely Hn. By combining it with Corollary 3.1.7,

we conclude that the minimal rank of primitively n-universal quadratic Zp-

lattices is exactly 2n.

Lemma 3.2.2. Let p be an odd prime.

(a) A quaternary Zp-lattice is primitively 2-universal if and only if it is

isometric to H2.

37



CHAPTER 3. PNU ZP -LATTICES OF MIN RANK

(b) A senary Zp-lattice is primitively 3-universal if and only if it is isometric

to either H3 or H2 ⊥ pH.

Proof. (a) According to Theorem 2.3.1 and Corollary 3.1.7, any 2-universal

quaternary lattice on the hyperbolic space H2 is isometric to I4 ∼= H2.

(b) According to Theorem 2.3.2 and Corollary 3.1.7, any 3-universal senary

lattice on the hyperbolic space H3 is isometric to either H3 or H2 ⊥ pH. It is

easily seen that H2 ⊥ pH also is primitively 3-universal.

According to Theorem 2.3.2 and Corollary 3.1.7, any 4-universal octonary

Zp-lattice on the space H4 is isometric to one of the followings, where a is a

nonnegative integer and ϵ is a unit in Zp. Thus they are the candidates of

primitively 4-universal octonary Zp-lattices.

(A) H3 ⊥ ⟨−ϵ, p2aϵ⟩.

(B) H3 ⊥ ⟨−pϵ, p2a+1ϵ⟩.

(C) H2 ⊥ ⟨−ϵ⟩ ⊥ pH⊥ ⟨p2a+2ϵ⟩.

3.3 Primitively n-universal Z2-lattices of minimal

rank

The following is a supplement of Lemma 3.2.1 for the case when R = Z2.

Lemma 3.3.1. (a) If a Z2-lattice J is isotropic, then H ⊥ J primitively

represents all binary Z2-lattices of the form 2aH for any nonnegative

integer a.
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(b) If a Z2-lattice J primitively represents 2a+1ϵ for a nonnegative integer a

and a unit ϵ ∈ Z2, then H ⊥ J primitively represents binary Z2-lattices

of the form 2aH and 2aA. In particular, H⊥H primitively represents all

binary Z2-lattices of the form 2aH and 2aA for any nonnegative integer

a. Hence, H ⊥ · · · ⊥ H (n copies) primitively represents all n-ary Z2-

lattices ℓ with nℓ ⊆ 2Z2.

(c) The binary Z2-lattice ⟨1,−1⟩ represents all units in Z2 and all integers

in 4Z2. It primitively represents all units in Z2 and all integers in 8Z2.

(d) For a unit ϵ ∈ Z2, H ⊥ ⟨ϵ⟩ is isometric to ⟨1,−1, ϵ⟩. Hence H ⊥ ⟨ϵ⟩

primitively represents all binary lattices of the form ⟨α, ϵ⟩ for any integer

α ∈ Z2. In particular, H⊥ ⟨ϵ⟩ is primitively 1-universal over Z2.

(e) For a unit ϵ ∈ Z2, H⊥H⊥ ⟨ϵ⟩ primitively represents all ternary lattices

of the form ℓ′⊥⟨ϵ⟩ for any binary Z2-lattice ℓ
′. In particular, H⊥H⊥⟨ϵ⟩

is primitively 2-universal over Z2.

(f) If a Z2-lattice J primitively represents some unit in Z2, then H⊥ · · · ⊥

H⊥ J (n copies of H) primitively represents all (n+m)-ary Z2-lattices

of the form ℓ′ ⊥ ℓ for any m-ary Z2-lattice ℓ primitively represented by

J and for any n-ary Z2-lattice ℓ
′. In particular, H ⊥ · · · ⊥ H ⊥ J is

primitively n-universal over Z2.

Proof. (a) Since J is isotropic, there is a primitive vector x ∈ J with Q(x) = 0.

Observe that Z2[e, 2
af + x] ∼= 2aH. (b) Pick a primitive vector x ∈ J with
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Q(x) = 2a+1ϵ. Then Z2[ϵ
−1e,−e+ 2aϵf + x] ∼= 2aH and

Z2[e+ 2aϵf, e+ x] ∼= 2aϵA ∼= 2aA.

For the latter isometry, see [19, 93:11]. (c) Let e, f be a basis for the given

lattice so that Q(αe+βf) = α2−β2 for any α, β ∈ Z2. If exactly one of α, β is

odd, then so is α2−β2. If both are odd, then α2−β2 ∈ 8Z2. If both are even,

then α2 − β2 ∈ 4Z2. Now observe that the given lattice primitively represents

1, 4− 1 = 3, 1− 4 = −3, −1, and Q(
√
1 + 8αe+ f) = 8α for any α ∈ Z2. (d)

See [19, 93:16]. (e) Combine (b) and (d). (f) By (b), we may assume that ℓ′

is unimodular. If J primitively represents ϵ ∈ Z×
2 then J ∼= ⟨ϵ⟩ ⊥ · · · . Now

apply (d) and (e) inductively.

By the lemma, Hn ⊥ ⟨ϵ⟩ is prmitively n-universal for any unit ϵ in Z2. By

combining it with Corollary 3.1.7, we conclude that 2n ≤ u∗2(n) ≤ 2n+ 1.

3.3.1 Classification of primitively 2-universal Z2-lattices

In this subsection, we prove that u∗2(2) = 5, and any primitively 2-universal

quinary Z2-lattice is isometric to H2 ⊥ ⟨ϵ⟩ for some unit ϵ in Z2.

We know that u2(2) = 5 according to Theorem 2.3.3 or [17, Lemma 2.3].

Thus, we have u∗2(2) ≥ u2(2) = 5. Therefore, the minimal rank of primitively

2-universal Z2-lattices is five. By Theorem 2.3.3 (or [17, Lemma 2.3]) and

Corollary 3.1.7, any 2-universal quinary Z2-lattice L on the space H2 ⊥ ⟨dL⟩

is isometric to one of the following lattices. Thus they are the candidates

of primitively 2-universal quinary Z2-lattices. Hereafter in this section, a, ai
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denote nonnegative integers, α, β, αi denote integers in Z2, and ϵ, δ, ϵi denote

units in Z2.

H2 ⊥ ⟨ϵ⟩(A) H2 ⊥ ⟨2ϵ⟩(B) H⊥ ⟨ϵ, ϵ,−4ϵ⟩(C)

H⊥ ⟨ϵ, 2,−2⟩(D) H⊥ ⟨−1, 2ϵ, 4⟩(E) H⊥ ⟨ϵ,−2ϵ, 8ϵ⟩(F)

H⊥ ⟨ϵ, 2ϵ,−8ϵ⟩(G)

Lemma 3.3.2. A Z2-lattice L is primitively 2-universal if and only if L ∼=
H2 ⊥ ⟨ϵ⟩ for some unit ϵ in Z2.

Proof. It suffices to show the “only if” part. Moreover, it suffices to prove

the existence of a binary Z2-lattice not primitively represented by each of the

lattices (B)–(G) only for ϵ = 1, since a Z2-lattice L is primitively 2-universal

if and only if so is a scaling of L by ϵ for any unit ϵ in Z2.

(B) Let L be a quinary Z2-lattice such that L ∼= ⟨1, 3, 1, 3, 2⟩ in a basis

e1, . . . , e5. We claim that 2A is not primitively represented by L. Let z =∑5
1 ziei be a typical primitive vector in L such that

4 = Q(z) = z21 + 3z22 + z23 + 3z24 + 2z25 .

Since it is impossible that z1, . . . , z4 are all even, we may assume that zi is

odd for some 1 ≤ i ≤ 4. Since M := Z2[ei, z − ziei] is unimodular, it splits L.

Note that

M ∼= ⟨1, 3⟩ and M⊥ ∼= ⟨1, 3, 2⟩.

This observation allows us to assume that z3 = z4 = z5 = 0.
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Now suppose to the contrary that we have two primitive vectors z =

z1e1 + z2e2, w =
∑5

1wiei in L such that Q(z) = 4 = Q(w) and B(z, w) = 2.

Since z1z2 ≡ 1 (mod 2) and 2 = B(z, w) = z1w1 + 3z2w2, one may easily

show that Q(w1e1 + w2e2) ≡ 4 (mod 8) and w3e3 + w4e4 + w5e5 is primitive.

However, any integer in 8Z2 is not primitively represented by ⟨1, 3, 2⟩, which

is a contradiction. Hence, 2A is not primitively represented by L.

(C) Let L ∼= H⊥ ⟨1, 1,−4⟩ ∼= ⟨3⟩ ⊥ ⟨5, 5, 5,−4⟩. By Theorems 2.2.2 and 2.2.6,

⟨3⟩ ⊥M ∼= ⟨3⟩ ⊥ ⟨5, 5, 5,−4⟩ implies M ∼= ⟨5, 5, 5,−4⟩.

If L were primitively 2-universal, then ⟨5, 5, 5,−4⟩ must be primitively univer-

sal, which is false according to [7, Theorem 5.2]. In particular, 8 is not primi-

tively represented by ⟨5, 5, 5,−4⟩. Hence, L is not primitively 2-universal.

(D) Let L ∼= H⊥ ⟨1, 2,−2⟩ ∼= ⟨5⟩ ⊥ ⟨1, 3, 2,−2⟩. By Theorems 2.2.2 and 2.2.6,

⟨5⟩ ⊥M ∼= ⟨5⟩ ⊥ ⟨1, 3, 2,−2⟩ implies M ∼= ⟨1, 3, 2,−2⟩.

If L were primitively 2-universal, then ⟨1, 3, 2,−2⟩ must be primitively univer-

sal, which is false according to [7, Theorem 5.2]. In particular, 8 is not primi-

tively represented by ⟨1, 3, 2,−2⟩. Hence, L is not primitively 2-universal.

(F)(G) Let L ∼= H⊥⟨1,∓2,±8⟩ ∼= ⟨5⟩⊥ ⟨1, 3,∓2,±8⟩. By Theorems 2.2.2 and

2.2.6,

⟨5⟩ ⊥M ∼= ⟨5⟩ ⊥ ⟨1, 3,∓2,±8⟩ implies M ∼= ⟨1, 3,∓2,±8⟩.

If L were primitively 2-universal, then ⟨1, 3,∓2,±8⟩ must be primitively uni-

versal, which is false according to [7, Theorem 5.2]. In particular, 32 is
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not primitively represented by ⟨1, 3,∓2,±8⟩. Hence, L is not primitively 2-

universal.

(E) We prove that L ∼= H ⊥ ⟨−1, 2, 4⟩ ∼= ⟨1, 3, 3, 2, 4⟩ cannot primitively rep-

resent ⟨10, 16⟩. By Proposition 2.2.12, it is logically equivalent to prove that

⟨10, 16⟩ is not primitively represented by the genus of ⟨1, 2, 3, 3, 4⟩ over Z, since

evidently ⟨10, 16⟩ is represented by ⟨1, 2, 3, 3, 4⟩ at any odd prime, and such

representation must be primitive since the discriminant of ⟨10, 16⟩ is square-

free at such prime.

There are six classes in the genus:

⟨1, 1, 2, 3, 12⟩, ⟨1, 2, 3, 3, 4⟩, ⟨1, 4, 6⟩ ⊥ A,

⟨2, 3⟩ ⊥
(

2 0 1
0 2 1
1 1 4

)
, ⟨1, 6⟩ ⊥

(
2 1 1
1 3 0
1 0 3

)
, ⟨1, 2⟩ ⊥

(
4 −2 1
−2 4 1
1 1 4

)
.

For each of above six lattices, one may easily check that ⟨10, 16⟩ is not

primitively represented by it using a direct computation, for there are only

finitely many possibilities.

3.3.2 The minimal rank of primitively 3-universal Z2-lattices

In this subsection, we prove that u∗2(3) = 7.

We have to determine whether u∗2(3) = 6 or 7. According to Theorem 2.3.4

and Corollary 3.1.7, any 3-universal senary Z2-lattice on the hyperbolic space

H3 is isometric to one of the following eight lattices.

H2 ⊥ ⟨1,−1⟩(A) H2 ⊥ ⟨−1, 4⟩(B) H2 ⊥ ⟨1,−4⟩(C)

H⊥ ⟨1,−1, 2,−2⟩(D) H⊥ ⟨1,−1,−2, 8⟩(E) H⊥ ⟨1,−1, 2,−8⟩(F)
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H⊥ ⟨−1, 2,−2, 4⟩(G) H⊥ ⟨−1,−2, 4, 8⟩(H)

Lemma 3.3.3. No senary lattice is primitively 3-universal.

Proof. It suffices to show that none of the eight 3-universal senary Z2-lattice

is primitively 3-universal. First, Let L be one of (A), (B), (C), or (G). Since

L is 2-universal, A is represented by L. For any sublattice M ∼= A of L, M

splits L and

M⊥ ∼= ⟨1, 1, 1, 5⟩, ⟨5, 5, 5, 4⟩, ⟨3, 3, 3,−4⟩, or ⟨5, 2, 2, 4⟩

by Theorems 2.2.2 and 2.2.6. Next, suppose L is one of (D), (E), (F), or (H).

Then ⟨1, 3⟩ is primitively represented by L. For any sublattice M ∼= ⟨1, 3⟩ of

L, M splits L and

M⊥ ∼= ⟨1, 3, 2,−2⟩, ⟨1, 3,−2, 8⟩, ⟨1, 3, 2,−8⟩, or ⟨3,−2, 4, 8⟩

again by Theorems 2.2.2 and 2.2.6. In any case, if L were primitively 3-

universal, then M⊥ must be primitively universal. However, according to [7,

Theorem 5.2], M⊥ is not primitively universal. Thus, L is not primitively

3-universal.

According to Theorem 2.3.4 and Corollary 3.1.7, any 3-universal septenary

Z2-lattice L on the spaceH3⊥⟨−dL⟩ is isometric to one of the following lattices,

where lattices are numbered in accordance with Theorem 2.3.4. In this list,

M stands for a binary unimodular Z2-lattice, N stands for a Z2-lattice of the

form ⟨ϵ, 2δ⟩, and we assume that

−α ∈ Q(Q2M) and −β ∈ Q(Q2N).
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(A) H⊥ ⟨1,−1⟩ ⊥M ⊥ ⟨α⟩ (α ∈ Z2).

(B) H⊥ ⟨1,−1⟩ ⊥N ⊥ ⟨β⟩ (β ∈ 2Z2),

H⊥ ⟨1,−1, ϵ⟩ ⊥ 2H, or

H⊥M ⊥ ⟨−1, 4⟩ ⊥ ⟨α⟩, H⊥M ⊥ ⟨1,−4⟩ ⊥ ⟨α⟩ (α ∈ 4Z2).

(C1) ⟨1,−1⟩ ⊥M ⊥ ⟨2,−2⟩ ⊥ ⟨α⟩ (α ∈ 2Z2).

(C2) H⊥ ⟨−1⟩ ⊥N ⊥ ⟨4⟩ ⊥ ⟨β⟩ (β ∈ 4Z2),

H⊥ ⟨1,−1, 2ϵ⟩ ⊥ 4H, or

⟨1,−1⟩ ⊥M ⊥ ⟨−2, 8⟩ ⊥ ⟨α⟩, ⟨1,−1⟩ ⊥M ⊥ ⟨2,−8⟩ ⊥ ⟨α⟩ (α ∈ 8Z2).

(D1) H⊥N ⊥ 2H⊥ ⟨β⟩ (β ∈ 2Z2).

(D2) M ⊥ ⟨−1, 2,−2, 4⟩ ⊥ ⟨α⟩ (α ∈ 4Z2).

(D3) H⊥N ⊥ ⟨4,−4⟩ ⊥ ⟨β⟩ (β ∈ 4Z2).

(D4) M ⊥ ⟨−1,−2, 4, 8⟩ ⊥ ⟨α⟩ (α ∈ 8Z2).

3.3.3 Primitive 4-universality over Z2

In this subsection, we prove that three octonary Z2-lattices on the hyperbolic

space H4 are almost primitively 4-universal, but not primitively 4-universal.

They serve as key ingredients in the next subsection when we prove that

u∗2(n) = 2n for any n ≥ 5. Currently we do not know whether u∗2(4) = 8 or 9.
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According to Theorem 2.3.3 and Corollary 3.1.7, any 4-universal octonary

Z2-lattice on the hyperbolic space H4 is isometric to one of the following

lattices.

H3 ⊥ ⟨−ϵ, 22aϵ⟩(A) H2 ⊥ ⟨1,−1,−2ϵ, 22a+1ϵ⟩(B)

H2 ⊥ ⟨−ϵ,−ϵ, 4ϵ, 22a+2ϵ⟩(C) H2 ⊥ ⟨−ϵ,−2ϵ, 4ϵ, 22a+3ϵ⟩(D)

H2 ⊥ ⟨−ϵ, 2,−2, 22a+2ϵ⟩(E) H2 ⊥ ⟨−ϵ,−2ϵ, 8ϵ, 22a+4ϵ⟩(F)

H2 ⊥ ⟨5ϵ, 2ϵ,−8ϵ, 22a+4 · 3ϵ⟩(G)

Lemma 3.3.4. (a) H3 ⊥ ⟨1,−1⟩ primitively represents all quaternary Z2-

lattices except A⊥ 2A.

(b) H2⊥⟨1,−1, 2,−2⟩ primitively represents all quaternary Z2-lattices except

⟨1, 3⟩ ⊥ 4A and 2A⊥ 4A.

(c) H2⊥⟨1,−1⟩⊥2H primitively represents all quaternary Z2-lattices except

H⊥ A. Note that this octonary lattice is not 4-universal.

Proof. (a) Denote by L the given octonary lattice, and by ℓ a quaternary

Z2-lattice. First, assume that ℓ is orthogonally split by 2aH. Since 2aH is

primitively represented by H⊥ ⟨1,−1⟩, ℓ is primitively represented by L.

Now, assume that ℓ ∼= ⟨2a1ϵ1, 2a2ϵ2, 2a3ϵ3, 2a4ϵ4⟩. Since ⟨1,−1⟩ primitively

represents Z×
2 ∪ 8Z2, we may assume that a1, a2, a3, a4 ∈ {1, 2}. It is easily

seen that, up to rearrangement, at least one among

2a1ϵ1 + 2a2ϵ2, 2a1ϵ1 + 2a2ϵ2 + 2a3ϵ3, 2a1ϵ1 + 2a2ϵ2 + 2a3ϵ3 + 2a4ϵ4

46



CHAPTER 3. PNU ZP -LATTICES OF MIN RANK

is a multiple of 8, so that it is primitively represented by the Z2-lattice ⟨1,−1⟩.

Hence, one may easily verify that ℓ is primitively represented by L.

Next, assume that ℓ ∼= ⟨2a1ϵ1, 2a2ϵ2⟩ ⊥ 2a3A. We may suppose a1, a2 ∈

{1, 2} and a3 ∈ {0, 1}. It is easily seen that, up to rearrangement, at least one

among

2a1ϵ1 + 2a2ϵ2, 2a1ϵ1 + 2a3+1, 2a1ϵ1 + 2a2ϵ2 + 2a3+1

is a multiple of 8, or we have a1 = a2 = 1 and a3 = 0. In the former, one may

easily verify that ℓ is primitively represented by L. In the latter, observe that

Z2[x7e7 + x8e8 + e5 − 3e6, e1 + ϵ2e2, e3 + 3e4, e3 + e5 + 3e6]

is a primitive sublattice of H3 ⊥ ⟨1,−1⟩ isometric to ⟨2ϵ1, 2ϵ2⟩ ⊥ A, where

x7, x8 ∈ Z×
2 with x27 − x28 = 2a1ϵ1 + 6.

Finally, assume that ℓ ∼= 2a1A⊥ 2a3A. We may suppose a1, a3 ∈ {0, 1}. If

a1 = a3 = 0, then clearly L ∼= ℓ⊥H⊥ ⟨1,−1⟩. If a1 = a3 = 1, then

Z2[e1 + 2e2, e1 + e3 + 2e4, e5 + 2e6, e3 − 2e4 + e5 + 3e7 − e8]

is a primitive sublattice of H3 ⊥ ⟨1,−1⟩ isometric to 2A⊥ 2A.

Now we prove that A⊥ 2A is not primitively represented by L. It suffices

to show that 2A is not primitively represented by ⟨1, 3, 1, 3⟩ ⊥ A.

Suppose thatM ∼= ⟨1, 3, 1, 3⟩⊥A in e1, . . . , e6. Let z =
∑6

1 ziei be a typical

primitive vector inM such that 4 = Q(z) = z21+3z22+z
2
3+3z24+2(z25+z5z6+z

2
6).

Since it is impossible that z1, . . . , z4 are all even, we may assume that zi is

odd for some 1 ≤ i ≤ 4. Since N := Z2[ei, z − ziei] is unimodular, it splits L.
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Note that

N ∼= ⟨1, 3⟩ and N⊥ ∼= ⟨1, 3⟩ ⊥ A.

This observation allows us to assume that z3 = z4 = z5 = z6 = 0.

Now suppose to the contrary that we have two primitive vectors z = z1e1+

z2e2, w =
∑6

1wiei in M such that Q(z) = 4 = Q(w) and B(z, w) = 2. Since

z1z2 ≡ 1 (mod 2) and 2 = B(z, w) = z1w1 + 3z2w2, one may easily show that

Q(w1e1 + w2e2) ≡ 4 (mod 8) and
∑6

3wiei is primitive. However, any integer

in 8Z2 is not primitively represented by ⟨1, 3⟩ ⊥ A, which is a contradiction.

Hence, 2A is not primitively represented by M .

(b) Denote by L the given octonary lattice, and by ℓ a quaternary Z2-

lattice. Suppose that ℓ ∼= ⟨2a1ϵ1, 2a2ϵ2, 2a3ϵ3, 2a4ϵ4⟩ and assume that a1 ≤

a2 ≤ a3 ≤ a4. Since ⟨1,−1⟩ ⊥ ⟨2,−2⟩ primitively represents all binary lattices

of the form ⟨ϵ⟩ ⊥ ⟨δ⟩, ⟨ϵ⟩ ⊥ ⟨2δ⟩, ⟨ϵ⟩ ⊥ ⟨24α⟩, ⟨2ϵ⟩ ⊥ ⟨23α⟩, ⟨23α⟩ ⊥ ⟨23β⟩, we

may suppose (a1, a2, a3, a4) to be one among the following quadruples:

(0, 0, 0, 2), (0, 0, 0, 3), (0, 0, 2, 2), (0, 0, 2, 3), (0, 2, 2, 2), (0, 2, 2, 3), (1, 1, 1, 1),

(1, 1, 1, 2), (1, 1, 2, 2), (1, 2, 2, 2), (2, 2, 2, 2), (2, 2, 2, 3).

First, assume that a1 = 0. Then ϵ1 is primitively represented by ⟨1,−1⟩. If

a4 = 3, then either 22ϵ2+22ϵ3 ≡ 0 (mod 16) or 22ϵ2+22ϵ3+23ϵ4 ≡ 0 (mod 16).

Hence, for instance, if (a2, a3) = (0, 2), then ⟨ϵ2,−ϵ2⟩ ⊥ H⊥⟨2,−2⟩ primitively

represents ⟨ϵ2, 22ϵ3, 23ϵ4⟩, for either the primitive sublattice

Z2

[
e1, 2e2 +

(
ϵ2 + ϵ3

2
+ 1

)
e5 +

(
ϵ2 + ϵ3

2
− 1

)
e6, e3 + 22ϵ4e4

]
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or the primitive sublattice

Z2

[
e1, 2e2 +

(
ϵ2 + ϵ3

2
+ 1

)
e5 +

(
ϵ2 + ϵ3

2
− 1

)
e6 + e3 − 22ϵ4e4, e3 + 22ϵ4e4

]
is isometric to ⟨ϵ2, 22ϵ3, 23ϵ4⟩. The primitive representability for cases when

(a2, a3) = (0, 0) or (2, 2) can be proved in a similar manner. If a4 = 2, then

at least one among 22ϵ3 + 22ϵ4, 2
2ϵ2 + 22ϵ3, 2

2ϵ1 + 22ϵ2, 2
2(ϵ1 + ϵ2 + ϵ3 + ϵ4)

is congruent to 0 modulo 16, and hence, is primitively represented by ⟨2,−2⟩.

Hence the primitive representability for this case can be proved in a similar

manner.

Next, assume that a1 = 1. Then 2ϵ1 is primitively represented by ⟨2,−2⟩,

and at least one among the following integers is congruent to 0 modulo 8:

2a3ϵ3 + 2a4ϵ4, 2
a2ϵ2 + 2a3ϵ3, 2

a2ϵ2 + 2a3ϵ3 + 2a4ϵ4, 2
a1ϵ1 + 2a2ϵ2,

2a1ϵ1 + 2a2ϵ2 + 2a3ϵ3 + 2a4ϵ4.

Hence, such an integer is primitively represented by ⟨1,−1⟩, which leads to

the primitive representability for cases when a1 = 1.

Finally, assume that a1 = 2. If (a1, a2, a3, a4) = (2, 2, 2, 3), then 23ϵ4 is

primitively represented by ⟨1,−1⟩, and either 22ϵ2 + 22ϵ3 ≡ 0 (mod 16) or

22ϵ2 + 22ϵ3 + 23ϵ4 ≡ 0 (mod 16). If (a1, a2, a3, a4) = (2, 2, 2, 2), then there

exists a pair among 22ϵ1, 2
2ϵ2, 2

2ϵ3, 2
2ϵ4, which adds up to be congruent to

8 modulo 16 (for if ϵ1 + ϵ3 ≡ ϵ2 + ϵ3 ≡ 0 (mod 4), then ϵ1 + ϵ2 ≡ 2 (mod 4)),

say 22ϵ1 and 22ϵ2. Then 22ϵ1 +22ϵ2 is primitively represented by ⟨1,−1⟩, and

either 22ϵ3 + 22ϵ4 or 22ϵ1 + 22ϵ2 + 22ϵ3 + 22ϵ4 is primitively represented by

⟨2,−2⟩, and we are done.
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Next, suppose that ℓ ∼= ⟨2a1ϵ1, 2a2ϵ2⟩ ⊥ 2a3H. If a1 = 0 or a1 ≥ 3 (up to

rearrangement), then ⟨2a1ϵ1, 2a2ϵ2⟩ is primitively represented by H ⊥ ⟨1,−1⟩,

and 2a3H is primitively represented by H⊥⟨2,−2⟩. If a1 = 1, then the former

is primitively represented by H ⊥ ⟨2,−2⟩, and the latter by H ⊥ ⟨1,−1⟩. If

a1 = a2 = 2, then 2a1ϵ1 + 2a2ϵ2 ≡ 0 (mod 8). Hence, in this case, the former

is primitively represented by A(0, 0)⊥ ⟨1,−1⟩, and the latter by H⊥ ⟨2,−2⟩.

Now, suppose that ℓ ∼= ⟨2a1ϵ1, 2a2ϵ2⟩ ⊥ 2a3A. First, assume that a3 ≥ 3.

If a1 = 0 or a1 ≥ 3 (up to rearrangement), then ⟨2a1ϵ1, 2a2ϵ2⟩ is primitively

represented by H⊥⟨1,−1⟩, and 2a3A by H⊥⟨2,−2⟩. If a1 = 1, then ⟨2ϵ1, 2a2ϵ2⟩

is primitively represented by H ⊥ ⟨2,−2⟩ or ⟨1,−1⟩ ⊥ ⟨2,−2⟩, and 2a3A by

H⊥⟨1,−1⟩. If a1 = a2 = 2 then 22ϵ1 is primitively represented byH, 22ϵ1+22ϵ2

by ⟨1,−1⟩, and 2a3A by H⊥ ⟨2,−2⟩.

Next, assume that a3 = 2. We may assume that a1, a2 ̸= 2 or 3. If a1 = 1

or a1 ≥ 4 (up to rearrangement), then ⟨2a1ϵ1, 2a2ϵ2⟩ is primitively represented

by H ⊥ ⟨2,−2⟩ or ⟨1,−1⟩ ⊥ ⟨2,−2⟩, and 22A is primitively represented by

H ⊥ ⟨1,−1⟩. Now, suppose that a1 = a2 = 0. If ϵ1 + ϵ2 ̸≡ 4 (mod 8) then

⟨ϵ1, ϵ2⟩ is primitively represented by ⟨1,−1⟩ ⊥ ⟨2,−2⟩. We are left with the

case when ϵ1 + ϵ2 ≡ 4 (mod 8).

Now, assume that a3 = 1. We may assume that a1, a2 ̸= 1 or 2. If a1 ≥ 3

and a2 ≥ 4, then ⟨2a1ϵ1, 2a2ϵ2⟩ is primitively represented by ⟨1,−1⟩ ⊥ ⟨2,−2⟩,

and 2A by H ⊥ H. If a1 = a2 = 3, then 23ϵ1 is primitively represented by

⟨1,−1⟩, 23ϵ1 + 23ϵ2 by ⟨2,−2⟩, and 2A by H ⊥ H. If a1 = 0, then 2a2ϵ2 is
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primitively represented by ⟨1,−1⟩, and

Z2[e1 − 2ϵ1e2, e1 + e3 + e4 + 2e5] ∼= −2ϵ1A

is a primitive sublattice in H⊥ ⟨2,−2⟩ ⊥ ⟨−ϵ1⟩ which is isometric to 2A.

Finally, assume that a3 = 0. We may assume that a1, a2 ̸= 0 or 1. It suf-

fices to show that ℓ′ ∼= ⟨2a1ϵ1, 2a2ϵ2⟩ is primitively represented by H⊥⟨1,−1⟩⊥

⟨2, 6⟩. If a1 ≥ 3 (up to rearrangement), then ℓ′ is primitively represented by

H ⊥ ⟨1,−1⟩. If a1 = a2 = 2, then 22ϵ1 is primitively represented by H, and

22ϵ1 + 22ϵ2 by ⟨1,−1⟩.

If ℓ ∼= 2a1H⊥ 2a3H, then it is clear that ℓ is primitively represented by L.

Suppose that 2a1H ⊥ 2a3A. If a3 = 0 or a3 ≥ 3, then 2a1H is primitively

represented by H⊥ ⟨1,−1⟩, and 2a3A by H⊥ ⟨2,−2⟩. If a3 = 2, then 2a1H is

primitively represented by H⊥ ⟨2,−⟩, and 2a3A by H⊥ ⟨1,−1⟩. Now assume

that a3 = 1. If a1 ≥ 1, then

Z2[e1 + e2, 2
a1−1e1 − 2a1−1e2 + e3 + e4]

is a primitive sublattice of ⟨1,−1⟩ ⊥ ⟨2,−2⟩ that is isometric to 2a1H, and 2A

is primitively represented by H⊥H. If a1 = 0, then

Z2[e1 + 2e2, e1 + 2e3 + e5 + e6]

is a primitive sublattice of H⊥ ⟨1,−1⟩ ⊥ ⟨2,−2⟩ that is isometric to 2A.

Finally, suppose that 2a1A⊥2a3A. We may assume that a1 < a3. If a1 ≥ 2,

then 2a1A is primitively represented by H⊥ ⟨1,−1⟩, and 2a3A by H⊥ ⟨2,−2⟩.

Assume that a1 = 0. It suffices to show that 2a3A is primitively represented
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by H ⊥ ⟨1,−1⟩ ⊥ ⟨2, 6⟩. If a3 ≥ 2, then 2a3A is primitively represented by

H⊥ ⟨1,−1⟩. If a3 = 1, then

Z2[a1 + 2a2, a1 + 2a4 + a5 + a6]

is a primitive sublattice of H ⊥ ⟨1,−1⟩ ⊥ ⟨2, 6⟩ that is isometric to 2A. Now,

assume that a1 = 1. Then 2A is primitively represented by H⊥H. If a3 ≥ 3,

then

Z2

[
(2a3−1 + 1)e1 + (2a3−1 − 1)e2, e1 − e2 + (2a3−2 + 1)e3 + (2a3−2 − 1)e4

]
is a primitive sublattice of ⟨1,−1⟩ ⊥ ⟨2,−2⟩ that is isometric to 2a3A. We are

left with the case a3 = 2.

Now we prove that ⟨1, 3⟩ ⊥ 4A is not primitively represented by L. It

suffices to show that 4A is not primitively represented by ⟨1,−1, 1, 3, 2,−2⟩.

Suppose that M ∼= ⟨1,−1, 1, 3, 2,−2⟩ in e1, . . . , e6. Let z =
∑6

1 ziei be a

typical primitive vector inM such that 8 = Q(z) = z21−z22+z23+3z24+2z25−2z26 .

Since it is impossible that z1, . . . , z4 are all even, we may assume that zi is

odd for some 1 ≤ i ≤ 4. Since N := Z2[ei, z− ziei] is unimodular, it splits M .

Note that

N ∼= ⟨1,−1⟩ and N⊥ ∼= ⟨1, 3, 2,−2⟩.

This observation allows us to assume that z3 = z4 = z5 = z6 = 0.

Now suppose to the contrary that we have two primitive vectors z = z1e1+

z2e2, w =
∑6

1wiei in M such that Q(z) = 8 = Q(w) and B(z, w) = 4. Since

z1z2 ≡ ±3 (mod 8) and 4 = B(z, w) = z1w1 − z2w2, one may easily show that
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Q(w1e1 +w2e2) ≡ 0 (mod 16) and
∑6

3wiei is primitive. However, any integer

that is congruent to 8 modulo 16 is not primitively represented by ⟨1, 3, 2,−2⟩,

which is a contradiction. Hence, 4A is not primitively represented by M .

Finally, we prove that 2A⊥4A is not primitively represented by L. Suppose

to the contrary that there is a primitive sublattice ℓ of L such that

ℓ ∼= 2A⊥ 4A in x, y, z, w.

Suppose that L ∼= I6 ⊥ ⟨2, 2⟩ in e1, . . . , e8 and write z =
∑8

1 ziei and w =∑8
1wiei. If zi ≡ wi ≡ 0 (mod 2) for all 1 ≤ i ≤ 6, then we must have

z7z8w7w8 ≡ 1 (mod 2) which contradicts the fact that Z2[z, w] is a primitive

sublattice of L. Hence, by exchanging the role of z and w if necessary, we

may assume that zi is odd for some 1 ≤ i ≤ 6. Since M := Z2[ei, z − ziei]

is unimodular, it splits L. Write w = wM + w′ for some wM ∈ M and

w′ ∈ L′ :=M⊥. Since M ∼= ⟨1,−1⟩, we have

B(z, wM ) ≡ B(z, w) ≡ 4 (mod 8) implies Q(wM ) ≡ 0 (mod 16).

Note that if α, β are integers such that α2 − β2 ≡ 0 (mod 16), then α ≡

β (mod 2). Hence, z, wM is not a primitive sequence of vectors in L. Therefore,

w′ is a primitive vector in L′ such that Q(w′) ≡ 8 (mod 16).

First, assume that nL′ = Z2. Then L
′ ∼= ⟨1,−1, 1,−1, 2,−2⟩ in some basis,

say e′1, . . . , e
′
6. Write w′ =

∑6
1w

′
ie

′
i. If w′

i ≡ 0 (mod 2) for all 1 ≤ i ≤ 4, then

we must have w′
5w

′
6 ≡ 1 (mod 2). In this case, since N := Z2[e

′
5, w

′ − w′
5e5] is

2-modular, N splits L′, and we have

N ∼= ⟨2, 6⟩ and N⊥ ∼= ⟨1, 1, 1, 5⟩.
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Otherwise, w′
i ≡ 1 (mod 2) for some 1 ≤ i ≤ 4. In this case, since N :=

Z2[e
′
i, w

′ − w′
iei] is unimodular, N splits L′, and we have

N ∼= ⟨1,−2⟩ and N⊥ ∼= ⟨1,−1, 2,−2⟩.

Now, assume that nL′ ⊆ 2Z2. Then L′ ∼= H ⊥ H ⊥ ⟨2,−2⟩ in some basis, say

e′1, . . . , e
′
6. Write w′ =

∑6
1w

′
iei. If w′

i ≡ 0 (mod 2) for all 1 ≤ i ≤ 4, then we

must have w′
5w

′
6 ≡ 1 (mod 2). In this case, since N := Z2[e

′
5, w

′ − w′
5e5] is

2-modular, N splits L′, and we have

N ∼= ⟨2, 6⟩ and N⊥ ∼= H⊥ A.

Otherwise, w′
i ≡ 1 (mod 2) for some 1 ≤ i ≤ 4. In this case, let j = 3 − i if

i = 1, 2 and j = 7− i if i = 3, 4. Since N := Z2[w
′, ej ] is unimodular, N splits

L′, and we have

N ∼= H and N⊥ ∼= H⊥ ⟨2,−2⟩.

So far we have divided the quadruple (x, y, z, w) into four possibly over-

lapping cases. In the first case, we may assume that L ∼= ⟨1,−1, 1, 1, 1, 5, 2, 6⟩

in e1, . . . , e8, z = z1e1+z2e2, w = w1e1+w2e2+w7e7+w8e8, and z1z2w7w8 ≡

1 (mod 2). Since

B(z1e1 + z2e2, x1e1 + x2e2) ≡ 0

B(w1e1 + w2e2, x1e1 + x2e2) ≡ 0

B(w7e7 + w8e8, x7e7 + x8e8) ≡ 0

 (mod 4),

we have Q(x1e1 + x2e2) ≡ Q(x7e7 + x8e8) ≡ 0 (mod 8). Hence, Q(
∑6

3 xiei) ≡

4 (mod 8). However, this is a contradiction, for no integer that is congruent

to 4 modulo 8 is primitively represented by the Z2-lattice ⟨1, 1, 1, 5⟩.
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In the next case, we may assume that L ∼= ⟨1,−1, 1,−1, 1,−1, 2,−2⟩ in

e1, . . . , e8, z = z1e1 + z2e2, w = w1e1 + w2e2 + w3e3 + w4e4, and z1z2w3w4 ≡

1 (mod 2). Since

B(z1e1 + z2e2, x1e1 + x2e2) ≡ 0

B(w1e1 + w2e2, x1e1 + x2e2) ≡ 0

B(w3e3 + w4e4, x3e3 + x4e4) ≡ 0

 (mod 4), (*)

we haveQ(x1e1+x2e2) ≡ Q(x3e3+x4e4) ≡ 0 (mod 8). Moreover, the equations

(*) and similar equations containing yi’s instead of xi’s lead to the conclusion

Q(y1e1 + y2e2) ≡ Q(y3e3 + y4e4) ≡ 0 (mod 8) and

B(x1e1 + x2e2, y1e1 + y2e2) ≡ B(x3e3 + x4e4, y3e3 + y4e4) ≡ 0 (mod 4).

Hence, Q(
∑8

5 xiei) ≡ Q(
∑8

5 yiei) ≡ 4 (mod 8). However, this implies that

x5 ≡ x6 ≡ y5 ≡ y6 ≡ 0 (mod 2) and x7x8y7y8 ≡ 1 (mod 2), which is a

contradiction.

In the third case, we may assume that L ∼= ⟨1,−2⟩ ⊥ H ⊥ A ⊥ ⟨2, 6⟩ in

e1, . . . , e8, z = z1e1 + z2e2, w = w1e1 + w2e2 + w7e7 + w8e8, and z1z2w7w8 ≡

1 (mod 2). A similar reasoning to the first two cases leads to a conclusion that

Q(
∑6

3 xiei) ≡ Q(
∑6

3 yiei) ≡ 4 (mod 8) and B(
∑6

3 xiei,
∑6

3 yiei) ≡ 2 (mod 4).

However, one may easily show that 2A is not primitively represented by H⊥A,

which is a contradiction.

In the final case, we may assume that L ∼= ⟨1,−1⟩ ⊥ H ⊥ H ⊥ ⟨2,−2⟩ in

e1, . . . , e8, z = z1e1 + z2e2, w = w1e1 + w2e2 + w3e3 + w4e4, and z1z2w3w4 ≡

1 (mod 2). A similar reasoning to the first two cases leads to a conclusion that
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Q(
∑8

5 xiei) ≡ Q(
∑8

5 yiei) ≡ 4 (mod 8) and B(
∑8

5 xiei,
∑8

5 yiei) ≡ 2 (mod 4).

However, one may easily show that 2A is not primitively represented by H⊥

⟨2,−2⟩, which is a contradiction. Hence, 2A⊥4A is not primitively represented

by L.

(c) Denote by L the given octonary lattice, and by ℓ a quaternary Z2-

lattice. Suppose that ℓ ∼= ⟨2a1ϵ1, 2a2ϵ2, 2a3ϵ3, 2a4ϵ4⟩ and assume that a1 ≤

a2 ≤ a3 ≤ a4. Since ⟨22ϵ, 22δ⟩ is primitively represented by ⟨1,−1⟩ ⊥ 2H, we

may assume that the exponents satisfy either

(i) 0 = a1 and a4 ≤ 1 or (ii) a1 = a2 = a3 = 1.

First, assume that case (i) holds. If a4 = 0 then, either there is a pair of

ϵ1, . . . , ϵ4 that adds up to be a multiple of 4, or the sum of all four is a

multiple of 4. If a3 = 0 and a4 = 1, then either ϵ2 + ϵ3 ≡ 0 (mod 4) or

ϵ2 + ϵ3 + 2ϵ40 (mod 4). If a3 = 1, then 2ϵ3 + 2ϵ4 ≡ 0 (mod 4). Now, assume

that case (ii) holds. If a4 ≥ 3, then 2a4ϵ4 is primitively represented by ⟨1,−1⟩,

and 2ϵ2 + 2ϵ3 ≡ 0 (mod 4). If a4 = 2, then 22ϵ4 is primitively represented by

2H, and either 2ϵ2+2ϵ3 ≡ 0 (mod 8) or 2ϵ2+2ϵ3+22ϵ4 ≡ 0 (mod 8). Finally,

suppose that a4 = 1. If there is a pair of 2ϵ1, . . . , 2ϵ4 that adds up to be a

multiple of 8, then the sum of the rest two is a multiple of 4. If no such pair

exists, then the sum of all four is a multiple of 8, and the sum of any two is a

multiple of 4.

Next, suppose that ℓ ∼= ⟨2a1ϵ1, 2a2ϵ2⟩ ⊥ 2a3H and assume that a1 ≤ a2.

Then we may suppose that a1 ≤ 1. If a1 = 0, then 2a3H is primitively

represented by H⊥ 2H. Now, suppose that a1 = 1. If a3 = 0, then ⟨2ϵ1, 2a2ϵ2⟩
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is primitively represented by H ⊥ 2H. If a3 ≥ 1, then 2a3H is primitively

represented by ⟨1,−1⟩ ⊥ 2H.

Now, suppose that ℓ ∼= ⟨2a1ϵ1, 2a2ϵ2⟩ ⊥ 2a3A and assume that a1 ≤ a2.

Then we may suppose that a1 ≤ 1. Moreover, we may assume that a3 /∈

{a1, a1−1, a2, a2−1}. If a1 = 0, then 2a3A is primitively represented by H⊥2H

for a3 ≥ 1. If a1 = 1, then 2a3A is primitively represented by ⟨1,−1⟩ ⊥ 2H for

a3 ≥ 2.

Clearly, 2a1H ⊥ 2a3H is primitively represented by L. Suppose that ℓ ∼=
2a1H⊥ 2a3A. If a1 ≥ 1, then 2a1H is primitively represented by 2H⊥ ⟨1,−1⟩.

If a3 ≥ 1, then 2a3A is primitively represented by H⊥ 2H.

Finally, suppose that ℓ ∼= 2a1A⊥2a3A. We may assume a1 < a3. If a1 ≥ 1,

then 2a1A is primitively represented by H⊥2H, and 2a3A by H⊥⟨1,−1⟩. Now,

suppse that a1 = 0. then a3 ≥ 1 and it suffices to show that 2a3A is primitively

represented by A⊥⟨1,−1⟩⊥2H. If a3 = 1, observe that ⟨−1⟩⊥2H ∼= ⟨3⟩⊥2A.

If a3 ≥ 2, then 2a3A is primitively represented by ⟨1,−1⟩ ⊥ 2H.

Now, we prove that L cannot primitively represent H ⊥ A. It suffices to

showH⊥⟨1,−1⟩⊥2H cannot primitively represent A. Pick any primitive vector

z =
∑6

1 xiei ∈M ∼= H⊥⟨1,−1⟩⊥2H with 2 = Q(z) = 2x1x2+x
2
3−x24+4x5x6.

Q(z) ≡ 2 (mod 4) implies that x1x2 ≡ 1 (mod 2) and x3 ≡ x4 (mod 2).

However, the B value of two such vectors must be even.
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3.3.4 The minimal rank of primitively n-universal Z2-lattices

for n ≥ 5

We prove that u∗2(n) = 2n for n ≥ 5 by the lemma below.

Lemma 3.3.5. For n ≥ 5, the following Z2-lattices are primitively n-universal.

(a) Hn−1 ⊥ ⟨1,−1⟩

(b) Hn−2 ⊥ ⟨1,−1⟩ ⊥ ⟨2,−2⟩

(c) Hn−2 ⊥ ⟨1,−1⟩ ⊥ 2H

Proof. (a) Suppose that n = 5. Any quinary Z2-lattice is split by a unary

lattice. Hence, by Lemma 3.3.4, it suffices to show that any Z2-lattice ℓ of the

form A⊥ 2A⊥ ⟨2aϵ⟩ is primitively represented by H4 ⊥ ⟨1,−1⟩. If a ≥ 3, then

⟨2aϵ⟩ is primitively represented by ⟨1,−1⟩. If a ≤ 2, then ℓ has a splitting

other than the form A⊥ 2A⊥ ⟨2aϵ⟩.

Suppose that n = 6. Any senary Z2-lattice either is split by a unary lattice

or is an orthogonal sum of binary lattices. For the former case, the primitive

representability follows from the case n = 5. For the latter case, consider a

Z2-lattice of the form L1 ⊥ L2 ⊥ L3 where Li are binary lattices. It is clear

that L1 ⊥ L2
∼= L1 ⊥ L3

∼= L2 ⊥ L3
∼= A ⊥ 2A is impossible. Hence, we may

assume that L1 ⊥L2 ̸∼= A⊥ 2A. Therefore, L1 ⊥L2 is primitively represented

by H3 ⊥ ⟨1,−1⟩, and L3 by H2.

The case when n ≥ 7 follows by induction on n. It follows from the case

of n− 1 for n odd, from the cases of n− 1 and n− 2 for n even.
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(b) Suppose that n = 5. Any quinary Z2-lattice is split by some unary

lattice. Hence, by Lemma 3.3.4, it suffices to show that any Z2-lattice of

the form ⟨1, 3⟩ ⊥ 4A ⊥ ⟨2aϵ⟩ or 2A ⊥ 4A ⊥ ⟨2aϵ⟩ is primitively represented by

H3 ⊥ ⟨1,−1⟩ ⊥ ⟨2,−2⟩. The former case is trivial. For the latter case, we may

assume that a = 0 or a ≥ 4. If a = 0, then

Z2[e1 − 2ϵe2, e1 + e7 + e8 + 2e9, e3 + 4e4, e3 + e5 + 4e6]

is a primitive sublattice of H3 ⊥ ⟨2,−2,−ϵ⟩ that is isometric to 2A ⊥ 4A.

If a ≥ 4, then ⟨2aϵ⟩ is primitively represented by ⟨2,−2⟩, and 2A ⊥ 4A by

H3 ⊥ ⟨1,−1⟩ according to Lemma 3.3.4.

Suppose n = 6. Any senary Z2-lattice either is split by some unary lattice,

or is an orthogonal sum of binary lattices. For the former case, the primitive

representability follows from the case n = 5. For the latter case, consider a

Z2-lattice of the form L1 ⊥ L2 ⊥ L3 where Li are binary lattices. It is clear

that L1 ⊥ L2
∼= L1 ⊥ L3

∼= L2 ⊥ L3
∼= 2A ⊥ 4A is impossible. Hence, we may

assume that L1⊥L2 ̸∼= 2A⊥4A. Therefore, L1⊥L2 is primitively represented

by H2 ⊥ ⟨1,−1⟩ ⊥ ⟨2,−2⟩, and L3 by H2.

The case when n ≥ 7 follows by induction on n.

(c) Suppose that n = 5. Any quinary Z2-lattice is split by a unary lattice.

Hence, by Lemma 3.3.4, it suffices to show that any Z2-lattice of the form

H⊥A⊥⟨2aϵ⟩ is primitively represented by H3⊥⟨1,−1⟩⊥2H. We may assume

that a ≥ 2, and in this case ⟨2aϵ⟩ is primitively represented by 2H.

Suppose that n = 6. Any senary Z2-lattice either is split by some unary

lattice, or is an orthogonal sum of binary lattices. For the former case, the
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primitive representability follows from the case n = 5. For the latter case,

consider a Z2-lattice of the form L1 ⊥ L2 ⊥ L3 where Li are binary lattices.

It is clear that L1 ⊥ L2
∼= L1 ⊥ L3

∼= L2 ⊥ L3
∼= H ⊥ A is impossible. Hence,

we may assume that L1 ⊥ L2 ̸∼= H ⊥ A. Therefore, L1 ⊥ L2 is primitively

represented by H2 ⊥ ⟨1,−1⟩ ⊥ 2H, and L3 by H2.

The case when n ≥ 7 follows by induction on n.
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Chapter 4

Primitively 2-universal

Z-lattices of rank six

4.1 The minimal rank of primitively 2-universal Z-

lattices

It is well known in [13] that the minimal rank of 2-universal Z-lattices is five,

which implies that the minimal rank of primitively 2-universal Z-lattices is

at least five. The aim of this section is to show that the minimal rank of

primitively 2-universal Z-lattices is six.

Lemma 4.1.1. (a) Let V be a quinary quadratic space over a local field F

at p. Then indV = 2 if and only if SpV = (−1,−dV ).

(b) For any quinary Z-lattice L, there are infinitely many binary Z-lattices
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that are not primitively represented by L.

Proof. (a) Since V is isotropic, V ∼= H ⊥ U for some ternary quadratic space

U over F . Then indV = 2 if and only if U is isotropic, if and only if SpU =

(−1,−1), if and only if SpV = (−1,−dV ).

(b) Since S∞(QL) = 1 ̸= (−1,−dL), there is a prime q such that Sq(QL) =

(−1,−dL) by Hilbert Reciprocity Law. Then ind(QqL) = 1 by (a). Hence Lq

is not primitively 2-universal by Corollary 3.1.6. Therefore there are infinitely

many binary Z-lattices that are not primitively represented by L.

Theorem 4.1.2. The minimal rank of primitively 2-universal Z-lattices is 6.

Proof. By the above lemma, the minimal rank of primitively 2-universal Z-

lattices is at least six. Furthermore, one may easily verify that I6 is primitively

2-universal, for it is primitively 2-universal over Zp for any prime p, and it is

of class number one (see Theorem 4.3.1). The theorem follows from this.

Definition 4.1.3. The prime q in the proof of the above lemma such that

indQqL = 1 is called the core prime of L (see also [17, Lemma 2.4]).

The existence of the core prime will play a significant role when we deter-

mine binary Z-lattices that are primitively represented by a quinary Z-lattice

in Sections 4.3 and 4.4.
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4.2 Candidates of primitively 2-universal senary Z-

lattices

In this section, we find all candidates of primitively 2-universal senary Z-

lattices.

A Z-sublattice Ze1 + · · · + Zek of a Z-lattice L is called a k-section of L

if there are vectors ek+1, . . . , en such that {e1, . . . , en} is a Minkowski reduced

basis for L. Recall that a k-section of L is not unique in general.

Let L be a primitively 2-universal senary Z-lattice. We find all possible

k-sections of L inductively on k = 1, . . . , 6. To obtain all possible candi-

dates of (k+1)-sections containing a specific k-section, we recurrently turn to

Lemma 4.2.1, which is quite well known (see [15, Lemma 2.1]).

Lemma 4.2.1. Let M and N be positive definite Z-lattices of rank m and n

respectively. Suppose that N = Ze1+ · · ·+Zen is Minkowski reduced. Suppose

further that M is represented by N , but not by the k-section Ze1 + · · ·+ Zek.

(a) We have Q(ek+1) ≤ C4(k + 1)max{µm(M), Q(ek)} where the constant

C4(j) is defined in [4] that depends only on j and µm(M) is the m-th

successive minimum of M (see [4, Theorem 3.1]).

(b) Suppose further that n ≤ m + 4 and N is m-universal. Then for any

x = x1e1 + · · · + xnen ∈ L, we have Q(x) ≥ Q(ej) whenever xj ̸= 0.

Also, we have Q(ek+1) ≤ µm(M).

Proof. (1) Suppose to the contrary thatQ(ek+1) > C4(k+1)max{µm(M), Q(ek)}.
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Since Q(ek+1) ≤ C4(k + 1)µk+1(N), this implies

µk+1(N) > max{µm(M), Q(ek)}. (*)

The hypothesis that N represents M and the inequality (*) together implies

that

M → spanQ{x ∈ L : Q(x) < µk+1(N)} ∩N = Ze1 ⊕ · · · ⊕ Zek,

which is a contradiction.

(2) Since N represents Im, we have N = Im ⊥ N ′ for N ′ = Zem+1⊕· · ·⊕Zen,

and N ′ also is Minkowski reduced. Since rankN ′ ≤ 4, for any

x = xm+1em+1 + · · ·+ xnen ∈ N ′,

we have Q(x) ≥ Q(ej) whenever xj ̸= 0 (see [4, Lemma 1.2 of Ch. 12]).

Hence the former assertion holds. Moreover, the successive minima of N ′

must appear on the diagonal, hence the same for N itself. In particular,

Q(ek+1) = µk+1(N). Now suppose to the contrary that Q(ek+1) > µm(M),

then µk+1(N) > µm(M). This inequality and the hypothesis thatN represents

M together implies that

M → spanQ{x ∈ L : Q(x) < µk+1(N)} ∩N ⊆ Ze1 ⊕ · · · ⊕ Zek,

which is a contradiction.

If a Z-lattice M is not primitively 2-universal, we define the truant of M

to be, among all the binary Z-lattices that is not primitively represented by
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M , the least one up to isometry with respect to the following total order in

terms of Gram matrices:

a1 b1

b1 c1

 ≺

a2 b2

b2 c2

 ⇔


c1 < c2, or

c1 = c2 and a1 < a2, or

c1 = c2, a1 = a2 and b1 < b2,

where we assume that all lattices are Minkowski reduced, that is, 0 ≤ 2bi ≤

ai ≤ ci for any i = 1, 2.

Now we find all candidates of k-sections for each k = 1, . . . , 6 inductively.

Since I2 is the truant of any lattice of rank less than two, clearly the 2-

section must be I2. Since I2 cannot primitively represent ⟨1, 2⟩, we must have

1 ≤ Q(e3) ≤ 2 by the last lemma. By repeating this and removing duplicates

as well as any candidates that have the truant, we finally obtain the following

list of 201 candidates of primitively 2-universal senary Z-lattices:

Table 4.1: The 201 candidates of P2U senary Z-lattices

Type 5-section Candidates Possible k’s

A I5 I5 ⊥ ⟨k⟩ k = 1, 2

B I4 ⊥ ⟨2⟩
I4 ⊥ ⟨2, k⟩ 2 ≤ k ≤ 5

I4 ⊥
(
2 1
1 k

)
k = 2, 3, 5, 6

C I4 ⊥ ⟨3⟩ I4 ⊥
(
3 1
1 k

)
k = 3

65



CHAPTER 4. P2U Z-LATTICES OF RANK 6

Table 4.1: The 201 candidates of P2U senary Z-lattices

Type 5-section Candidates Possible k’s

D I3 ⊥ ⟨2, 2⟩

I3 ⊥ ⟨2, 2, k⟩ 2 ≤ k ≤ 6

I3 ⊥ ⟨2⟩ ⊥
(
2 1
1 k

)
3 ≤ k ≤ 8

I3 ⊥
(

2 0 1
0 2 1
1 1 k

)
k = 3, 5 ≤ k ≤ 7

E I3 ⊥ ( 2 1
1 2 )

I3 ⊥ ( 2 1
1 2 )⊥ ⟨k⟩ 2 ≤ k ≤ 5, k = 7, 8

I3 ⊥
(

2 1 1
1 2 1
1 1 k

)
2 ≤ k ≤ 9

F I3 ⊥ ⟨2, 3⟩ I3 ⊥ ⟨2⟩ ⊥
(
3 1
1 k

)
k = 3

G I3 ⊥ ( 2 1
1 3 )

I3 ⊥ ( 2 1
1 3 )⊥ ⟨k⟩ k = 3, 4, 6 ≤ k ≤ 18

I3 ⊥
(

2 1 0
1 3 1
0 1 k

)
3 ≤ k ≤ 19

I3 ⊥
(

2 1 1
1 3 1
1 1 k

)
3 ≤ k ≤ 19

H I2 ⊥ ( 2 1
1 2 )⊥ ⟨2⟩

I2 ⊥ ( 2 1
1 2 )⊥ ⟨2, k⟩ 3 ≤ k ≤ 5

I2 ⊥ ( 2 1
1 2 )⊥

(
2 1
1 k

)
k = 2, 4, 5

I2 ⊥
(

2 1 0 1
1 2 0 1
0 0 2 0
1 1 0 k

)
3 ≤ k ≤ 6

I2 ⊥
(

2 1 0 1
1 2 0 1
0 0 2 1
1 1 1 k

)
k = 3, 4, 6
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Table 4.1: The 201 candidates of P2U senary Z-lattices

Type 5-section Candidates Possible k’s

I I2 ⊥
(

2 1 1
1 2 1
1 1 2

) I2 ⊥
(

2 1 1
1 2 1
1 1 2

)
⊥ ⟨k⟩ k = 2

I2 ⊥
(

2 1 1 1
1 2 1 1
1 1 2 0
1 1 0 k

)
2 ≤ k ≤ 5

I2 ⊥
(

2 1 1 1
1 2 1 1
1 1 2 1
1 1 1 k

)
2 ≤ k ≤ 4

J I2 ⊥ ( 2 1
1 2 )⊥ ⟨3⟩ I2 ⊥ ( 2 1

1 2 )⊥
(
3 1
1 k

)
k = 3

K I2 ⊥
(

2 1 1
1 2 1
1 1 3

)
I2 ⊥

(
2 1 1
1 2 1
1 1 3

)
⊥ ⟨k⟩ 3 ≤ k ≤ 20, 22 ≤ k ≤ 24

I2 ⊥
(

2 1 1 0
1 2 1 0
1 1 3 1
0 0 1 k

)
3 ≤ k ≤ 24

I2 ⊥
(

2 1 1 1
1 2 1 1
1 1 3 0
1 1 0 k

)
3 ≤ k ≤ 25

I2 ⊥
(

2 1 1 1
1 2 1 1
1 1 3 1
1 1 1 k

)
3 ≤ k ≤ 25

We refer to any of the above candidates by the expression such as (type)

or (type)k. For instance, by type K we mean each of 89 candidates in the last

four rows. Among them, by types Ki, Kii, Kiii and Kiv we mean 21, 22, 23 and

23 candidates in each of four rows, respectively. For instance, by type Kiv we

mean any Z-lattice of the form I2 ⊥
(

2 1 1 1
1 2 1 1
1 1 3 1
1 1 1 k

)
. Finally, by Kiv

3 we mean the

lattice I2 ⊥
(

2 1 1 1
1 2 1 1
1 1 3 1
1 1 1 3

)
.

Moreover, when we refer to each of the candidates in Table 4.1, we always

assume that the basis e1, . . . , e6 corresponds to the Gram matrix given in the
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table. For instance, when we consider the Z-lattice Kiv
3 , we have

(B(ei, ej)) =

 1 0 0 0 0 0
0 1 0 0 0 0
0 0 2 1 1 1
0 0 1 2 1 1
0 0 1 1 3 1
0 0 1 1 1 3

 .

From now on, by abusing of terminology, the s-section of Ze1+· · ·+Ze6 always

denotes Ze1 + · · ·+ Zes for any s = 1, 2, . . . , 6.

4.3 The proof of primitive 2-universality (ordinary

cases)

In this section, we prove that some candidates given in Table 4.1 are, in fact,

primitively 2-universal. Let L be one of candidates of a primitively 2-universal

Z-lattices given in Table 4.1. We prove the primitive 2-universality of L for

cases when L itself or the 5-section of L is of class number one.

4.3.1 Class number one case

As explained in Chapter 2, if a Z-lattice O is of class number one, then O

primitively represents any Z-lattice that is primitively represented over Zp for

any prime p. Hence, if L is of class number one, then L is primitively 2-

universal if and only if Lp primitively represents all binary Zp-lattices for any

prime p.

Theorem 4.3.1. If L is of class number one, then L is primitively 2-universal.

In fact, there are 10 such cases.
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Proof. One may easily show that

L ∼= A1, A2, B
i
2, B

ii
2 , B

ii
3 , D

iii
3 , E

ii
2 , E

ii
3 or Iii3 .

Note that dL = 1, 2, 4, 3, 5, 8, 4, 7, 4, and 8, respectively. Hence Lp

is primitively 2-universal for all odd prime p by Lemma 3.2.1. Also L2 is

primitively 2-universal by Lemma 3.3.1 for the following eight cases.

A1
∼= H2 ⊥ ⟨−1,−1⟩ A2

∼= H2 ⊥ ⟨5, 10⟩

Bii
2
∼= H2 ⊥ ⟨1, 3⟩ Bii

3
∼= H2 ⊥ ⟨1, 5⟩

Diii
3
∼= H2 ⊥ ⟨5, 40⟩ Eii

2
∼= H2 ⊥ ⟨3, 12⟩

Eii
3
∼= H2 ⊥ ⟨1,−1⟩ Iii3

∼= H2 ⊥ ⟨−1,−8⟩

Now, assume that L ∼= Bi
2. Then L2

∼= H ⊥ M ∼= ⟨1,−1⟩ ⊥ M where

M ∼= ⟨1, 5, 2, 2 · 3⟩ is primitively 1-universal by [7, Theorem 5.2]. Hence any

diagonal binary Z2-lattice is primitively represented by L2. Now, denote by

e, f the hyperbolic basis of H, and pick any primitive vector x, y ∈ M with

Q(x) = 0 and Q(y) = 2a+1 for a nonnegative integer a. Then Z2[e, 2
af + x]

and Z2[e+ 2af, e+ y] are primitive sublattices of H⊥M that is isometric to

2aH and 2aA, respectively. Hence, L2 is primitively 2-universal.

Finally, assume that L ∼= Iii2 . Then L2
∼= H⊥M ∼= ⟨1,−1⟩⊥M whereM ∼=

⟨3, 7⟩⊥( 4 2
2 4 ). One may easily show that Q∗(M) = {3, 7}(Z×

2 )
2∪2Z2. Hence, by

Lemma 3.3.1, any diagonal binary Z2-lattice is primitively represented by L2

except ⟨1, 1⟩ and ⟨1, 5⟩, which also are primitively represented by L2. The proof

of the fact that any binary improper modular lattice is primitively represented
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by H ⊥M is quite similar to the previous case. Hence, L2 is primitively 2-

universal.

Remark 4.3.2. In fact, for senary lattices, Lemma 4.3.1 generalizes Buda-

rina’s result [3], where L is required to be of class number one and to be of

squarefree odd discriminant. One may verify from the proof that there are

four such cases out of our 201 candidates.

4.3.2 Class number one 5-section case

In the remaining of this section, we consider the case when the 5-section of

L, say M , has class number one. Since M is a primitive sublattice of L,

L primitively represents any Z-lattice that is primitively represented by M .

Hence, ifM is of class number one, then L primitively represents any Z-lattice

that is locally primitively represented by M . Note that by Lemma 4.1.1, Mq

is not primitively 2-universal for some prime q, and hence there are infinitely

many Z-lattices that are not primitively represented by M .

Recall that any core prime q of M satisfies SqU ̸= (−1,−1), where QM ∼=
U ⊥⟨dM⟩ (see Definition 4.1.3). One may easily check that the 5-section of L

whose type is not of H has class number one, and the 5-section I2⊥A⊥⟨2⟩ of

L with type H has class number two. Note that the genus mate of this lattice

is I4 ⊥ ⟨6⟩. Hereafter α, β denote integers in Zp, and ϵ, δ denote units in Zp,

unless stated otherwise, where the prime p could be easily verified from the

context.
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Lemma 4.3.3. For the 5-section M of each type given below, the core prime

q of M and local structures over Zq of any binary Z-lattice ℓ that is not prim-

itively represented by M are given as follows:

Table 4.2: The core prime and the local structures

Type M q Local structures

A I5 2 ℓ2 ∼= ⟨1, 8α⟩ or n(ℓ2) ⊆ 4Z2

B I4 ⊥ ⟨2⟩ 2 ℓ2 ∼= ⟨2, 16α⟩ or n(ℓ2) ⊆ 8Z2

D I3 ⊥ ⟨2, 2⟩ 2
ℓ2 ∼= ⟨1, 16α⟩, ⟨4, 16α⟩, ⟨20, 16α⟩ or

n(ℓ2) ⊆ 16Z2

E I3 ⊥ ( 2 1
1 2 ) 3 ℓ3 ∼= ⟨3, 9α⟩ or s(ℓ3) ⊆ 9Z3

G I3 ⊥ ( 2 1
1 3 ) 5 ℓ5 ∼= ⟨5, 25α⟩ or s(ℓ5) ⊆ 25Z5

I I2 ⊥
(

2 1 1
1 2 1
1 1 2

)
2

ℓ2 ∼= ⟨1, 32α⟩, ⟨5, 16ϵ⟩, ⟨4, 32α⟩ or

n(ℓ2) ⊆ 16Z2

K I2 ⊥
(

2 1 1
1 2 1
1 1 3

)
7 ℓ7 ∼= ⟨7, 49α⟩ or s(ℓ7) ⊆ 49Z7

Proof. One may easily verify that the prime q given in Table 4.2 is the only

core prime for each 5-section M , and Mp primitively represents ℓp for any

prime p ̸= q. Hence, ℓ is primitively represented by M if and only if ℓq is

primitively represented by Mq.

Assume that L is of type A. Note thatM2
∼= H⊥N , whereN ∼= ⟨−1,−1,−1⟩
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and

Q∗(N) = {3, 5, 7}(Z×
2 )

2 ∪ 2Z×
2 .

Hence M2 primitively represents all binary lattices of the form ⟨α, θ⟩, where

θ ∈ Q∗(N)), H, and A. Moreover, M2 primitively represents ⟨1, 1⟩ and ⟨1, 4ϵ⟩,

for Z2[e1, e2+e3+e4+
√
4ϵ− 3e5] is a primitive sublattice of I5 that is isometric

to ⟨1, 4ϵ⟩.

Assume that L is of type B. Note that M2
∼= H⊥N , where N ∼= ⟨1, 3, 10⟩

and

Q∗(N) = Z×
2 ∪ {6, 10, 14}(Z×

2 )
2 ∪ 4Z×

2 .

Hence M2 primitively represents all binary lattices of the form ⟨α, θ⟩, where

θ ∈ Q∗(N), 2aH, and 2aA (0 ≤ a ≤ 1). Moreover, M2 primitively represents

⟨2, 2⟩ and ⟨2, 8ϵ⟩, for Z2[e1+e2, e1−e2+2e4+
√
4ϵ− 3e5] is a primitive sublattice

of I4 ⊥ ⟨2⟩ that is isometric to ⟨2, 8ϵ⟩.

Assume that L is of type D. Note that M2
∼= H ⊥N , where N ∼= ⟨5, 2, 6⟩

and

Q∗(J) = {3, 5, 7}(Z×
2 )

2 ∪ 2Z×
2 ∪ {12, 28}(Z×

2 )
2 ∪ 8Z×

2 .

Hence, M2 primitively represents all binary lattices of the form ⟨α, θ⟩, where

θ ∈ Q∗(N), 2aH, and 2aA (0 ≤ a ≤ 2). Moreover, M2 primitively represents

⟨θ, θ′⟩, where θ, θ′ ∈ {1, 4, 20}.

Assume that L is of type E. Note thatM3
∼= H⊥N , where N ∼= ⟨1, 1, 3·∆3⟩

and Q∗(N) = {1,∆3, 3 · ∆3}(Z×
3 )

2. Hence, M3 primitively represents any

binary Z3-lattice that represents 1, ∆3, or 3 ·∆3.
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Assume that L is of type G. Note thatM5
∼= H⊥N , where N ∼= ⟨1, 1, 5·∆5⟩

and Q∗(N) = {1,∆5, 5 · ∆5}(Z×
5 )

2. Hence, M5 primitively represents any

binary Z5-lattice that represents 1, ∆5, or 5 ·∆5.

Assume that L is of type I. Note that M2
∼= H ⊥N , where N ∼= ⟨3, 7, 12⟩

and

Q∗(N) = {3, 7}(Z×
2 )

2 ∪ 2Z×
2 ∪ {12, 20, 28}(Z×

2 )
2 ∪ 8Z×

2 .

Hence, M2 primitively represents all binary lattices of the form ⟨α, θ⟩, where

θ ∈ Q∗(N), 2aH, and 2aA (0 ≤ a ≤ 2). Moreover, M2 primitively represents

⟨θ, θ′⟩, where θ, θ′ ∈ {1, 5, 4}, ⟨1, 16ϵ⟩, ⟨5, 32α⟩, and ⟨4, 16ϵ⟩.

Assume that L is of type K. Note thatM7
∼= H⊥N , where N ∼= ⟨1, 1, 7·∆7⟩

and Q∗(N) = {1,∆7, 7 · ∆7}(Z×
7 )

2. Hence, M7 primitively represents any

binary Z7-lattice that represents 1, ∆7, or 7 ·∆7. This completes the proof.

We first complete the proof of the case when the 5-section splits L orthog-

onally.

Theorem 4.3.4. Suppose that L is of class number at least two. If M is of

class number one and orthogonally splits L, then L is primitively 2-universal.

In fact, there are 51 such cases.

Proof. By the above lemma, L is of type Bi(except Bi
2), D

i, Ei, Gi, Ii, or Ki.

Let ℓ ∼=
(
a b
b c

)
be a Z-lattice which is not primitively represented by M . We

assume that ℓ is Minkowski reduced, that is, 0 ≤ 2b ≤ a ≤ c. If we show

that ℓ is primitively represented by L, then we are done. To do this, we may
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consider two Z-lattices

ℓ′ ∼=

a− k b

b c

 , ℓ′′ ∼=

a b

b c− k

 .

If either ℓ′ or ℓ′′ is primitively represented by M , then clearly ℓ is primitively

represented by L ∼= M ⊥ ⟨k⟩. Moreover, ℓ′ (ℓ′′) is primitively represented by

M if and only if ℓ′q (ℓ′′q , repsectively) is primitively represent by Mq for the

core prime q of M .

First, assume that L is of type Bi. By Lemma 4.3.3 we may assume that

ℓ2 ∼= ⟨2, 16α⟩ or n(ℓ2) ⊆ 8Z2.

Suppose that k = 3 or 5. Since sℓ′′2 = Z2, ℓ
′
2 is primitively represented by

M2. Hence, ℓ
′′ is primitively represented byM if it is positive definite, that is,

c ≥ 7. One may directly check that ℓ is primitively represented by L if c ≤ 6.

Now, suppose that k = 4. If a ̸≡ 0 (mod 4), then dℓ′′2 ̸≡ 0 (mod 16), and

thus ℓ′′2 is primitively represented by M2. Hence, ℓ
′′ is primitively represented

by M if it is positive definite, that is, c ≥ 6. If c ̸≡ 0 (mod 4), then c ≡

2 (mod 16), and thus ℓ′′2 is split by ⟨c − 4⟩. Furthermore, since c − 4 ≡

−2 (mod 16), ℓ′′ is primitively represented byM if c ≥ 6. If a ≡ c ≡ 0 (mod 4),

then s(ℓ2) ⊆ 4Z2 since ℓ2 is not unimodular, which implies s(ℓ2) ⊆ 8Z2. Hence

ℓ′′2 is split by ⟨c− 4⟩. Since c− 4 ≡ 4 (mod 8), ℓ′′ is primitively represented by

M since c ≥ 8. One may directly check that ℓ is primitively represented by L

if c ≤ 6.
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Assume that L is of type Di. By Lemma 4.3.3 we may assume that

ℓ2 ∼= ⟨1, 16α⟩, ⟨4, 16α⟩, ⟨20, 16α⟩, or n(ℓ2) ⊆ 16Z2.

Suppose that k = 3 or 5. If a ̸≡ 0 (mod 16), then dℓ′′2 ̸≡ 0 (mod 16), and

thus ℓ′′2 is primitively represented by M2. Hence, ℓ
′′ is primitively represented

by M if it is positive definite, that is, c ≥ 7. Assume a ≡ 0 (mod 16). Since

a− k is odd, ℓ′2 is split by ⟨a− k⟩. Furthermore, since a− k ̸≡ 1 (mod 8), ℓ′2

is primitively represented by M2. Hence, ℓ′ is primitively represented by M .

One may directly check that ℓ is primitively represented by L if c ≤ 6.

Now, suppose that k = 2 or 6. If a ̸≡ 0 (mod 8), then dℓ′′2 ̸≡ 0 (mod 16), and

thus ℓ′′2 is primitively represented by M2. Hence, ℓ
′′ is primitively represented

by M if it is positive definite, that is, c ≥ 9. If c is odd, then c ≡ 1 (mod 8),

and thus ℓ′′2 is split by ⟨c − k⟩. Furthermore, since c − k ̸≡ 1 (mod 8), ℓ′′ is

primitively represented by M if c ≥ 9. If a ≡ 0 (mod 8) and c is even, then

s(ℓ2) ⊆ 2Z2 since ℓ2 is not unimodular, which implies s(ℓ2) ⊆ 4Z2, and then

c − k ≡ 2 (mod 4) and s(ℓ′′2) = 2Z2. Hence, ℓ′′ is primitively represented by

M if c ≥ 9. One may directly check that ℓ is primitively represented by L if

c ≤ 8.

Finally, suppose that k = 4. If a ̸≡ 0 (mod 4), then dℓ′′2 ̸≡ 0 (mod 16), and

thus ℓ′′2 is primitively represented by M2. Hence, ℓ
′′ is primitively represented

by M if it is positive definite, that is, c ≥ 6. If c is odd, then c ≡ 1 (mod 8),

and thus ℓ′′2 is split by ⟨c − 4⟩. Furthermore, since c − 4 ̸≡ 1 (mod 8), ℓ′′

is primitively represented by M if c ≥ 6. If a ≡ 0 (mod 4) and c is even,

then s(ℓ2) ⊆ 2Z2 since ℓ2 is not unimodular, which implies s(ℓ2) ⊆ 4Z2 and
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dℓ2 ≡ 0 (mod 64). If a ̸≡ 0 (mod 16) then dℓ′′2 ̸≡ 0 (mod 64), and hence

again ℓ′′ is primitively represented by M if c ≥ 6. If a ≡ 0 (mod 16) then

s(ℓ′2) = (4), and thus ℓ′2 is split by ⟨a−4⟩. Furthermore, since a−4 ≡ −4 (16),

ℓ′2 is primitively represented by M2. Hence, ℓ
′ is primitively represented by M

since a ≥ 16. One may directly check that ℓ is primitively represented by L if

c ≤ 5.

Next, assume that L is of type Ei. By Lemma 4.3.3 we may assume that

ℓ3 ∼= ⟨3, 9α⟩ or s(ℓ3) ⊆ 9Z3.

Suppose that k ̸= 3. Then s(ℓ′′3) = Z3, and thus ℓ′′3 is primitively represented

byM3. Hence, ℓ′′ is primitively represented byM if it is positive definite, that

is, c ≥ 11. One may directly check that ℓ is primitively represented by L if

c ≤ 10.

Now, suppose that k = 3. If a ̸≡ 0 (mod 9) then dℓ′′3 ̸≡ 0 (mod 27), and thus

ℓ′′3 is primitively represented byM3. Hence, ℓ
′′ is primitively represented byM

if it is positive definite, that is, c ≥ 5. If a ≡ 0 (mod 9) then s(ℓ′3) = 3Z3, and

thus ℓ′3 is split by ⟨a− k⟩ where a− k ≡ 6 (mod 9), and then ℓ′3 is primitively

represented by M3. Hence, ℓ′ is primitively represented by M since a ≥ 9.

One may directly check that ℓ is primitively represented by L if c ≤ 4.

Now, assume that L is of type Gi. By Lemma 4.3.3 we may assume that

ℓ5 ∼= ⟨5, 25α⟩ or s(ℓ5) ⊆ 25Z5.

Suppose that k ̸= 10 or 15. Then s(ℓ′′5) = Z5, and thus ℓ′′5 is primitively repre-

sented by M5. Hence, ℓ
′′ is primitively represented by M if it is positive defi-
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nite, that is, c ≥ 25. One may directly check that ℓ is primitively represented

by L if c ≤ 24.

Now, suppose that k = 10 or 15. If a ̸≡ 0 (mod 25) then dℓ′′5 ̸≡ 0 (mod 125),

and thus ℓ′′5 is primitively represented by M5. Hence, ℓ′′ is primitively repre-

sented by M if it is positive definite, that is, c ≥ 21. If a ≡ 0 (mod 25) then

s(ℓ′5) = 5Z5, and thus ℓ′5 is split by ⟨a−k⟩ where a−k ≡ 15 or 10 (mod 25), and

then ℓ′5 is primitively represented by M5. Hence, ℓ
′ is primitively represented

by M since a ≥ 25. One may directly check that ℓ is primitively represented

by L if c ≤ 20.

Next, assume that L is of type Ii. By Lemma 4.3.3 we may assume that

ℓ2 ∼= ⟨1, 25α⟩,

ℓ2 ∼= ⟨1, 32α⟩, ⟨5, 16ϵ⟩, ⟨4, 32α⟩, or n(ℓ2) ⊆ 16Z2.

If a ̸≡ 0 (mod 8), then dℓ′′2 ̸≡ 0 (mod 16), and thus ℓ′′2 is primitively represented

byM2. Hence, ℓ′′ is primitively represented byM if it is positive definite, that

is, c ≥ 3. If c is odd, then c ≡ 1 (mod 4), and thus ℓ′′2 is split by ⟨c − 2⟩.

Furthermore, since c − 2 ≡ 3 (mod 4), ℓ′′ is primitively represented by M

if c ≥ 3. If a ≡ 0 (mod 8) and c is even, then s(ℓ2) ⊆ 2Z2 since ℓ2 is not

unimodular, which implies s(ℓ2) ⊆ 4Z2, and then c − k ≡ 2 (mod 4) and

s(ℓ′′2) = 2Z2. Hence, ℓ
′′ is primitively represented by M since c ≥ 8. One may

directly check that ℓ is primitively represented by L if c ≤ 2.

Finally, assume that L is of type Ki. By Lemma 4.3.3 we may assume that

ℓ7 ∼= ⟨7, 49α⟩ or s(ℓ7) ⊆ 49Z7.
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Suppose that k ̸= 7 or 14. Then s(ℓ′′7) = Z7, and thus ℓ′′7 is primitively repre-

sented by M7. Hence, ℓ
′′ is primitively represented by M if it is positive defi-

nite, that is, c ≥ 33. One may directly check that ℓ is primitively represented

by L if c ≤ 32.

Now, suppose that k = 7 or 14. If a ̸≡ 0 (mod 49) then dℓ′′7 ̸≡ 0 (mod 343),

and thus ℓ′′7 is primitively represented by M7. Hence, ℓ′′ is primitively repre-

sented by M if it is positive definite, that is, c ≥ 19. If a ≡ 0 (mod 49) then

s(ℓ′7) = 7Z7, and thus ℓ′7 is split by ⟨a−k⟩ where a−k ≡ 35 or 42 (mod 49), and

then ℓ′7 is primitively represented by M7. Hence, ℓ
′ is primitively represented

by M since a ≥ 49. One may directly check that ℓ is primitively represented

by L if c ≤ 18. This completes the proof.

Remark 4.3.5. If L ∼= C3 or F3, then we may take M ∼= I3 ⊥ ( 3 1
1 3 ), which is

a primitive sublattice of L. If L ∼= Hiii
3 , then we may take M ∼= I2 ⊥

(
2 1 1
1 2 1
1 1 3

)
,

which is a primitive sublattice of L. Since the class number of M is one and

M splits L orthogonally, the proofs of these three candidates are quite similar

to the above theorem.

Let R = Z or Zp for some prime p. Let O be an R-lattice and let B =

{e1, . . . , en} be the fixed (ordered) basis for the R-lattice O. When only the

corresponding symmetric matrix MO is given instead of the basis for O, we
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assume that B is the basis for O such that (B(ei, ej)) =MO. We define

O′ = R


a11 . . . a1n
...

...

am1 . . . amn


by the R-sublattice of O generated by m vectors a11e1 + · · · + a1nen, . . . ,

am1e1 + · · · + amnen. Note that if the rank of O′ is m, then the symmetric

matrix corresponding to O′ is that

MO′ =


a11 . . . a1n
...

...

am1 . . . amn

MO


a11 . . . am1

...
...

a1n . . . amn

 .

4.3.3 A class number one superlattice of the 5-section case

Recall that we are assuming that L is one of 201 candidates of primitively

2-universal senary Z-lattices given in Table 4.1, and B = {e1, . . . , e6} is the

basis for L such that (B(ei, ej)) is the symmetric matrix given in Table 4.1

corresponding to L. Furthermore, M = Ze1 + · · ·+ Ze5 is the 5-section of L.

Lemma 4.3.6. Let d = dL and let q be the core prime of M . Let ℓ ∼=
(
a b
b c

)
be

a binary Z-lattice. If ℓ′ ∼=
(

qa−ds2 qb−dst
qb−dst qc−dt2

)
is positive definite and is primitively

represented by N for some integers s and t, then ℓ is primitively represented

by L, where L and N are given as follows:

1. The Z-lattice L is of type Eii, and N ∼= qI3 ⊥ A.
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2. The Z-lattice L is of type Gii or Giii, and N ∼= qI3 ⊥ ( 2 1
1 3 ).

3. The Z-lattice L is of type Kii, Kiii or Kiv, and N ∼= qI2 ⊥
(

3 1 1
1 5 −2
1 −2 5

)
.

Proof. One may easily show that there is a representation ψ : Lq → N ⊥ ⟨d⟩

such that ψ(Lq) ∩N =M q.

Since all the other cases can be proved in similar manners, we only provide

the proof of the case when L is of type Kiv. Since N primitively represents ℓ′,

there are integers ci’s and di’s for i = 1, . . . , 5 such that the primitive sublattice

of N

Z

c1 c2 c3 c4 c5

d1 d2 d3 d4 d5

 ∼= ℓ′ ∼=

7a− (7k − 5)s2 7b− (7k − 5)st

7b− (7k − 5)st 7c− (7k − 5)t2

 ,

where
( c1 c2 c3 c4 c5
d1 d2 d3 d4 d5

)
is a primitive matrix. Then we have

3(c3 − 2c4 − 2c5)
2 ≡ 5s2

3(c3 − 2c4 − 2c5)(d3 − 2d4 − 2d5) ≡ 5st

3(d3 − 2d4 − 2d5)
2 ≡ 5t2

 (mod 7),

for
(

3 1 1
1 5 −2
1 −2 5

)
≡ 3

(
1
−2
−2

)(
1 −2 −2

)
(mod 7). Hence, after replacing (s, t)

by (−s,−t), if necessary, we may assume that

c3 − 2c4 − 2c5 + 2s ≡ d3 − 2d4 − 2d5 + 2t ≡ 0 (mod 7).
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Therefore, there are integers a3, a4, a5, b3, b4 and b5 satisfying
c3 d3

c4 d4

c5 d5

s t

 =


−1 0 2 0

2 1 1 1

1 −1 0 0

0 0 0 1




a3 b3

a4 b4

a5 b5

s t

 .

Now, consider the sublattice

O = Z

c1 c2 a3 a4 a5 s

d1 d2 b3 b4 b5 t


of L. Since

a3 a4 a5 s

b3 b4 b5 t



14 7 7 7

7 14 7 7

7 7 21 7

7 7 7 7q




a3 b3

a4 b4

a5 b5

s t



=

c3 c4 c5 s

d3 d4 d5 t



3 1 1 0

1 5 −2 0

1 −2 5 0

0 0 0 7q − 5




c3 d3

c4 d4

c5 d5

s t

 ,

the Z-lattice O is isometric to ℓ. Now, sincec1 c2 c3 c4 c5

d1 d2 d3 d4 d5

 =

c1 c2 −a3 + 2a5 2a3 + a4 + a5 + s a3 − a4

d1 d2 −b3 + 2b5 2b3 + b4 + b5 + t b3 − b4
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is a primitive matrix, so isc1 c2 −a3 + 2a5 2a3 + a4 + a5 + s a3 − a4 a5

d1 d2 −b3 + 2b5 2b3 + b4 + b5 + t b3 − b4 b5

 .

Therefore, the matrix c1 c2 a3 a4 a5 s

d1 d2 b3 b4 b5 t


is primitive, which implies that O is a primitive sublattice of L. This completes

the proof.

Theorem 4.3.7. If L is of type

Gii, Giii, Kii, Kiii, or Kiv,

then L is primitively 2-universal. There are exactly 110 such Z-lattices, and

among them, only Eii
2 and Eii

3 have class number one.

Proof. Let ℓ ∼=
(
a b
b c

)
(0 ≤ 2b ≤ a ≤ c) be a Z-lattice which is not primitively

represented by M .

Suppose that L is of type E. Note that det(Eii) = 3k−2. By Lemma 4.3.3,

we may assume that

ℓ3 ∼= ⟨3, 9α⟩ or s(ℓ3) ⊆ 9Z3.

Observe that N = 3I3 ⊥ A is of class number one, and that 3 is the only

core prime of N . Furthermore, N7
∼= 3H ⊥ O, where O = ⟨∆3, 3, 3⟩. Thus

82



CHAPTER 4. P2U Z-LATTICES OF RANK 6

N3 primitively represents all binary Z3-lattices of the form ⟨3α, θ⟩, where

θ ∈ Q∗(O) = {∆3, 3, 3 · ∆3}(Z×
3 )

2. Hence, N3 primitively represents ℓ′ ∼=(
3a 3b
3b 3c−(3k−2)

)
. Therefore N primitively represents ℓ′ if it is positive definite.

Hence, by Lemma 4.3.6, ℓ is primitively represented by L if c ≥ 12. One may

directly check that ℓ is primitively represented by L if c ≤ 11.

Now, suppose that L is of type G. Note that

det(Gii) = 5k − 2 and det(Giii) = 5k − 3.

By Lemma 4.3.3, we may assume that

ℓ5 ∼= ⟨5, 25α⟩ or s(ℓ5) ⊆ 25Z5.

Observe that N = 5I3 ⊥ ( 2 1
1 3 ) is of class number one, and that 5 is the only

core prime of N . Furthermore, N5
∼= 5H ⊥ O, where O = ⟨∆5, 5, 5 · ∆5⟩.

Thus N5 primitively represents all binary Z5-lattices of the form ⟨5α, θ⟩, where

θ ∈ Q∗(O) = {∆5, 5, 5 ·∆5}(Z×
5 )

2. Hence, N5 primitively represents

ℓ′ ∼=
(

5a 5b
5b 5c−(5k−2)

)
and

(
5a 5b
5b 5c−(5k−3)

)
.

Therefore N primitively represents ℓ′ if it is positive definite. Hence, by

Lemma 4.3.6, ℓ is primitively represented by L if c ≥ 25. One may directly

check that ℓ is primitively represented by L if c ≤ 24.

Finally, suppose that L is of type K. Note that

det(Kii) = 7k − 3, det(Kiii) = 7k − 6, and det(Kiv) = 7k − 5.
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By Lemma 4.3.3, we may assume that

ℓ7 ∼= ⟨7, 49α⟩ or s(ℓ7) ⊆ 49Z7.

Observe that N = 7I2 ⊥
(

3 1 1
1 5 −2
1 −2 5

)
is of class number one, and that 7 is

the only core prime of N . Furthermore, N7
∼= 7H ⊥ O, where O = ⟨∆7, 7, 7⟩.

Thus N7 primitively represents all binary Z7-lattices of the form ⟨7α, θ⟩, where

θ ∈ Q∗(O) = {∆7, 7, 7 ·∆7}(Z×
7 )

2. Hence, N7 primitively represents

ℓ′ ∼=
(

7a 7b
7b 7c−(7k−3)

)
,

(
7a 7b
7b 7c−(7k−6)

)
, and

(
7a 7b
7b 7c−(7k−5)

)
.

Therefore N primitively represents ℓ′ if it is positive definite. Hence, by

Lemma 4.3.6, ℓ is primitively represented by L if c ≥ 33. One may directly

check that ℓ is primitively represented by L if c ≤ 32.

Remark 4.3.8. In fact, we do not use the fact that M is the 5-section of L

in the above theorem. If L ∼= Dii
3 , H

iv
3 , or Iiii3 , then we may take a primitive

sublatticeM of L as in Table 4.3. Then q is the only core prime ofM , and one

may apply Lemma 4.3.6 for each pair of L and N in the table. Therefore, the

proofs of primitive 2-universalities of these three candidates are quite similar

to Theorem 4.3.7.

Summing up all, we have proved the primitive 2-universalities of 175 Z-

lattices among 201 candidates, and the primitive 2-universalities of 26 candi-

dates remain unproven.
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Table 4.3: The core prime of M and the choice of N

L M q N

Dii
3 I3 ⊥ ( 2 1

1 3 ) 5 5I3 ⊥ ( 2 1
1 3 )

Hiv
3 or Iiii3 I2 ⊥

(
2 1 1
1 2 1
1 1 3

)
7 7I2 ⊥

(
3 1 1
1 5 −2
1 −2 5

)

4.4 The proof of primitive 2-universality (exceptional

cases)

Let L be one of the remaining 26 candidates of primitively 2-universal Z-

lattices which we do not consider in Section 4.3. We try to find quinary or

quaternary primitive sublattices of L which have class number one or two to

prove primitive 2-universality of L, in each exceptional case. The next two

lemmas summarize some data needed for computations which will be used

throughout this section.

Lemma 4.4.1. For each given quaternary Z2-lattice N , the binary Z2-lattice

ℓ that is not primitively represented by N satisfies one of the conditions given

in Table 4.4.

Proof. Since one may prove the lemma by direct computations, the proof is

left to the readers.

Lemma 4.4.2. For the 5-section M and its core prime q of each type given

in Table 4.5, if a binary Z-lattice ℓ is not primitively represented by M , then

ℓ satisfies one of the conditions given in the table.
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Table 4.4: The local structures

N Binary Z2-lattices that are not primitively represented byN

I4 ℓ2 ∼= ⟨ϵ, 4α⟩, ⟨2, 6⟩, ⟨2ϵ, 8α⟩, n(ℓ2) ⊆ 4Z2, orQ2ℓ ∼= Q2H

⟨1, 1, 2, 2⟩
ℓ2 ∼= ⟨ϵ, 4δ⟩with ϵδ ≡ 3 (mod 8), ⟨ϵ, 16α⟩, ⟨2ϵ, 8α⟩,

⟨4ϵ, 4δ⟩with ϵδ ≡ 3 (mod 8), ⟨4ϵ, 16α⟩,A, n(ℓ2) ⊆ 8Z2,

orQ2ℓ ∼= Q2H

⟨1, 2, 2, 4⟩
ℓ2 is unimodular, ℓ2 ∼= ⟨ϵ, 16α⟩, ⟨2ϵ, 8δ⟩with ϵδ ≡ 3 (mod 8),

⟨2ϵ, 32α⟩, ⟨4ϵ, 16α⟩, ⟨8ϵ, 8δ⟩with ϵδ ≡ 3 (mod 8), ⟨8ϵ, 32α⟩,

A2, n(ℓ2) ⊆ 16Z2, orQ2ℓ ∼= Q2H

⟨1, 2⟩ ⊥ ( 3 1
1 3 )

ℓ2 ∼= ⟨1, 1⟩, ⟨3,−1⟩, ⟨1, 20⟩, ⟨−1,−4⟩,

⟨ϵ, 16δ⟩with ϵδ ≡ 3 (mod 8), ⟨ϵ, 64α⟩, ⟨2, 2⟩, ⟨2, 6⟩, ⟨2, 10⟩,

⟨2ϵ, 16α⟩with ϵ ≡ 1 (mod 4), ⟨2ϵ, 32α⟩with ϵ ≡ −1 (mod 4),

⟨12, 12⟩, ⟨4, 20⟩, ⟨4ϵ, 16δ⟩with ϵδ ≡ 3 (mod 8), ⟨4ϵ, 64α⟩,

n(ℓ2) ⊆ 8Z2, orQ2ℓ ∼= Q2H

Proof. Since one may prove the lemma by direct computations, the proof is

left to the readers.

Recall that a finite sequence of vectors v1, . . . , vm in Zn (m ≤ n) is primitive

if and only if the greatest common divisor g of the determinants of all m×m

submatrices of the coefficient matrix of v1, . . . , vm, which is defined by them×n

matrix whose rows are v1, . . . , vm, is a unit. Also, we say that v1, . . . , vm is
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Table 4.5: The core prime and the local structures

Type M q Local structures

C I4 ⊥ ⟨3⟩ 2 ℓ2 ∼= ⟨3, 8α⟩ or n(ℓ2) ⊆ 4Z2

F I3 ⊥ ⟨2, 3⟩ 3
ℓ2 ∼= ⟨4ϵ, 4δ⟩ or A, or

ℓ3 ∼= ⟨6, 9α⟩ or s(ℓ3) ⊆ 9Z3

J I2 ⊥ ( 2 1
1 2 )⊥ ⟨3⟩ 2 ℓ2 ∼= ⟨1, 8α⟩ or n(ℓ2) ⊆ 4Z2

- I3 ⊥ ( 3 1
1 3 ) 2

ℓ2 ∼= ⟨3, 7⟩, ⟨−1, 4⟩, ⟨2, 2⟩, ⟨2, 64α⟩,

⟨10, 32ϵ⟩, ⟨8, 64α⟩, or s(ℓ2) ⊆ 16Z2

p-primitive for a prime p if g is prime to p. Then it is clear that v1, . . . , vm is

primitive if and only if it is p-primitive for any prime p.

Lemma 4.4.3. Let L = Ze1 + · · ·+ Zen+1 be a free Z-module of rank n+ 1,

and let M = Ze1 + · · · + Zen. Suppose that v1, . . . , vm are vectors in M for

some 1 ≤ m ≤ n.

(a) Suppose that v1, . . . , vm is p-primitive for some prime p. Then v1, . . . ,

vm−1, vm + pw also is p-primitive for any w ∈M .

(b) Suppose that v1, . . . , vm is p-primitive for some odd prime p. Then for

any w ∈ M , either v1, . . . , vm−1, vm + w or v1, . . . , vm−1, vm − w also is

p-primitive.

(c) Suppose that v1, . . . , vm is primitive. For a vector y = y1e1+ · · ·+ynen+
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yn+1en+1 ∈ L, put

P(y) := {p : gcd(y1, . . . , yn, yn+1) is divisible by a prime p},

P(yn+1) := {p : yn+1 is divisible by a prime p}.

If P(yn+1)\P(y) = ∅, then v1, . . . , vm−1, vm+y is primitive. If P(yn+1)\

P(y) = {p} for an odd prime p, then either v1, . . . , vm−1, vm + y or

v1, . . . , vm−1, vm − y is primitive.

Proof. (a) The lemma follows from the fact that the determinant of any m×m

submatrix of the m × n coefficient matrix of v1, . . . , vm is congruent modulo

p to the determinant of the corresponding m × m submatrix of the m × n

coefficient matrix of v1, . . . , vm−1, vm + pw.

(b) Suppose to the contrary that both

v1, . . . , vm−1, vm + w and v1, . . . , vm−1, vm − w

are not p-primitive. This implies that the determinant of anym×m submatrix

of the m× n coefficient matrices Cη of v1, . . . , vm−1, vm + ηw is a multiple of

p for any η ∈ {1,−1}. Observe that, by multilinearity of the determinant, the

determinant of any m×m submatrix of Cη is equal to

det(the corresponding m×m submatrix of C)

+ η det(the corresponding m×m submatrix of C ′),

where C is the m × n coefficient matrix of v1, . . . , vm, and C ′ is that of

v1, . . . , vm−1, w. Since p is odd, if the determinants of any m × m subma-

trix of C1 and the corresponding m×m submatrix of C−1 are multiples of p
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simultaneously, then so are the determinants of the corresponding m×m sub-

matrices of C and C ′. This implies that v1, . . . , vm is not p-primitive, which

is a contradiction.

(c) We have to show that the greatest common divisor of the determinants of

m×m submatrices of m× (n+ 1) coefficient matrix of v1, . . . , vm−1, vm + ηy

is 1 for some η ∈ {1,−1}. Let g1 be the greatest common divisor of the

determinants of all m×m submatrices containing the (n+1)-th column, and

g2 be the greatest common divisor of the determinants of those not containing

the column. Then what we have to show is (g1, g2) = 1. Let

w = y1e1 + · · ·+ ynen ∈M .

Then g2 is equal to the greatest common divisor of the determinants of all

m×m submatrices of m×n coefficient matrix of v1, . . . , vm−1, vm+ ηw. Note

that g1 = |yn+1|. Hence it suffices to show that v1, . . . , vm−1, vm + ηw is q-

primitive for any q ∈ P(yn+1). If P(yn+1) \ P(y) = ∅, it follows from (1).

If P(yn+1) \ P(y) = {p}, it follows from (1) that both v1, . . . , vk−1, vk + w

and v1, . . . , vk−1, vk − w are q-primitive for any q ∈ P(yn+1) such that q ̸= p

(equivalently, for any q ∈ P(y)), and it follows from (2) that at least one of

the two is p-primitive.

4.4.1 Type Bii

Theorem 4.4.4. The lattice Bii
q
∼= I4 ⊥

(
2 1
1 q

)
(q = 5, 6) is primitively 2-

universal.
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Proof. Let ℓ ∼=
(
a b
b c

)
(0 ≤ 2b ≤ a ≤ c) be a positive definite Z-lattice which

I4 ⊥ ⟨2⟩ does not primitively represent. Then sℓ2 = (2) and dℓ2 ⊆ (25) or

nℓ2 ⊆ (8) by Lemma 4.3.3. In particular, a, b and c are all even. If we show

that L primitively represents ℓ, then we are done.

Denote by N the 4-section of L. Then N primitively represent a binary

Z-lattice ℓ′ if and only if ℓ′ is positive definite and N2 primitively represent ℓ′2,

by the last lemma. Now suppose that

ℓ′ ∼=

a−A b−B

b−B c− C

 where

A B

B C

 =

s1 s2

t1 t2

2 1

1 q

s1 t1

s2 t2


for some integers s1, s2, t1 and t2. If ℓ′ = ℓ′(s1, s2; t1, t2) is primitively rep-

resented by N then evidently ℓ is primitively represented by L ∼= N ⊥
(
2 1
1 q

)
.

Finally, put

l(1) = ℓ′(1, 0; 0, 1) ∼=

a− 2 b− 1

b− 1 c− q

 , l(2) = ℓ′(0, 1; 1, 0) ∼=

a− q b− 1

b− 1 c− 2

 ,

l(3) = ℓ′(−1, 1; 0, 1) ∼=

 a− q b− (q − 1)

b− (q − 1) c− q

 ,

l(4) = ℓ′(0, 0; 0, 1) ∼=

a b

b c− q

 , l(5) = ℓ′(0, 1; 0, 0) ∼=

a− q b

b c

 .

Let q = 5. If a ∈ (4) then a ∈ (8). Then dℓ(1) = dl− 5a+ 2b− 2c+ 9 ≡ 1 (4),

hence N2 primitively represents l
(1)
2 . Hence N primitively represents l(1) if

a ≥ 10, or if a = 8 and c ≥ 7. Now suppose a ≡ 2 (4) then a ≡ 2 (16).

If c ∈ (4) then dℓ(2) = dl − 2a + 2b − 5c + 9 ≡ 1 (4), hence I4 primitively
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represents l(2) if a ≥ 10. If a = 2, then we must have b = 0 and c ∈ (16),

hence N primitively represents c− 18 if c ≥ 32, then L primitively represents

Z[e5, v− e5+2e6] ∼= ⟨2, c⟩ where v is a primitive vector in N such that Q(v) =

c − 18. Finally suppose a ≡ c ≡ 2 (4), then a ≡ c ≡ 2 (16). Then dℓ(3) =

dl− 5a+8b− 5c+9 ≡ 5 (8), hence N primitively represents l(3) since a ≥ 18.

A direct calculation shows that the only remnant ⟨2, 16⟩ also is primitively

represented by L.

Let q = 6. If nℓ2 ⊆ (8) then dℓ(1) = dl − 6a+ 2b− 2c+ 11 ≡ 3 (8), hence

N2 primitively represents l
(1)
2 . Hence N primitively represents l(1) if a ≥ 11,

or if a = 8 and c ≥ 8. Now suppose sℓ2 = (2) and dℓ2 ⊆ (25). If a ≡ 2 (4) then

a ≡ 2 (16), hence dℓ(4) = dl−6a ≡ 4 (16), hence N2 primitively represents l
(4)
2 .

Hence N primitively represents l(4) if c ≥ 9. If a ∈ (4) then c ≡ 2 (16), hence

dℓ(5) = dl− 6c ≡ 4 (16), then N primitively represents l(5) if a ≥ 9, or if a ≥ 8

and c ≥ 9. Finitely many remnants with c ≤ 8 can be verified directly.

4.4.2 Type Dii

Lemma 4.4.5. Let ℓ ∼=
(
a b
b c

)
be a Z-lattice and let m and k ≥ 2 be positive

integers. Suppose that2a− (2k − 1)s2 2b− (2k − 1)st

2b− (2k − 1)st 2c− (2k − 1)t2


is positive definite and is primitively represented by 2Im ⊥ ⟨4, 1⟩ for some

integers s and t. Then the binary Z-lattice ℓ is primitively represented by
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Im ⊥ ⟨2⟩ ⊥
(
2 1
1 k

)
.

Proof. Suppose that 2Im ⊥ ⟨4, 1⟩ primitively represents

Z

c1 · · · cm cm+1 cm+2

d1 · · · dm dm+1 dm+2

 ∼=

2a− (2k − 1)s2 2b− (2k − 1)st

2b− (2k − 1)st 2c− (2k − 1)t2

 .

Then

cm+2 ≡ c2m+2 ≡ s2 ≡ s

dm+2 ≡ d2m+2 ≡ t2 ≡ t

 (mod 2),

hence there exist integers a2 and b2 such that cm+2 = 2a2 + s and dm+2 =

2b2 + t. Now we claim that Im ⊥ ⟨2⟩ ⊥
(
2 1
1 q

)
primitively represents

Z

c1 · · · cm cm+1 a2 s

d1 · · · dm dm+1 b2 t

 ∼=

a b

b c

 .

For the representation, we must verify the identitya2 s

b2 t

4 2

2 2q

a2 b2

s t

 =

cm+2 s

dm+2 t

1 0

0 2q − 1

cm+2 dm+2

s t

 ,

which is evident. For the primitivity, observe thatc1 · · · cm+2

d1 · · · dm+2

 =

c1 · · · cm+1 2a2 + s

d1 · · · dm+1 2b2 + t


is primitive, hence so isc1 · · · cm+1 2a2 + s a2

d1 · · · dm+1 2b2 + t b2

 ,
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hence so is c1 · · · cm+1 a2 s

d1 · · · dm+1 b2 t

 .

This completes the proof.

Theorem 4.4.6. The lattice Dii
k
∼= I3 ⊥ ⟨2⟩ ⊥

(
2 1
1 q

)
(4 ≤ k ≤ 8) is primitively

2-universal.

Proof. Let ℓ ∼=
(
a b
b c

)
(0 ≤ 2b ≤ a ≤ c) be a positive definite Z-lattice. To

apply the last lemma, observe that N = 2I3 ⊥ ⟨4, 1⟩ is of class number one,

the only core prime of N is 2, N2
∼= 2H⊥⟨1, 10, 12⟩ ∼= 2H⊥⟨3, 10, 4⟩ hence N2

primitively represents all binary Z2-lattices of the form ⟨2α, ϵ⟩. Consider a Z-

lattice ℓ′ ∼=
(

2a 2b
2b 2c−(2k−1)

)
, then sℓ′2 = Z2 and dℓ′ ⊆ (2), hence N2 primitively

represents ℓ′2. Then N primitively represents ℓ′ if c > 2(2k − 1)/3, hence L

primitively represents ℓ if c ≥ 11. Finitely many remnants with c ≤ 10 can be

verified directly.

4.4.3 Type Diii

We reserve the case of lattice Diii
5 to the end of this section.

Lemma 4.4.7. Let ℓ ∼=
(
a b
b c

)
be a positive definite binary Z-lattice and let m

and q ≥ 2 be positive integers. Suppose that Im+2 primitively represents

Z

c1 · · · cm cm+1 cm+2

d1 · · · dm dm+1 dm+2

 ∼=

a− (k − 1)s2 b− (k − 1)st

b− (k − 1)st c− (k − 1)t2
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for some integers s and t that satisfy cm+1+cm+2+s ≡ dm+1+dm+2+t ≡ 0 (2).

Then ℓ is primitively represented by Im ⊥
(

2 0 1
0 2 1
1 1 k

)
.

Proof. Define integers a1, a2, b1 and b2 by equations

a1 := a2 + cm+2, a2 :=
cm+1−cm+2−s

2 ,

b1 := b2 + dm+2, b2 :=
dm+1−dm+2−t

2 ,

so that they satisfy cm+1 = a1 + a2 + s, cm+2 = a1 − a2, dm+1 = b1 + b2 + t

and dm+2 = b1 − b2. Now we claim that Im ⊥
(

2 0 1
0 2 1
1 1 k

)
primitively represents

Z

c1 · · · cm a1 a2 s

d1 · · · dm b1 b2 t

 ∼=

a b

b c

 .

For the representation, we must verify the identity

a1 a2 s

b1 b2 t



2 0 1

0 2 1

1 1 k



a1 b1

a2 b2

s t



=

cm+1 cm+2 s

dm+1 dm+2 t



1 0 0

0 1 0

0 0 k − 1



cm+1 dm+1

cm+2 dm+2

s t

 ,

which is evident. For the primitivity, observe thatc1 · · · cm+2

d1 · · · dm+2

 =

c1 · · · cm a1 + a2 + s a1 − a2

d1 · · · dm b1 + b2 + t b1 − b2
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is primitive, hence so isc1 · · · cm a1 + a2 + s a1 − a2 a1

d1 · · · dm b1 + b2 + t b1 − b2 b1

 ,

hence so is c1 · · · cm a1 a2 s

d1 · · · dm a1 b2 t

 .

This completes the proof.

Lemma 4.4.8. Let ℓ ∼=
(
a b
b c

)
be a Z-lattice. Suppose that there exists a

primitive sublattice Z
[ c1 c2 c3 c4 c5
d1 d2 d3 d4 d5

]
of the Z-lattice I5, which is isometric to

ℓ, for some integers ci and di such that the set

{(ci + cj , di + dj) | 1 ≤ i < j ≤ 5}

is a proper subset of (Z/2Z)2, where n is the residue class of n modulo 2 for

any integer n. Then ℓ satisfies one of the followings:

(i) a or c ≡ 1 (mod 4) and dℓ ≡ 0 (mod 4);

(ii) a ̸≡ 1 (mod 8), c ̸≡ 1 (mod 8), and dℓ ≡ 2 (mod 4).

Proof. Consider the set C = {(ci, di) | 1 ≤ i ≤ 5}. Since Z
[ c1 c2 c3 c4 c5
d1 d2 d3 d4 d5

]
is a

primitive sublattice of I5, the set C contains at least two nonzero vectors in

(Z/2Z)2. Furthermore, one may easily see from the assumption that C is one

of

{(1, 0), (0, 1)}, {(1, 0), (1, 1)}, {(0, 1), (1, 1)},

which respectively corresponds to each of the followings:
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(a) a+ c ≡ 1 (mod 4) and b is even;

(b) a ≡ 5 (mod 8) and b ≡ c (mod 2);

(c) a ≡ b (mod 2) and c ≡ 5 (mod 8).

The lemma follows directly from this.

Theorem 4.4.9. The Z-lattice Diii
k
∼= I3⊥

(
2 0 1
0 2 1
1 1 k

)
for k = 6 or 7 is primitively

2-universal.

Proof. Let ℓ ∼=
(
a b
b c

)
be a Z-lattice such that 0 ≤ 2b ≤ a ≤ c. Note that the

5-section M ∼= I3 ⊥ ⟨2, 2⟩ in this case has class number one. Hence, we may

assume that ℓ is not primitively represented by M locally, that is, one of the

following conditions holds:

(i) ℓ2 ∼= ⟨1, 16α⟩ for some α ∈ Z2;

(ii) ℓ2 ∼= ⟨4, 16α⟩ or ⟨20, 16α⟩ for some α ∈ Z2;

(iii) n(ℓ2) ⊆ 16Z2.

Note that we have a ≡ 1 (mod 8), a ≡ 4 (mod 16), or a ≡ 0 (mod 16). Assume

that both of the Z-lattices

ℓ(1) ∼=

a− (k − 1) b

b c

 , ℓ(2) ∼=

a b

b c− (k − 1)


are positive definite. Then one may easily show that ℓ(s) is primitively rep-

resented by I5 for some s = 1, 2. Let N = Z
[ c1 c2 c3 c4 c5
d1 d2 d3 d4 d5

]
be a primitive
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binary Z-sublattice of I5 which is isometric to ℓ(s). If there is an (i, j) with

1 ≤ i < j ≤ 5 such that

ci + cj + (2− s) ≡ di + dj + (s− 1) ≡ 0 (mod 2),

then ℓ is primitively represented by Diii
k by Lemma 4.4.7. If there does not

exist such an (i, j), then by Lemma 4.4.8, one of the followings must hold:

(a) a − (2 − s)(k − 1) ≡ 1 (mod 4) or c − (s − 1)(k − 1) ≡ 1 (mod 4), and

dℓ(s) ≡ 0 (mod 4);

(b) a − (2 − s)(k − 1) ̸≡ 1 (mod 8), c − (s − 1)(k − 1) ̸≡ 1 (mod 8), and

dℓ(s) ≡ 2 (mod 4).

However, one may easily verify that none of (a) and (b) holds in each case.

For instance, consider case (i) when k = 6. If a is odd, then a ≡ 1 (mod 8).

Since dℓ(2) ≡ 3 (mod 8), ℓ(2) is primitively represented by I5 so that we may

take s = 2. Since dℓ(2) is odd, ℓ(2) satisfies neither (a) nor (b). Now, suppose

that a is even. Then a ≡ 0 (mod 4) and c ≡ 1 (mod 8). Therefore, similarly to

the above, ℓ(1) is primitively represented by I5 and hence ℓ(1) does not satisfy

any of (a) and (b).

Now, we have to consider the case when neither ℓ(1) nor ℓ(2) is positive

definite. Note that if a ≥ 9, then both ℓ(1) and ℓ(2) are positive definite.

Hence, we may assume that a = 1 or a = 4. If a = 1, then b = 0 and

c ≡ 0 (mod 8) by (i). Since ℓ(2) is positive definite if c ≥ 9, one may apply the

same method as the above to prove the theorem. One may directly check that
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ℓ is primitively represented by L if c ≤ 8. Now, assume that a = 4. Then we

have either b = 0 or b = 2. If b = 0, then c ≡ 0 (mod 16) by (ii). Hence, ℓ(2)

is positive definite, and we may apply the same method to the above to prove

the theorem. If b = 2, then c ≡ 1 (mod 8) by (i). Note that I3 represents

c−k ≡ 2, 3 (mod 8) by Legendre’s three-square theorem. If we choose a vector

v in the 3-section of L such that Q(v) = c− k, then clearly, Z[e4 + e5, v + e6]

is a primitive sublattice of L isometric to ( 4 2
2 c ).

4.4.4 Type Hi

The main obstacle for type H lattices is that the 5-section I2 ⊥ A ⊥ ⟨2⟩ of L

is of class number two, and the genus mate I4 ⊥ ⟨6⟩ is not represented by L.

Lemma 4.4.5 gives some information on binary Z-lattices that are primitively

represented by the 5-section of L, though it has class number two.

Lemma 4.4.10. If a binary Z-lattice ℓ is not primitively represented by the

Z-lattice M = I2 ⊥ ⟨2⟩ ⊥ A, then either ℓ2 ∼= ⟨6, 16α⟩ or n(ℓ2) ⊆ 8Z2.

Proof. Fix a basis for M corresponding to the Gram matrix in the statement

of the lemma. Let ℓ ∼=
(
a b
b c

)
(0 ≤ 2b ≤ a ≤ c) be a binary Z-lattice which

does not satisfy the conclusion. Since M primitively represents ⟨1, 1, 2, 2⟩, we
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may assume that

ℓ2 ∼=



⟨1,−1⟩, ⟨ϵ, 4δ⟩, ⟨ϵ, 16α⟩,

⟨2,−2⟩, ⟨2ϵ, 8α⟩,

⟨4ϵ, 4δ⟩ with ϵδ ≡ −1 (mod 4), ⟨4ϵ, 16α⟩,

H2,

H or A.

We define the binary Z-lattices

ℓ′(u, t) ∼=
(

2a−3t2 2ua+2b
2ua+2b 2u2a+4ub+2c

)
and ℓ′′(u, t) ∼=

(
2a+4ub+2u2c 2b+2uc

2b+2uc 2c−3t2

)
.

Note that

ℓ ∼=
(

a ua+b
ua+b u2a+2ub+c

)
∼=

(
a+2ub+u2c b+uc

b+uc c

)
for any integer u. Hence, if ℓ′(u, t) or ℓ′′(u, t) is primitively represented by

N ∼= ⟨1, 2, 2, 4⟩ for some integers u and t, then ℓ is primitively represented by

M by Lemma 4.4.5. Since Np
∼= H⊥H for any odd prime p, Np is primitively

2-universal over Zp for any odd prime p. Note that

s(ℓ′(u, 1)2) = s(ℓ′′(u, 1)2) = Z2.

First, assume that s(ℓ2) = Z2. Assume that a is odd. Since dℓ′′(0, 1) ≡

2 (mod 4), ℓ′′(0, 1)2 is primitively represented by N2. Note that ℓ′′(0, 1) is

positive definite. Hence, ℓ′′(0, 1) is primitively represented by N . Now, as-

sume that a is even. Then a ≡ 0 (mod 4) and c is odd. In this case,
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dℓ′(0, 1) ≡ 2 (mod 4) and ℓ′(0, 1) is positive definite. Hence, ℓ′(0, 1) is primi-

tively represented by N .

Now, assume that ℓ2 ∼= ⟨2,−2⟩. Note that a ≡ b ≡ c ≡ 0 (mod 2). First,

suppose that a ≡ 2 (mod 4). If a ̸≡ −2 (mod 16), then

dℓ′′(0, 1) ≡ 4 (mod 8) and dℓ′′(0, 1) ̸≡ −4 (mod 32).

Hence, ℓ′′(0, 1) is primitively represented by N . If a ≡ −2 (mod 16), then

s(ℓ′′(0, 2)2) = 4Z2 and dℓ′′(0, 2) ≡ 32 (mod 64).

Hence, ℓ′′(0, 2) is primitively represented by N . Now, suppose that a ≡

0 (mod 4). Then a ≡ 0 (mod 16) and c ≡ 2 (mod 4). If c ̸≡ −2 (mod 16),

then ℓ′(0, 1) is primitively represented by N , and if c ≡ −2 (mod 16), then

ℓ′(0, 2) is primitively represented by N .

Next, assume that ℓ2 ∼= ⟨2ϵ, 8α⟩. Note that a ≡ b ≡ c ≡ 0 (mod 2). If

a ≡ 2 (mod 4) and a ̸≡ 6 (mod 16), then

dℓ′′(0, 1) ≡ 4 (mod 8) and dℓ′′(0, 1) ̸≡ −4 (mod 32).

Hence, ℓ′′(0, 1) is primitively represented by N . Similarly, if c ≡ 2 (mod 4) and

c ̸≡ 6 (mod 16), then ℓ′(0, 1) is primitively represented by N . Now, assume

that a ≡ 6 (mod 16) or c ≡ 6 (mod 16). Since we are assuming that

ℓ2 ̸∼= ⟨6, 16α⟩,

we have dℓ ≡ 16 (mod 32). Assume that a ≡ c ≡ 6 (mod 16). Then,

b ≡ 2 (mod 4). Hence, there is an η ∈ {1,−1} such that

a+ 2ηb+ c ≡ 6 (mod 8).
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Since dℓ′′(η, 1) ≡ 8 (mod 16), we have

ℓ′′(η, 1)2 ∼= ⟨ϵ, 8δ⟩,

which is primitively represented by N2
∼= ⟨1, 2, 2, 4⟩. Furthermore, since

ℓ′′(η, 1) is positive definite, it is primitively represented by N . Next, assume

that a ≡ 6 (mod 16) and c ̸≡ 6 (mod 16). Then either c ≡ 8 (mod 16) and

b ≡ 0 (mod 8), or c ≡ 0 (mod 16) and b ≡ 4 (mod 8). In any case,

a− 2b+ c ≡ −2 (mod 16).

Since dℓ′′(−1, 1) ≡ 12 (mod 32), we have

ℓ′′(−1, 1)2 ∼= ⟨−3,−4⟩,

which is primitively represented by N2
∼= ⟨1, 2, 2, 4⟩. Furthermore, since

ℓ′′(−1, 1) is positive definite, it is primitively represented by N . Finally, as-

sume that a ̸≡ 6 (mod 16) and c ≡ 6 (mod 16). Then, similarly to the above,

ℓ′(−1, 1) is primitively represented by N in this case.

Now, assume that s(ℓ2) = 4Z2. Note that a ≡ b ≡ c ≡ 0 (mod 4). If

a ≡ 4 (mod 8), then dℓ′′(0, 1) ≡ 8 (mod 16). Since ℓ′′(0, 1) is positive definite,

ℓ′′(0, 1) is primitively represented by N . Similarly, if c ≡ 4 (mod 8), then

ℓ′(0, 1) is primitively represented by N in this case.

Next, assume that ℓ2 ∼= H2. Note that a ≡ b− 2 ≡ c ≡ 0 (mod 4). Assume

that a ≡ 4 (mod 8). Since dℓ′′(0, 1) ≡ 8 (mod 16), we have

ℓ′′(0, 1)2 ∼= ⟨ϵ, 8δ⟩,
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which is primitively represented by N2
∼= ⟨1, 2, 2, 4⟩. Since ℓ′′(0, 1) is positive

definite, ℓ′′(0, 1) is primitively represented by N . Next, assume that c ≡

4 (mod 8). Then, similarly to the above, ℓ′(0, 1) is primitively represented by

N in this case. Finally, assume that a ≡ c ≡ 0 (mod 8). Since

a− 2b+ c ≡ 4 (mod 8),

we have dℓ′′(−1, 1) ≡ 8 (mod 16). Since ℓ′′(−1, 1) is positive definite, ℓ′′(−1, 1)

is primitively represented by N .

Finally, assume that ℓ2 ∼= H or A. Note that a ≡ b − 1 ≡ c ≡ 0 (mod 2).

Assume that a ≡ 6 (mod 8). Since dℓ′′(0, 1) ≡ 8 (mod 16), we have

ℓ′′(0, 1)2 ∼= ⟨ϵ, 8δ⟩,

which is primitively represented by N2
∼= ⟨1, 2, 2, 4⟩. Hence, ℓ′′(0, 1) is primi-

tively represented by N . Assume that c ≡ 6 (mod 8). Then, similarly to the

above, ℓ′(0, 1) is primitively represented by N in this case. Now, suppose that

neither a nor c is congruent to 6 modulo 8. Then we have

a ≡ 2 (mod 8) or a ≡ 0 (mod 4),

and the same with c. First, assume that a ≡ c ≡ 2 (mod 8). Then, there is an

η ∈ {1,−1} such that

a+ 2ηb+ c ≡ 6 (mod 8).

Since dℓ′′(η, 1) ≡ 8 (mod 16), ℓ′′(η, 1) is primitively represented by N2
∼=

⟨1, 2, 2, 4⟩. Hence, ℓ′′(η, 1) is primitively represented by N if it is positive
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definite, that is, if a ≥ 7, or if a = 2 and c ≥ 15. Clearly, ( 2 1
1 2 ) and ( 2 1

1 10 )

are primitively represented by M . Next, assume that a ≡ 0 (mod 4) and

c ≡ 2 (mod 8). Then

4a− 4b+ c ≡ 6 (mod 8).

Since dℓ′(−2, 1) ≡ 8 (mod 16), we have ℓ′(−2, 1)2 ∼= ⟨ϵ, 8δ⟩, which is primitively

represented by N2. Since

ℓ′(−2, 1) ∼=
(

2a−3 −4a+2b
−4a+2b 8a−8b+2c

)
is positive definite, it is primitively represented by N . Now, assume that

a ≡ 2 (mod 8) and c ≡ 0 (mod 4). Then, similarly to the above, ℓ′′(−2, 1) is

primitively represented by N if it is positive definite, that is, if a ≥ 11, or if

a = 10 and c ≥ 4. The case when a = 2 will be postponed to the end of this

proof. Finally, assume that a ≡ c ≡ 0 (mod 4). Then, there is an η ∈ {1,−1}

such that

a+ 2ηb+ c ≡ 6 (mod 8).

Hence, ℓ′′(η, 1) is primitively represented by N if it is positive definite, that is,

if a ≥ 7, or if a = 4 and c ≥ 5. Clearly ( 4 1
1 4 ) is primitively represented by M .

Now, suppose that a = 2, b = 1, and c ≡ 0 (mod 4). If c ̸≡ 0 (mod 16),

then ⟨1, 1, 2⟩ represents c − 2. If we choose a vector v in the 3-section of M

such that Q(v) = c − 2, then clearly, Z[e4, v + e5] is a primitive sublattice of

M isometric to ( 2 1
1 c ). If c ≡ 0 (mod 16), then ⟨1, 1, 2⟩ primitively represents

c− 14. If we choose a vector w in the 3-section of M such that Q(v) = c− 14,

then clearly,

Z[e4, w − 2e4 + 3e5]
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is a primitive sublattice of M isometric to ( 2 1
1 c ).

Theorem 4.4.11. The Z-lattice Hi
k
∼= I2⊥A⊥⟨2, k⟩ (3 ≤ k ≤ 5) is primitively

2-universal.

Proof. Denote by M the 5-section of L and let ℓ ∼=
(
a b
b c

)
(0 ≤ 2b ≤ a ≤ c)

be a positive definite Z-lattice which M does not primitively represent. Then

we may assume that ℓ satisfies either (i) a or c ≡ 6 (24) and dℓ ⊆ (25); or (ii)

a ≡ c ≡ 0 (8) and b ∈ (4), by the last lemma. If M primitively represents

a Z-lattice ℓ′ ∼=
(
a b
b c−k

)
then evidently L ∼= M ⊥ ⟨k⟩ primitively represents

ℓ. Moreover, M primitively represents ℓ′ if ℓ′ is positive definite and neither

l2 ∼= ⟨6, 24α⟩ nor nℓ′2 ⊆ (8), by the same lemma.

Let q = 3 or 5, then ℓ′2 is unimodular, hence M2 primitively represents

ℓ′2. Hence M primitively represents ℓ′ if c ≥ 7, or if ℓ ∼= ( 6 2
2 6 ). Let q = 4.

(i) Note that a ≡ b ≡ c ≡ 0 (2). If a ≡ 2 (4) then dℓ′ ≡ 8 (16), hence M

primitively represents ℓ′ since c ≥ 6. If a ∈ (4) then c ≡ 6 (24), hence ℓ′2 is

split by c− 4 ∼= 2 (24), thus M primitively represents ℓ′ since c ≥ 6. (ii) Note

that sℓ′2 = (4), hence M primitively represents ℓ′ since c ≥ 6.

4.4.5 Type Hii

Lemma 4.4.12. Let ℓ ∼=
(
a b
b c

)
be a positive definite binary Z-lattice and let

q and r be positive integers. Suppose that ⟨2, 2, 1, 1⟩ primitively represents
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(
2a−A 2b−B
2b−B 2c−C

)
, whereA B

B C

 =

s4 s6

t4 t6

2q − 1 0

0 2r − 1

s4 t4

s6 t6


for some integers s4, s6, t4 and t6 such that at least one of A and C is odd.

Then ℓ is primitively represented by I2 ⊥
(
2 1
1 q

)
⊥ ( 2 1

1 r ).

Proof. Suppose that ⟨2, 2, 1, 1⟩ primitively represents

Z

c1 c2 c3 c5

d1 d2 d3 d5

 ∼=

2a−A 2b−B

2b−B 2c− C

 .

Then

c3 + c5 ≡ c23 + c25 ≡ A ≡ s24 + s26 ≡ s4 + s6

c3d3 + c5d5 ≡ B ≡ s4t4 + s6t6

d3 + d5 ≡ d23 + d25 ≡ C ≡ t24 + t26 ≡ t4 + t6

 (mod 2).

One may easily observe that by hypothesis we may assume c3−s4 ≡ c5−s6 ≡

d3 − t4 ≡ d5 − t6 ≡ 0 (mod 2), after exchanging indices 3 and 5 if necessary.

Hence there exist integers a3, a5, b3 and b5 such that c3 = 2a3 + s4, c5 =

2a5+s6, d3 = 2b3+ t4 and d5 = 2b5+ t6. Now we claim that I2⊥
(
2 1
1 q

)
⊥ ( 2 1

1 r )

primitively represents

Z

c1 c2 a3 s4 a5 s6

d1 d2 b3 t4 b5 t6

 ∼=

a b

b c

 .

For the representation, we must verify the identitiesa3 s4

b3 t4

4 2

2 2q

a3 b3

s4 t4

 =

c3 s4

d3 t4

1 0

0 2q − 1

c3 d3

s4 t4
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anda5 s6

b5 t6

4 2

2 2r

a5 b5

s6 t6

 =

c5 s6

d5 t6

1 0

0 2r − 1

c5 d5

s6 t6

 ,

which are evident. For the primitivity, observe thatc1 c2 c3 c5

d1 d2 d3 d5

 =

c1 c2 2a3 + s4 2a5 + s6

d1 d2 2b3 + t4 2b5 + t6


is primitive, hence so isc1 c2 a3 2a3 + s4 a5 2a5 + s6

d1 d2 b3 2b3 + t4 b5 2b5 + t6

 ,

hence so is c1 c2 a3 s4 a5 s6

d1 d2 b3 t4 b5 t6

 .

This completes the proof.

Theorem 4.4.13. The lattice Hii
k
∼= I2⊥A⊥

(
2 1
1 q

)
(k = 2, 4, 5) is primitively

2-universal.

Proof. Let ℓ ∼=
(
a b
b c

)
(0 ≤ 2b ≤ a ≤ c) be a positive definite Z-lattice not

primitively represented by the 5-section of L. Then we may assume that ℓ

satisfies either (i) a or c ≡ 6 (24) and dℓ ⊆ (25); or (ii) a ≡ c ≡ 0 (8)

and b ∈ (4), by Lemma 4.4.10. According to the last lemma, if ⟨2, 2, 1, 1⟩
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primitively represents a Z-lattice

ℓ′ ∼=

2a− 3 2b

2b 2c− (2k − 1)

 ,

then L primitively represents ℓ. Also, ⟨2, 2, 1, 1⟩ primitively represents ℓ′ if ℓ′

is positive definite and does not satisfy the conditions in Lemma 4.4.1.

Let k = 2 or 4. Note that a ≡ b ≡ c ≡ 0 (2), hence dℓ′ ≡ 1 (4), thus

⟨2, 2, 1, 1⟩2 primitively represents ℓ′2. Hence ⟨2, 2, 1, 1⟩ primitively represents

ℓ′ if a ≥ 7, or if a = 6 and c ≥ 5, which is true. Let k = 5 and consider two

more Z-lattices

ℓ′′ ∼=

2a− (2k − 1) 2b

2b 2c

 , ℓ′′′ ∼=

2a 2b

2b 2c− (2k − 1)

 .

According to Lemma 4.4.5, if ⟨2, 2, 4, 1⟩ primitively represents ℓ′′ or ℓ′′′ then ℓ

is primitively represented by I2 ⊥ ⟨2⟩ ⊥ ( 2 1
1 5 ), and hence by L. (i) Note that

a ≡ b ≡ c ≡ 0 (2). If a ≡ c ≡ 2 (4), then dℓ′ ≡ 3 (8), and thus ⟨2, 2, 1, 1⟩2
primitively represents ℓ′2. Hence ⟨2, 2, 1, 1⟩ primitively represents ℓ′ if a ≥ 9,

or if a = 6 and c ≥ 6, which is true. If a− 2 ≡ c ≡ 0 (4), then sℓ′′′2 = Z2 and

dℓ′′′ ≡ 20 (25), and thus ⟨2, 2, 4, 1⟩2 primitively represents ℓ′′′2 by Lemma 4.4.1.

Hence ⟨2, 2, 4, 1⟩ primitively represents ℓ′′′ if c ≥ 9, which is true. Similarly if

a ≡ c−2 ≡ 0 (4), then a ∈ (8) and c ≡ 6 (24), and hence ⟨2, 2, 4, 1⟩ primitively

represents ℓ′′ if a ≥ 9, or if a = 8 and c ≥ 5, which is true. (ii) Observe that

dℓ′ ≡ 3 (8), and hence ⟨2, 2, 1, 1⟩ primitively represents ℓ′ if a ≥ 9, or if a = 8

and c ≥ 7, which is true.
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4.4.6 Type Hiii

Lemma 4.4.14. Let ℓ ∼=
(
a b
b c

)
be a positive definite binary Z-lattice and let

q and r be positive integers. Suppose that ⟨2, 2, 4, 1⟩ primitively represents(
2a−A 2b−B
2b−B 2c−C

)
where

A B

B C

 =

s5 s6

t5 t6

2q − 1 1

1 2r − 1

s5 t5

s6 t6


for some integers s5, s6, t5 and t6. Then ℓ is primitively represented by I2 ⊥

⟨2⟩ ⊥
(

2 1 1
1 q 1
1 1 r

)
.

Proof. Suppose that ⟨2, 2, 4, 1⟩ primitively represents

Z

c1 c2 c3 c4

d1 d2 d3 d4

 ∼=

2a−A 2b−B

2b−B 2c− C

 .

Then

c4 ≡ c24 ≡ A ≡ s25 + s26 ≡ s5 + s6

d4 ≡ d24 ≡ C ≡ t25 + t26 ≡ t5 + t6

 (mod 2).

Hence there exist integers a4 and b4 such that c4 = 2a4 + s5 + s6 and d4 =

2b4 + t5 + t6. Now we claim that I2 ⊥ ⟨2⟩ ⊥
(

2 1 1
1 q 1
1 1 r

)
primitively represents

Z

c1 c2 c3 a4 s5 s6

d1 d2 d3 b4 t5 t6

 ∼=

a b

b c

 .
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For the representation, we must verify the identity

a4 s5 s6

b4 t5 t6



4 2 2

2 2q 2

2 2 2r



a4 b4

s5 t5

s6 t6



=

c4 s5 s6

d4 t5 t6



1 0 0

0 2q − 1 1

0 1 2r − 1



c4 d4

s5 t5

s6 t6

 ,

which is evident. For the primitivity, observe thatc1 c2 c3 c4

d1 d2 d3 d4

 =

c1 c2 c3 2a4 + s5 + s6

d1 d2 d3 2b4 + t5 + t6


is primitive, hence so isc1 c2 c3 a4 s5 2a4 + s5 + s6

d1 d2 d3 b4 t5 2b4 + t5 + t6

 ,

hence so is c1 c2 c3 a4 s5 s6

d1 d2 d3 b4 t5 t6

 .

This completes the proof.

Theorem 4.4.15. The lattice Hiii
k

∼= I2 ⊥ ⟨2⟩ ⊥
(

2 1 1
1 2 1
1 1 k

)
(4 ≤ k ≤ 6) is primi-

tively 2-universal.
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Proof. Let ℓ ∼=
(
a b
b c

)
(0 ≤ 2b ≤ a ≤ c) be a positive definite Z-lattice which

the 5-section of L does not primitively represent. Then we may assume that

ℓ satisfies either (i) a or c ≡ 6 (24) and dℓ ⊆ (25); or (ii) a ≡ c ≡ 0 (8) and

b ∈ (4), by Lemma 4.4.10.

Let k = 4 or 5 and consider Z-lattices

ℓ′ ∼=

2a− (2k − 1) 2b

2b 2c

 , ℓ′′ ∼=

2a 2b

2b 2c− (2k − 1)

 ,

and

ℓ′′′ ∼=

2a− 3 2b− 1

2b− 1 2c− (2k − 1)

 .

(i) According to Lemma 4.4.5, if ⟨2, 2, 4, 1⟩ primitively represents ℓ′ or ℓ′′ then

ℓ is primitively represented by I2 ⊥ ⟨2⟩ ⊥
(
2 1
1 k

)
, hence by L. Note that a ≡

b ≡ c ≡ 0 (2). If a ≡ 2 (4) then a ≡ 6 (24), hence dℓ′′ is ≡ 12 (25) if k = 4,

and ≡ 20 (25) if k = 5, respectively, thus ⟨2, 2, 4, 1⟩2 primitively represents

ℓ′′2 by Lemma 4.4.1. Hence ⟨2, 2, 4, 1⟩ primitively represents ℓ′′ if c ≥ 7, or if

ℓ ∼= ( 6 2
2 6 ). If a ∈ (4) then a ∈ (8) and c ≡ 6 (24), hence similarly ⟨2, 2, 4, 1⟩

primitively represents ℓ′ since a ≥ 8. (ii) According to the last lemma, if

⟨2, 2, 1, 1⟩ primitively represents ℓ′′′ then then L primitively represents ℓ. Note

that dℓ′′′ is ≡ 4 (24) if k = 4, and ≡ 10 (24) if k = 5, respectively. Hence

⟨2, 2, 1, 1⟩ primitively represents ℓ′′′ if a ≥ 9, or if a = 8 and c ≥ 7, which is

true.

Let k = 6 and consider a primitive sublatticeM := Z[e1+e2, e3, e4, e5, e6] ∼=
⟨2, 2⟩ ⊥

(
2 1 1
1 2 1
1 1 6

)
of L. Note that M is of class number one, dM = 26, and the
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only core prime of M is 2, hence M primitively represents a binary Z-lattice

l(4) if and only if l(4) is positive definite and M2 primitively represents l
(4)
2 .

Also observe that M ∼= A⊥ ⟨2, 2, 48⟩ ∼= H⊥ ⟨2, 10, 48⟩,

Q∗(⟨2, 2, 48⟩) = {2, 10, 4, 20, 24, 56, 48, 96, 112, 64α},

and

Q∗(⟨2, 10, 48⟩) = {2, 10, 12, 28, 24, 56, 48, 96, 112, 32ϵ}.

(i) By previous inspection, M2 primitively represents l2, hence M primitively

represents ℓ. (ii) By previous inspection, M2 primitively represents all binary

Z2-lattices l
(4) with nℓ(4) = (8), hence we may assume a ≡ c ≡ 0 (24) and b ∈

(8). Observe thatM⊥ = Z[e1−e2] ∼= ⟨2⟩ and e1−e2 = −(e1+e2)+2e1, hence

if M primitively represents l(4) ∼=
(

a b
b c−2·22

)
, then L primitively represents

ℓ by Lemma 4.4.3. Actually M primitively represents l(4) since c ≥ 16 and

sℓ
(4)
2 = (8).

4.4.7 Type Hiv

Lemma 4.4.16. Let ℓ ∼=
(
a b
b c

)
be a positive definite binary Z-lattice and let

q and r be positive integers. Suppose that ⟨2, 2, 1, 1⟩ primitively represents(
2a−A 2b−B
2b−B 2c−C

)
whereA B

B C

 =

s5 s6

t5 t6

2q − 1 1

1 2r − 2

s5 t5

s6 t6
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for some integers s5, s6, t5 and t6 such that at least one of A and C is odd.

Then ℓ is primitively represented by I2 ⊥
(

2 0 0 1
0 2 1 1
0 1 q 1
1 1 1 r

)
.

Proof. Suppose that ⟨2, 2, 1, 1⟩ primitively represents

Z

c1 c2 c3 c4

d1 d2 d3 d4

 ∼=

2a−A 2b−B

2b−B 2c− C

 .

Then

c3 + c4 ≡ c23 + c24 ≡ A ≡ s25 ≡ s5 ≡ (s5 + s6) + s6

c3d3 + c4d4 ≡ B ≡ s5t5 + s5t6 + s6t5

≡ (s5 + s6)(t5 + t6) + s6t6

d3 + d4 ≡ d23 + d24 ≡ C ≡ t25 ≡ t5 ≡ (t5 + t6) + t6


(mod 2).

One may easily observe that by hypothesis we may assume c3− s6 ≡ c4− s5−

s6 ≡ d3 − t6 ≡ d4 − t5 − t6 ≡ 0 (mod 2), after exchanging indices 3 and 4 if

necessary. Hence there exist integers a3, a4, b3 and b4 such that c3 = 2a3+ s6,

c4 = 2a4 + s5 + s6, d3 = 2b3 + t6 and d4 = 2b4 + t5 + t6. Now we claim that

I2 ⊥
(

2 0 0 1
0 2 1 1
0 1 q 1
1 1 1 r

)
primitively represents

Z

c1 c2 a3 a4 s5 s6

d1 d2 b3 b4 t5 t6

 ∼=

a b

b c

 .
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For the representation, we must verify the identity

a3 a4 s5 s6

b3 b4 t5 t6



4 0 0 2

0 4 2 2

0 2 2q 2

2 2 2 2r




a3 b3

a4 b4

s5 t5

s6 t6



=

c3 c4 s5 s6

d3 d4 t5 t6



1 0 0 0

0 1 0 0

0 0 2q − 1 1

0 0 1 2r − 2




c3 d3

c4 d4

s5 t5

s6 t6

 ,

which is evident. For the primitivity, observe thatc1 c2 c3 c4

d1 d2 d3 d4

 =

c1 c2 2a3 + s6 2a4 + s5 + s6

d1 d2 2b3 + t6 2b4 + t5 + t6


is primitive, hence so isc1 c2 a3 a4 2a3 + s6 2a4 + s5 + s6

d1 d2 b3 b4 2b3 + t6 2b4 + t5 + t6

 ,

hence so is c1 c2 a3 a4 s5 s6

d1 d2 b3 b4 t5 t6

 .

This completes the proof.
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Theorem 4.4.17. The lattice Hiv
k

∼= I2 ⊥
(

2 0 0 1
0 2 1 1
0 1 2 1
1 1 1 k

)
(k = 4, 6) is primitively

2-universal.

Proof. Let ℓ ∼=
(
a b
b c

)
(0 ≤ 2b ≤ a ≤ c) be a positive definite Z-lattice which

the 5-section of L does not primitively represent. Then we may assume that

ℓ satisfies either (i) a or c ≡ 6 (24) and dℓ ⊆ (25); or (ii) a ≡ c ≡ 0 (8)

and b ∈ (4), by Lemma 4.4.10. According to the last lemma, if ⟨2, 2, 1, 1⟩

primitively represents a Z-lattice

ℓ′ ∼=

2a− 3 2b− 1

2b− 1 2c− (2k − 2)

 ,

then L primitively represents ℓ. Also, ⟨2, 2, 1, 1⟩ primitively represents ℓ′ if ℓ′ is

positive definite and does not satisfy the conditions in Lemma 4.4.1. Note that

a ≡ b ≡ c ≡ 0 (2), hence dℓ′ ≡ 1 (4), thus ⟨2, 2, 1, 1⟩2 primitively represents

ℓ′2. Hence ⟨2, 2, 1, 1⟩ primitively represents ℓ′ if a ≥ 9, if a = 8 and c ≥ 7, or if

a = 6 and c ≥ 6, which is true.

4.4.8 Type Iii

We reserve the lattice Iii5 to the end of this section. For lattices Iii4 and Iiii4 in the

next subsection, note that the quaternary orthogonal summand Z[e3, e4, e5, e6]

of L has nonsquare discriminant. Hence, such a quaternary Z-lattice is not

primitively 2-universal over Zp for infinitely many primes p.

Theorem 4.4.18. (a) The Z-lattice N ∼=
(

2 1 1 1
1 2 1 1
1 1 2 0
1 1 0 4

)
primitively represents

any binary Z-lattice ℓ′ satisfying all of the following three conditions:
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(1) n(ℓ′2) ⊆ 2Z2 and ℓ′2 represents some element in {6,−2, 4, 20};

(2) ℓ′3 represents ∆3 or 3;

(3) ℓ′p represents a unit in Zp for any odd prime p with
(
3
p

)
= −1,

where
( ·
·
)
is the Legendre symbol.

(b) If the quinary Z-lattice M ∼= ⟨2⟩ ⊥ N does not primitively represent a

positive definite binary Z-lattice ℓ, then ℓ satisfies n(ℓ2) = Z2, ℓ3 ∼=
⟨3 ·∆3, 9α⟩ for some α ∈ Z3, or s(ℓ3) ⊆ 9Z3.

(c) The Z-lattice Iii4
∼= I2 ⊥N is primitively 2-universal.

Proof. (a) Note that N is of class number one and dN = 12. Hence, a binary

Z-lattice ℓ′ is primitively represented by N if and only if ℓ′p is primitively

represented by Np for any prime p. Since N2
∼= A⊥⟨−2,−2⟩ ∼= H⊥⟨6,−2⟩, ℓ′2

is primitively represented by N2 if n(ℓ′2) ⊆ (2) and ℓ′2 represents some element

in {6,−2, 4, 20} ⊂ Z2. Since N3
∼= H ⊥ ⟨∆3, 3⟩, ℓ′3 is primitively represented

by N3 if ℓ′3 represents ∆3 or 3. Now, suppose p ̸= 2, 3. If
(
3
p

)
= 1 then

Np
∼= H ⊥ H, and hence Np is primitively 2-universal. If

(
3
p

)
= −1, that is,

dNp = ∆p, then Np
∼= H ⊥ ⟨1,−∆p⟩. Hence, ℓ′p is primitively represented by

Np if it represents a unit in Zp. Note that for any odd prime p,
(
3
p

)
= −1 if

and only if

p ≡ 5, 7 (mod 12).

(b) Note that M is of class number one, dM = 24, and 3 is the only core

prime of M . Hence, a binary lattice ℓ is primitively represented by M if

and only if ℓp is primitively represented by Mp for p = 2, 3. Note that
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M2
∼= H ⊥ H2 ⊥ ⟨6⟩ primitively represents any binary lattice ℓ2 satisfying

n(ℓ2) ⊆ 2Z2, and M3
∼= H ⊥ ⟨1, 1, 3⟩ primitively represents all binary lattices

representing 1, ∆3, or 3.

(c) Let ℓ ∼=
(
a b
b c

)
(0 ≤ 2b ≤ a ≤ c) be a Z-lattice which is primitively

represented by neither the 5-section of L nor the primitive sublattice

M := Z[e1 + e2, e3, e4, e5, e6] ∼= ⟨2⟩ ⊥N

of L. Then by Lemma 4.3.3 and by (1) given above, we may assume that ℓ

satisfies one of the following conditions:

(i) ℓ2 ∼= ⟨1, 32α⟩ for some α ∈ Z2;

(ii) ℓ2 ∼= ⟨5, 16ϵ⟩ for some ϵ ∈ Z×
2 ;

(iii) a ≡ b ≡ c ≡ 0 (mod 12).

First, assume that case (iii) holds. Observe thatM⊥ = Z[e1−e2] ∼= ⟨2⟩ and

e1− e2 = −(e1+ e2)+2e1. Hence, if ℓ
′ ∼=

(
a b
b c−2·22

)
is primitively represented

by M , then ℓ is primitively represented by L by Lemma 4.4.3. In fact, ℓ′ is

primitively represented by M for s(ℓ′2) ⊆ 4Z2 and s(ℓ′3) = Z3.

Denote by O the 5-section of L. Then O⊥ = Z(−e3−e4+e5+2e6) ∼= ⟨12⟩.

Hence, if

ℓ′′ ∼=

a− 12 · 22 b

b c

 or ℓ′′′ ∼=

a b

b c− 12 · 22


is primitively represented by O, then ℓ is primitively represented by L by

Lemma 4.4.3. Moreover, ℓ′′ (ℓ′′′) is primitively represented by O if and only if

116



CHAPTER 4. P2U Z-LATTICES OF RANK 6

ℓ′′ (ℓ′′′, respectively) is positive definite and ℓ′′2 (ℓ′′′2 , respectively) is primitively

represented by O2.

Now, assume that case (i) holds. If c ≤ 64, then one may directly check

that ℓ is primitively represented by L. Now, we assume that c ≥ 65. First,

suppose that a is odd. Since dℓ′′′ ≡ 16 (mod 32), ℓ′′′2 is primitively represented

by O2. Furthermore, since ℓ′′′ is positive definite, it is primitively represented

by O. Now, suppose that a is even. Since c is odd, similarly to the above, ℓ′′

is primitively represented by O if a ≥ 64 so that ℓ′′ is positive definite. Hence,

we may assume that a < 64. Note that c ≡ 1 (mod 8) and one of the following

conditions holds:

(α) a ≡ 4 (mod 32) and b ≡ 2 (mod 4);

(β) a ≡ 16 (mod 32) and b ≡ 4 (mod 8);

(γ) a ≡ 0 (mod 32) and b ≡ 0 (mod 8).

We define

ℓ(4) ∼=



(
a b
b c−1−4

)
if a = 48,(

a−4 b
b c−1

)
if a = 36,(

a b
b c−9−4

)
if a = 32 and c ≡ 1 (mod 16),(

a b
b c−1−4

)
if a = 32 and c ≡ 9 (mod 16),(

a b
b c−9−4

)
if a = 16 and c ≡ 0 (mod 3),(

a b
b c−1−4

)
if a = 16 and c ̸≡ 0 (mod 3),(

a b
b c−1

)
if a = 4 and c ≡ 0, 1 (mod 3),(

a b
b c−9

)
if a = 4 and c ≡ 2 (mod 3).
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Then by (a), ℓ(4) is primitively represented by N . Hence, ℓ is primitively

represented by L in each case. The proof of case (ii) is quite similar to this.

4.4.9 Type Iiii

Theorem 4.4.19. (a) If a Z-lattice ⟨2⟩ ⊥
(

2 1 1 1
1 2 1 1
1 1 2 1
1 1 1 2

)
does not primitively

represent at positive definite binary Z-lattice ℓ then ℓ satisfies one of the

following: nℓ2 = Z2; l5 ∼= ⟨10, 25α⟩; or sℓ5 ⊆ (25).

(b) The lattice Iiii2
∼= I2 ⊥

(
2 1 1 1
1 2 1 1
1 1 2 1
1 1 1 2

)
is primitively 2-universal.

Proof. (a) Denote by M the given lattice. Note that M is of class number

one, dM = 10 and the only core prime of M is 5. Hence by Lemma 3.2.1,

M primitively represents a binary lattice ℓ if and only if ℓ is positive definite,

M2 primitively represents l2 and M5 primitively represents l5. Note that

M2
∼= H ⊥ H ⊥ ⟨10⟩ primitively represents all binary lattices l2 satisfying

nℓ2 ⊆ (2) by Lemma 3.3.1, and M5
∼= H ⊥ ⟨1, 2, 5⟩ primitively represents all

binary lattices of the form ⟨α, θ⟩ (θ = 1, 2, 5) including ⟨10, 10⟩ ∼= ⟨5, 5⟩.

(b) Let ℓ ∼=
(
a b
b c

)
(0 ≤ 2b ≤ a ≤ c) be a positive definite Z-lattice. We

may assume that ℓ is primitively represented by none of the following primitive

sublattices of L: (i) the 5-section, (ii) Z[e1, e2, e3−e4, e5, e6] ∼= I2⊥⟨2⟩⊥A and

(iii) M := Z[e1 + e2, e3, e4, e5, e6] ∼= ⟨2⟩ ⊥
(

2 1 1 1
1 2 1 1
1 1 2 1
1 1 1 2

)
. Then a ≡ c ≡ 0 (24 · 5)

and b ∈ (8 · 5), by Lemmata 4.3.3 and 4.4.10, and by (a). Now observe that

M⊥ = Z[e1 − e2] ∼= ⟨2⟩ and e1 − e2 = −(e1 + e2) + 2e1, hence if M primitively
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represents ℓ′ ∼=
(

a b
b c−2·22

)
, then L primitively represents ℓ by Lemma 4.4.3.

Actually M primitively represents ℓ′ since c ≥ 80, sℓ′2 ⊆ (8) and sℓ′5 = Z5.

Theorem 4.4.20. (a) The Z-lattice N ∼=
(

2 1 1 1
1 2 1 1
1 1 2 1
1 1 1 4

)
primitively represents a

positive definite binary Z-lattice ℓ′ if all of the following three conditions

hold:

(1) nℓ′2 ⊆ 2Z2 and ℓ′2 represents twice an odd integer;

(2) ℓ′13 represents 1 or 13;

(3) ℓ′p represents a unit in Zp for any odd prime p with
(
13
p

)
=

( p
13

)
=

−1, where
( ·
·
)
is the Legendre symbol.

(b) The lattice Iiii4
∼= I2 ⊥N is primitively 2-universal.

Proof. (a) Note that N is of class number one. Hence N primitively represents

a positive definite binary Z-lattice ℓ′ if and only if Np primitively represents

ℓ′p for all prime p. For p = 2, N2
∼= H⊥ A, hence N2 primitively represents ℓ′2

if ℓ′2 (primitively) represents twice a 2-adic unit, by Lemma 3.3.1. For p = 13,

N13
∼= H⊥⟨1, 13⟩, hence N13 primitively represents ℓ′13 if ℓ

′
13 represents 1 or 13,

by Lemma 3.2.1. Now suppose p ̸= 2, 13. If Legendre symbol
(
13
p

)
=

( p
13

)
= 1,

then Np
∼= H⊥H hence Np is primitively 2-universal. Otherwise dNp is a non-

square unit, say ∆p, hence Np
∼= H⊥⟨1,−∆p⟩, then Np primitively represents

ℓ′p if ℓ′p represents a p-adic unit.

(b) Let ℓ ∼=
(
a b
b c

)
(0 ≤ 2b ≤ a ≤ c) be a positive definite Z-lattice which

the 5-section of L does not primitively represent. Then we may assume that
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ℓ satisfies one of (i) a or c ≡ 1 (4) and dℓ ⊆ (24); (ii) a ≡ b ≡ c ≡ 0 (4), a or

c ≡ 4 (24) and dℓ ⊆ (26); or (iii) a ≡ c ≡ 0 (24) and b ∈ (8), by Lemma 4.3.3.

For cases (i) and (ii), observe that L primitively represents Z[e1, e2, e3 −

e4, e5, e6] ∼= I2⊥⟨2⟩⊥ ( 2 1
1 4 ). Hence according to the Lemma 4.4.5, if ⟨2, 2, 4, 1⟩

primitively represents a Z-lattice

l(1) ∼=

2a− 7 2b

2b 2c

 or l(2) ∼=

2a 2b

2b 2c− 7

 ,

then ℓ is primitively represented by I2⊥⟨2⟩⊥( 2 1
1 4 ), hence by L. Also, ⟨2, 2, 4, 1⟩

primitively represents l(1) if l(1) is positive definite and does not satisfy the

conditions in Lemma 4.4.1, and similarly for l(2). (i) If a is odd then dℓ(2) ≡

2 (4), hence ⟨2, 2, 4, 1⟩2 primitively represents l
(2)
2 . Hence ⟨2, 2, 4, 1⟩ primitively

represents l(2) if c ≥ 10. If a is even then a ∈ (4) and c ≡ 1 (4), hence similarly

⟨2, 2, 4, 1⟩ primitively represents l(1) if a ≥ 10 and we cannot have a = 8. If

a = 4 then b = 2 and dℓ(2) ≡ 8 (24), hence ⟨2, 2, 4, 1⟩ primitively represents

l(2) if c ≥ 10. (ii) If a ≡ 4 (8) then dℓ(2) ≡ 8 (24), hence ⟨2, 2, 4, 1⟩ primitively

represents l(2) if c ≥ 10. If a ∈ (8) then a ∈ (24) and c ≡ 4 (24), hence similarly

⟨2, 2, 4, 1⟩ primitively represents l(1) since a ≥ 16. Finitely many remnants can

be verified directly.

Now assume case (iii). Denote by P the set of odd primes p such that

Legendre symbol
(
13
p

)
=

( p
13

)
= −1. Then a prime p is ∈ P if and only if

p ≡ 5, 7, 11, 15, 19, 21 (mod 26), hence

P = {5, 7, 11, 19, 31, 37, 41, 47, . . . }.
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First assume a /∈ (13). Define

l(r) ∼=

a− w ra+ b

ra+ b r2a+ 2rb+ c

 where w =



2 if a ≡ 1, 3, 5, 6, 11, 12 (13),

18 if a ≡ 2, 4, 8, 9 (13),

26 if a ≡ 10 (13),

34 if a ≡ 7 (13).

Clearly L primitively represents ℓ if N primitively represents l(r) for some in-

teger r. Note that for all r, N2 primitively represents l(r)2 and N13 primitively

represents l(r)13, hence Np primitively represents l(r)p for all p /∈ P. Also,

l(r) is positive definite if a > 4
3w(r

2 + max{0, r} + 1). Denote by p1, . . . , pt

the distinct prime factors of a−w in P. If t = 0 then N primitively represents

l(0) if and only if l(0) is positive definite, hence if a ≥ 46. If t = 1 then either

−a+ b or b is prime to p1, hence N primitively represents either l(0) or l(−1)

if a ≥ 91. If t = 2 then at least one of −a+b, b, a+b is prime to p1p2, hence N

primitively represents l(r) for some r ∈ {−1, 0, 1} if a ≥ 137. Similarly if t = 3

then N primitively represents l(r) for some r ∈ {−2,−1, 0, 1} if a ≥ 227. Now

assume t ≥ 4 then we have a ≥ 2 · 5 · 7 · 19 · 31t−3 > 4
3 · 34

(
(t+ 4)222(t−3) + 1

)
,

hence l(r) is positive definite for all r ∈ Z∩ [−(t+4)2t−3, (t+4)2t−3 − 1]. On

the other hand, there exists some s ∈ Z ∩ [−(t+ 4)2t−3, (t+ 4)2t−3 − 1] such

that ra+ b is prime to p1 · · · pt by [13, Lemma 3], hence N primitively repre-

sents l(r) for such an r. Hence we may assume a ≤ 226. For each a = 16, 32,

. . . , 192 and 224, we have t = 1, and clearly both l(−1) and l(0) are positive

definite, hence N primitively represents either.
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Finally assume a ∈ (24 · 13). Define

ℓ′(r) ∼=



(
a−26 ra+b
ra+b r2a+2rb+c

)
if b /∈ (13),(

a−2 ra+b
ra+b r2a+2rb+c

)
if b ∈ (13) and c /∈ (13),(

a−2 ra+b
ra+b r2a+2rb+c−2

)
if b ≡ c ≡ 0 (13).

Again L primitively represents ℓ if N primitively represents ℓ′(r) for some

integer r, and for all r, N2 primitively represents ℓ′(r)2 and N13 primitively

represents ℓ′(r)13, hence Np primitively represents ℓ′(r)p for all p /∈ P. Note

that ℓ′(r) is positive definite if a > 4
3 ·26(r

2+max{0, r}+2). By an argument

similar to the above (defining t for respectively a−26 or a−2, instead of a−w),

we conclude that we are done if a ≥ 209. If a = 208 then 208− 26 = 182 and

208− 2 = 206 has 1 and 0 prime factors in P, respectively, hence again we are

done.

4.4.10 Type J

Theorem 4.4.21. (a) Let ℓ ∼=
(
a b
b c

)
be a binary Z-lattice such that a ≡

1 (mod 2) and c ≡ 0 (mod 16). If
(
a b
b c−6

)
is primitively represented

by the Z-lattice ⟨1, 2⟩ ⊥ ( 3 1
1 3 ), then ℓ is primitively represented by the

Z-lattice ⟨1⟩ ⊥ A⊥ ( 3 1
1 3 ).

(b) The Z-lattice L ∼= J3 ∼= I2 ⊥ A⊥ ( 3 1
1 3 ) is primitively 2-universal.

Proof. (a) We fix bases for Z-lattices ⟨1, 2⟩ ⊥ ( 3 1
1 3 ) and ⟨1⟩ ⊥ A ⊥ ( 3 1

1 3 ) cor-

responding to the given Gram matrices. With respect to such bases, if there
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exists a primitive sublattice Z
[ c1 c2 c3 c4
d1 d2 d3 d4

] ∼=
(
a b
b c−6

)
of ⟨1, 2⟩ ⊥ ( 3 1

1 3 ) for ci,

di ∈ Z, then clearly, the sublattice

Z

c1 c2 0 c3 c4

d1 d2 − 1 2 d3 d4


of ⟨1⟩ ⊥ A ⊥ ( 3 1

1 3 ) is isometric to ℓ. Since the greatest common divisor of

the determinants of all 2× 2 submatrices containing the third column is 2, it

suffices to show that
( c1 c3 c4
d1 d3 d4

)
is 2-primitive. Since a is odd, exactly one or

three of c1, c3, c4 are odd. Furthermore, since

d21 + 2d22 + 3d23 + 2d3d4 + 3d24 ≡ 10 (mod 16),

d1 is even and d3, d4 are odd. Therefore,
( c1 c3 c4
d1 d3 d4

)
is 2-primitive.

(b) Denote by M the 5-section of L. Let M ′ := Z[e1, e3, e4, e5, e6] and N :=

Z[e1, e3, e5, e6] be primitive sublattices of L. Note that

M ′ ∼= ⟨1⟩ ⊥

2 1

1 2

⊥

3 1

1 3

 and N ∼= ⟨1, 2⟩ ⊥

3 1

1 3

 .

Let ℓ ∼=
(
a b
b c

)
(0 ≤ 2b ≤ a ≤ c) be a Z-lattice which is primitively represented

by neither M nor N . Then ℓ satisfies either

(i) a or c ≡ 1 (mod 8) and dℓ ≡ 0 (mod 16), or

(ii) a ≡ c ≡ 0 (mod 4) and b is even.

If c ≤ 32, then one may directly check that ℓ is primitively represented by

L. Hence, we may assume that c ≥ 33. Also, we assume that a ̸= 4 for the
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moment. Consider the Z-lattices

ℓ′ = ℓ′u(s, t; s
′) ∼=

a+ 2ub+ u2c− s2 − 6s′2 b+ uc− st

b+ uc− st c− t2

 ,

ℓ′′ = ℓ′′u(s, t; t
′) ∼=

 a− s2 ua+ b− st

ua+ b− st u2a+ 2ub+ c− t2 − 6t′2

 ,

where u, s, t, s′ and t′ are integers. Observe that the orthogonal complement

of N in M ′ is N⊥ = Z[−e3 + 2e4] ∼= ⟨6⟩. Hence, by Lemma 4.4.3, if ℓ′u(s, t; s
′)

(ℓ′′u(s, t; t
′)) is primitively represented by N for some s′ (t′, respectively) even,

then ℓ is primitively represented by L. Moreover, by (1) given above, if all of

the following three conditions hold, then ℓ is primitively represented by L:

(a) ℓ′u(s, t; 1) (ℓ
′′
u(s, t; 1)) is primitively represented by N ;

(b) a+ 2ub+ u2c− s2 (u2a+ 2ub+ c− t2) ≡ 0 (mod 16);

(c) c− t2 (a− s2, respectively) is odd.

Assume that case (i) holds. First, suppose that a is odd. We consider the

Z-lattice

ℓ′′u(0, 0; 1)
∼=

( a ua+b
ua+b u2a+2ub+c−6

)
.

Since dℓ′′u(0, 0; 1) ≡ 2 (mod 4), ℓ′′u(0, 0; 1)2 is primitively represented by N2
∼=

⟨1, 2⟩⊥ ( 3 1
1 3 ). Hence, for any integer u, ℓ′′u(0, 0; 1) is primitively represented by

N . Since a is odd, there is a u ∈ {−2,−1, 0, 1} such that ua+ b ≡ 0 (mod 4),

which implies that u2a + 2ub + c ≡ 0 (mod 16). Hence, we are done by

(1). Now, suppose that a is even. Then a ≡ 0, 4 (mod 16) and c is odd.
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Hence, similarly to the above, if we take an integer u ∈ {−2,−1, 0, 1} such

that u2a+2ub+ c ≡ 0 (mod 16), then ℓ′u(0, 0; 1) is primitively represented by

N .

Now, assume that case (ii) holds. First, suppose that either a ≡ 0,

4 (mod 16) or c ≡ 0, 4 (mod 16). If we define a Z-lattice ℓ′′′ by

ℓ′′′ =



ℓ′′0(1, 0; 1) if a ≡ 0 (mod 16),

ℓ′′0(1, 2; 1) if a ≡ 4 (mod 16),

ℓ′0(0, 1; 1) if c ≡ 0 (mod 16),

ℓ′0(2, 1; 1) if c ≡ 4 (mod 16),

then dℓ′′′ ≡ 2 (mod 4). Hence, ℓ′′′ is primitively represented by N . Therefore,

by (1), ℓ is primitively represented by L in each case. Now, suppose that a,

c ≡ 8 or 12 (mod 16). First, assume that b ≡ 2 (mod 4). One may easily show

that there is an η ∈ {1,−1} such that

a+ 2ηb+ c ≡ 0 or 4 (mod 16).

Hence, one of ℓ′′η(1, 0; 1) or ℓ
′′
η(1, 2; 1) is primitively represented by N . There-

fore, by (1), ℓ is primitively represented by L. Now, assume that b ≡ 0 (mod 4).

If we define a Z-lattice ℓ(4) by

ℓ(4) =



ℓ′′0(0, 1; 0) if a ≡ 8 (mod 16),

ℓ′0(1, 0; 0) if c ≡ 8 (mod 16),

ℓ′′0(0, 4; 0) if a ≡ c ≡ 12 (mod 16) and b ≡ 0 (mod 8),

ℓ′′0(0, 0; 2) if a ≡ c ≡ 12 (mod 16) and b ≡ 4 (mod 8),
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then one may easily show that

dℓ(4) ≡ 8 (mod 16), ℓ
(4)
2

∼= ⟨12,−4⟩, or dℓ(4) ∼= 32 (mod 64).

Hence, ℓ(4) is primitively represented by N , which implies that ℓ is primitively

represented by L in each case.

Finally, we consider the remaining case when a = 4. Note that b = 0 or

b = 2. It is well known that the 4-section N ′ ∼= I2 ⊥ A of L is primitively 1-

universal (see [2]). If we choose a primitive vector v in N ′ such that Q(v) = c,

then clearly, Z[e5 − e6, v] is a primitive sublattice of L which is isometric to

⟨4, c⟩. If we choose a vector w in N ′ such that Q(w) = c− 3, then clearly,

Z[e5 − e6, w + e5]

is a primitive sublattice of L which is isometric to ( 4 2
2 c ).

4.4.11 Lattices Diii
5 and Iii5

Finally, we consider the case when L ∼= Diii
5 or Iii5 . The quaternary primitive

Z-sublattice N of L given in Table 4.6 has class number two and its genus

mate N ′ is also primitively represented by L. Hence, any binary Z-lattice that

is represented by the genus of N is primitively represented by L. Note that

dN = 16 and the sublattice Z[e3, e4, e5, e6] of L is isometric to N for both

cases.
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Table 4.6: The Z-lattice N and its genus mate N ′

L N N ′

Diii
5 ⟨1⟩ ⊥

(
2 0 1
0 2 1
1 1 5

)
I3 ⊥ ⟨16⟩

Iii5

(
2 1 1 1
1 2 1 1
1 1 2 0
1 1 0 5

)
I2 ⊥ ( 4 2

2 5 )

Lemma 4.4.22. If a quaternary Z2-lattice I3 ⊥⟨16⟩ does not primitively rep-

resent a binary Z2-lattice ℓ2, then ℓ2 satisfies one of the following conditions:

Given each quaternary Z2-lattice N2 below, if N2 does not primitively repre-

sent a binary Z2-lattice ℓ2, then ℓ2 satisfies one of the conditions given in Ta-

ble 4.7.

Proof. The necessary conditions for one N may be verified easily by a direct

calculation. Then the other can be obtained by a scaling by 5.

Theorem 4.4.23. (a) Let ℓ ∼=
(
a b
b c

)
be a binary Z-lattice. Suppose that, for

some integers s, t, and t′,

ℓ′ ∼=

a− 2s2 b− 2st

b− 2st c− 2t2 − 8t′2


is positive definite and ℓ′2 is primitively represented by the quaternary

Z2-lattice I3 ⊥ ⟨16⟩. Then ℓ is primitively represented by the Z-lattice

L ∼= Diii
5 .

(b) The Z-lattice L ∼= Diii
5

∼= I3 ⊥
(

2 0 1
0 2 1
1 1 5

)
is primitively 2-universal.
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Table 4.7: The local structures

N Binary Z2-lattices that are not primitively represented by N

I3 ⊥ ⟨16⟩

l2 ∼= ⟨−1, α⟩, ⟨1, 12⟩ ∼= ⟨5,−4⟩, ⟨1, 8⟩, ⟨1, 40⟩, ⟨5, 24⟩,

⟨5,−8⟩, ⟨1, 26α⟩, ⟨3, 25α⟩, ⟨5, 26α⟩, ⟨2, 10⟩, ⟨6, 6⟩,

⟨2ϵ, 12⟩, ⟨2, 8⟩ ∼= ⟨10, 40⟩, ⟨6,−8⟩ ∼= ⟨−2, 24⟩,

⟨2ϵ, 25δ⟩ with ϵδ ≡ 3 (8), ⟨2ϵ, 27α⟩, nℓ2 ⊆ (4) or

Q2l ∼= Q2H

5I3 ⊥ ⟨80⟩

l2 ∼= ⟨3, α⟩, ⟨1, 12⟩ ∼= ⟨5,−4⟩, ⟨1, 24⟩, ⟨1,−8⟩, ⟨5, 8⟩,

⟨5, 40⟩, ⟨1, 26α⟩, ⟨5, 26α⟩, ⟨−1, 25α⟩, ⟨2, 10⟩, ⟨−2,−2⟩,

⟨2ϵ,−4⟩, ⟨2, 8⟩ ∼= ⟨10, 40⟩, ⟨6,−8⟩ ∼= ⟨−2, 24⟩,

⟨2ϵ, 25δ⟩ with ϵδ ≡ 3 (8), ⟨2ϵ, 27α⟩, nℓ2 ⊆ (4) or

Q2l ∼= Q2H

Proof. (a) Consider two primitive sublattices of L,

N := Z[e3, e4, e5, e6] and N ′ := Z[e1, e2, e3, e4 + e5 − 2e6] ∼= I3 ⊥ ⟨16⟩,

where the ordered basis {ei}6i=1 for L corresponds to the Gram matrix given

in the statement. Moreover, we fix an ordered basis for N ′ corresponding to

the Gram matrix given in the defining equation above. Note that the class

number of N is two and N ′ is the other class is the genus of N . Hence, if ℓ′

satisfies all conditions given above, then ℓ′ is primitively represented by either

N or N ′.
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If ℓ′ is primitively represented by N , then one may directly check that ℓ is

primitively represented by L. Now, suppose that the primitive sublattice

Z

c1 c2 c3 c4

d1 d2 d3 d4


of N ′ is isometric to ℓ′. Then clearly, the sublattice

Z

c1 c2 c3 c4 + s c4 −2c4

d1 d2 d3 d4 + t d4 + 2t′ −2d4


of L is isometric to ℓ. To see that such a sublattice is primitive, note that

the greatest common divisor of all 2 × 2 submatrices of the above coefficient

matrix divides (g1, g2), where g1 and g2 are the greatest common divisor of all

2× 2 submatrices ofc1 c2 c3 −2c4

d1 d2 d3 −2d4

 and

c1 c2 c3 c4

d1 d2 d3 d4 + 2t′

 ,

respectively. Since
( c1 c2 c3 c4
d1 d2 d3 d4

)
is primitive, g1 divides 2 and g2 is odd. Hence,

(g1, g2) = 1.

(b) Let ℓ ∼=
(
a b
b c

)
(0 ≤ 2b ≤ a ≤ c) be a Z-lattice which is primitively repre-

sented by neither the genus of N nor the 5-section of L. Then by Lemma 4.3.3

and by (1) given above, we may assume that ℓ satisfies one of the following

conditions:

(i) ℓ2 ∼= ⟨1,−16⟩;

(ii) ℓ2 ∼= ⟨1, 64α⟩ for some α ∈ Z2;
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(iii) ℓ2 ∼= ⟨4, 16α⟩ or ⟨20, 16α⟩ for some α ∈ Z2;

(iv) n(ℓ2) ⊆ 16Z2.

If c ≤ 21, then one may directly check that ℓ is primitively represented by L.

Hence, we may assume that c ≥ 22. If either

ℓ′(s, t; s′) ∼=
(

a−2s2−8s′2 b−2st
b−2st c−2t2

)
or ℓ′′(s, t; t′) ∼=

(
a−2s2 b−2st
b−2st c−2t2−8t′2

)
satisfies all conditions given in (2), then ℓ is primitively represented by L.

Assume that case (i) holds. First, suppose that a is odd. Note that

a ≡ 1 (mod 8). Since dℓ′′(0, 2; 1) ≡ 32 (mod 64), ℓ′′(0, 2; 1)2 ∼= ⟨1, 32ϵ⟩ is

primitively represented by N2. Since ℓ
′′(0, 2; 1) is positive definite, ℓ is primi-

tively represented by L. Now, suppose that a is even. Note that c ≡ 1 (mod 8),

and we have

a ≡ 20 (mod 32), a ≡ −16 (mod 64), or a ≡ 0 (mod 128).

Since ℓ′(2, 0; 1) is positive definite, ℓ is primitively represented by L, by the

similar reasoning.

Next, assume that case (ii) holds. Suppose that a is odd. Note that

a ≡ 1 (mod 8). Since dℓ′′(0, 0; 1) ≡ −8 (mod 64), ℓ′′(0, 0; 1)2 ∼= ⟨1,−8⟩ is

primitively represented by N2. Furthermore, since ℓ′′(0, 0; 1) is positive def-

inite, ℓ is primitively represented by L. Now, suppose that a is even. Note

that c ≡ 1 (mod 8), and we have

a ≡ 4 (mod 32), a ≡ 16 (mod 64), or a ≡ 0 (mod 64).
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If a ≥ 16, then ℓ′(0, 0; 1) is positive definite. Hence, ℓ is primitively represented

by L in this case. If a = 4, then ℓ′′(0, 0; 1)2 ∼= ⟨1, 32ϵ⟩ and ℓ′′(0, 0; 1) is positive

definite. Hence, ℓ is primitively represented by L.

Now, assume that case (iii) holds. First, suppose that a ≡ c ≡ 4 (mod 16).

Note that b ≡ 4 (mod 8). One may easily show that there is an η ∈ {1,−1}
such that dℓ′′(1, η; 0) ≡ 32 (mod 64). Then, ℓ′′(1, η; 0)2 ∼= ⟨2, 16ϵ⟩ is primi-

tively represented by N2. Since ℓ′′(1, η; 0) is positive definite, ℓ is primitively

represented by L. Next, suppose that a ≡ 4 (mod 16), b ≡ 0 (mod 8), and

c ≡ 0 (mod 16). In this case, either ℓ′′(1, 0; 0) or ℓ′′(1, 2; 0) is isometric to

⟨2, 16ϵ⟩ over Z2. Furthermore, since it is positive definite, ℓ is primitively rep-

resented by L. Similarly to the above, if a ≡ 0 (mod 16), b ≡ 0 (mod 8), and

c ≡ 4 (mod 16), then ℓ is primitively represented by L.

Finally, assume that case (iv) holds. If we define a Z-lattice ℓ′′′ by

ℓ′′′ =



ℓ′′(0, 1; 0) if a ≡ 16 (mod 32),

ℓ′(0, 1; 0) if c ≡ 16 (mod 32),

ℓ′(1, 1; 0) if a ≡ c ≡ 0 (mod 32) and b ≡ 8 (mod 16),

ℓ′′(1, 0; 1) if a ≡ 0 (mod 32), b ≡ 0 (mod 16), and c ≡ 0 (mod 64),

ℓ′(0, 1; 1) if a ≡ 0 (mod 64), b ≡ 0 (mod 16), and c ≡ 0 (mod 32),

ℓ′(1, 1; 1) if a ≡ c ≡ 16 (mod 32) and b ≡ 0 (mod 32),

ℓ′(1, 0; 0) if a ≡ 32 (mod 64), b ≡ 16 (mod 32), c ≡ −32 (mod 128),

ℓ′(0, 1; 0) if a ≡ −32 (mod 128), b ≡ 16 (mod 32), c ≡ 32 (mod 64),

ℓ′(1, 1; 0) if a ≡ c ≡ 32 (mod 128) and b ≡ −16 (mod 64),

ℓ′(1, 3; 0) if a ≡ c ≡ 32 (mod 128) and b ≡ 16 (mod 64),
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then one may easily show that

dℓ′′′ ≡ 16 (mod 128), dℓ′′′ ≡ 32 (mod 64), or dℓ′′′ ≡ 64 (mod 256).

Hence, ℓ is primitively represented by L in each case.

Theorem 4.4.24. The followings hold.

(a) Let ℓ ∼=
(
a b
b c

)
be a positive definite binary Z-lattice. Suppose that

ℓ′ ∼=

a− 2s2 b− 2st

b− 2st c− 2t2 − 8t′2


is positive definite and a Z2-lattice 5I3 ⊥ ⟨80⟩ primitively represents ℓ′2.

Then ℓ is primitively represented by the lattice Iii5.

(b) The lattice Iii5
∼= I2 ⊥

(
2 1 1 1
1 2 1 1
1 1 2 0
1 1 0 5

)
is primitively 2-universal.

Proof. Consider two primitive sublattices of L:

N := Z[e3, e4, e5, e6] and N ′ := Z[e1, e2, e3 + e4 − e5, e6] ∼= I2 ⊥ ( 4 2
2 5 ).

(a) Note that QN ∼= QN ′ and N2
∼= N ′

2
∼= (5I3 ⊥ ⟨80⟩)2, hence they are

locally isometric to each other, thus the genus of N is identical to the genus

of N ′. Moreover N (hence N ′ also) is of class number two, hence the genus of

N consists of the classes of N and N ′. Therefore, if ℓ′ satisfies the hypotheses,

then either N or N ′ primitively represents ℓ′.

If N primitively represents ℓ′ then the conclusion is clear. Suppose N ′

primitively represents ℓ′, then clearly a primitive sublattice

M := N ′ ⊥ Ze5 ∼= I2 ⊥ ( 4 2
2 5 )⊥ ⟨2⟩
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of L primitively represents ℓ′′ ∼=
(

a b
b c−8t′2

)
. Observe that M⊥ = Z[e3 − e4] ∼=

⟨2⟩ and e3− e4 = −(e3+ e4− e5)− e5+2e3, hence if M primitively represents

ℓ′′, then L primitively represents ℓ by Lemma 4.4.3.

(b) Let ℓ ∼=
(
a b
b c

)
(0 ≤ 2b ≤ a ≤ c) be a positive definite Z-lattice which

none of the 5-section of L, N or N ′ primitively represents. Then we may

assume that ℓ satisfies one of (i) a or c ≡ 1 (8) and dℓ ⊆ (26); (ii) a or

c ≡ 5 (8) and dℓ ≡ −24 (27); (iii) a ≡ b ≡ c ≡ 0 (4), a or c ≡ 4 (25) and

dℓ ⊆ (26); (iv) a ≡ c ≡ 0 (24) and b ∈ (8), by Lemma 4.3.3 and by the last

lemma. According to (a), if either of Z-lattices

ℓ′(s, t; s′) ∼=

2a− 2s2 − 8s′2 2b− 2st

2b− 2st 2c− 2t2


and

ℓ′′(s, t; t′) ∼=

2a− 2s2 2b− 2st

2b− 2st 2c− 2t2 − 8t′2


satisfies the hypotheses of (a) then L primitively represents ℓ.

(i) If a is odd then a ≡ 1 (8), hence dℓ′′(0, 1; 1) ≡ 6 (24),thus N2 primitively

represents ℓ′′(0, 1; 1)2. Hence L primitively represents ℓ if c ≥ 14. If a is even

then c ≡ 1 (8), and a is ≡ 4 (25), ≡ 24 (26) or ∈ (26). Hence by a similar

argument using ℓ′(1, 0; 1), L primitively represents ℓ if a ≥ 14. If a = 4 then

dℓ′′(0, 0; 1) ≡ 25 (26), hence L primitively represents ℓ if c ≥ 11. (ii) If a is

odd then a ≡ 5 (8), hence dℓ′′(0, 2; 1) ≡ 25 (26), thus L primitively represents

ℓ if c ≥ 22. If a is even then c ≡ 5 (8), and a is ≡ 4 (25), ≡ −24 (26) or
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∈ (27). Hence by a similar argument using ℓ′(2, 0; 1), L primitively represents

ℓ if a ≥ 22. If a = 4 then dℓ′(0, 0; 1) ≡ 80 (27), hence L primitively represents

ℓ since c ≥ 29. The proof for (iii) and (iv) is identical to the case Diii
5 .
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국문초록

소수 p 및 양의 정수 n에 대하여, 환 Zp 위의 랭크가 n인 정수계수 이차형식을

모두 원시적으로 표현하는 Zp 위의 정수계수 이차형식을 원시 n보편 형식이라

한다. Earnest와 Gunawardana는 [7]에서 어떤 Zp 위의 정수계수 이차형식이

원시 1보편 형식인지 판단할 수 있는 기준을 제시하였다. 이 논문에서는, p가

홀수인 소수이거나 n이 5 이상이면, Zp 위의 원시 n보편 형식의 최소 랭크가 2n

임을 증명하였다. 나아가, Zp 위의 최소 랭크의 원시 2보편 형식을 완전히 분류

하였다.

양의 정수 n에 대하여, 랭크가 n인 양의 정부호 정수계수 이차형식을 모두

원시적으로 표현하는 양의 정부호 정수계수 이차형식을 원시 n보편 형식이라 한

다. [11]에서는사변수원시 1보편정수계수이차형식은등장동형인것을같게볼

때 정확히 107개 있음을 증명하였다. 이 논문에서는, 원시 2보편 정수계수 이차

형식의 최소 랭크가 6임을 증명하고, 또 육변수 원시 2보편 정수계수 이차형식은

등장동형인 것을 같게 볼 때 정확히 201개 있음을 증명하였다.

주요어휘: 원시n보편성

학번: 2017–24838
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