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Abstract

Ward’s and Mass-one equation for
Almost-Hermitian Random Matrix

Yongwoo Lee

Department of Mathematical Sciences
The Graduate School

Seoul National University

We consider the microscopic scaling limit of non-Hermitian random ma-
trix, especially, almost-Hermitian random matrix with unitary invariance.
The scaling limit for the edge regime has already been obtained in pioneer-
ing work of Bender in [§].

Ward’s equation has been used in proving the edge universality conjecture
for random normal matrix model, under additional assumption. Under the
same assumption, universality has been verified for the bulk scaling limit
of almost-Hermitian model using Ward’s equation. However, not many are
known for the edge scaling limit of almost-Hermitian matrix model. In this
thesis, we prove that the limiting kernel for the edge regime satisfies Ward’s
and mass-one equations.

Key words: Almost-Hermitian random matrix, Ward’s equation, Mass-one
equation
Student Number: 2021-26436
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Chapter 1

Introduction

Almost-Hermitian random matrix model (AGUE) is a random matrix model
that lies in between Hermitian and non-Hermitian matrix models. A study
of local statistics for AGUE was pioneered by Fyodorov, Khoruzhenko and
Sommers [12] for the bulk statistic, and pioneered by Bender [8] for the
edge statistics. AGUE exhibits new types of universality classes that was not
observed from Hermitian and non-Hermitian models.

Universality is one of the most important property studied in random
matrix theory. It means that a correlation function, which determines distri-
bution of eigenvalues, is independent of choice of exact probability measure
for matrix elements, but only dependent on a few universal parameters, such
as invariance properties or hermiticity, etc. Universality has been proved for
wide classes of random matrices, for example, Gaussian unitary ensemble
(GUE), and Ginibre unitary ensemble (GinUE), and many other more. How-
ever, it still remains open for more general type of random matrix models,
and thus it is often referred as universality conjecture.

One successful way to prove universality is using Ward’s equation. For
instance, in the bulk regime of random normal matrix model, universality
conjecture is recently proved in [4], especially using Ward’s equation. Sim-
ilarly, in [5], universality conjecture was partially proved in the soft edge
regime of random normal matrix model using Ward’s equation, but under
additional assumption. Without the assumption, the soft edge universality
is proved in [15] by developing advanced asymptotic theory for orthogonal
polynomials.

Ward’s and mass-one equations are fundamental equations which are ex-
pected to be true for limiting kernels, but it is non-trivial for limiting kernels



CHAPTER 1. INTRODUCTION

to satisfy the equations. Especially, it was not verified in the literature that
the edge limiting kernels of AGUE satisfy Ward’s equation. These equations
are fundamental in following senses. Ward’s equation is derived from Ward
identities which is also known as loop equations. These identities are conse-
quences of reparametrization invariance property of normalization constants
related to joint intensity functions. Mass-one equation is also fundamental in
the sense that it follows from basic property of a correlation kernel.

Main results of this thesis is proofs for that the edge limiting kernels for
AGUE satisfies Ward’s and mass-one equations, and stated in Theorem 5.3.3
and Theorem 5.4.2. The organization of this thesis is as follows. In Chapter
2, we start with examples of random matrix model that are closely related to
AGUE, and collect theorems that can be applied for general random matrix
model. Chapter 3 is devoted to explain determinantal structure that underlies
unitary ensembles, and then introduce Ward’s and mass-one equation. In
Chapter 4, we survey universality of local scaling limits for certain classes
of random matrices, which covers GUE and GinUE but not AGUE. Finally,
in Chapter 5, we define AGUE and state the main results. Specifically, we
prove Ward’s and mass-one equation for the limiting kernels of AGUE in the
edge regime.



Chapter 2

Random matrix models

Almost-Hermitian random matrix is closely related to Gaussian unitary en-
semble (GUE) and Ginibre unitary ensemble (GinUE), so we begin with
introducing these ensembles. In Section 2.1, we introduce GUE and Elliptic
GinUE which is a generalised model of GinUE. In Section 2.2, we introduce
Frostman’s type theorem which justify notion of limiting spectrum.

2.1 GUE and Elliptic GinUE

Consider a space of n by n non-Hermitian (resp. Hermitian) matrices with
complex entries. We can endow a probability measure on the space by as-
signing probability measure for each element, independently.

Definition 2.1.1. A random non-Hermitian (resp. Hermitian) complex ma-
triz M is said to be the Ginibre unitary ensemble (GinUE) (resp. Gaussian
unitary ensemble (GUE)) if

1 = ) n
dPp (M) = Z—neXP {—n Z | } ) M = [mjk}j,kzl’
73,k=1
where Z,, is a normalization constant
Z, :/ . exp{—n Z |mjk|2} H dmg.
cr jk=1 k=1

with dmji, denoting the Lebesque measure on C.

3



CHAPTER 2. RANDOM MATRIX MODELS

We remark that the given definitions are normalised version of GUE and
GinUE. The word “unitary” in the names comes from a fact that the prob-
ability measures are invariant under the map M +— UMU™ for any complex
unitary matrix U. In case of GinUE, the measure is invariant under the map
M +— UMV™ for any complex unitary matrix U and V.

For each randomly picked M according to PP, ,, there is a random sample
of n-points, {(;}7_,, where (;’s are the eigenvalues of M. If we consider C"
as a space of n eigenvalues of M, then P, ,, induces a probability measure P,
on C". Then, P,, can be represented in forms of Boltzmann-Gibbs law.

Proposition 2.1.2. Let P, be the induced probability measure from GinUE
(resp. GUE) as mentioned above. Then, P, is given by

1
AP (G, Gn) = e Hn(G1rkn), (2.1)

n

where Z,, 15 a normalization constant

and H,, the Hamiltonian, is defined by

H,(¢yoo G Zlog C|+nZQn G), (2.2)

J#k

where Q,, : C — R, which is called external field, is given by Q,(¢) = |¢|?
(resp. Qn(¢) = [C]* if ¢ € R, and Q,(¢) = oo otherwise).

Proof. We refer [9, 11] for the proof. O

The eigenvalues are not independent, but repelling each other. This be-
havior can be observed in Figure 2.1, in comparison between random sam-
plings of eigenvalues from GinUE and the uniform distribution on the unit
disk.

The repulsion between eigenvalues of GinUE (and GUE) is due to log-
arithmic terms in (2.2). The logarithmic terms can be interpreted by 2-
dimensional electrostatics. An electrically charged 2-dimensional particle gen-
erates a potential which is proportional to logarithmic distance from the
particle. Thus, if we consider n-identically charged particle system where the
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Figure 2.1: Random samplings from GinUE (left) and the uniform distribu-
tion on the unit disk(right).

particles are located at {(;}7_,, then the electric potential between the parti-
cles are proportional to » ., log1/|(; — |- For this reason, the eigenvalues
of GinUE (and GUE) can be interpreted as identically charged 2-dimensional
electrical particles under external field @,,.

A natural generalization of GinUE is taking in account more generalized
external field @,. However, (2.1) may not be well-defined if no restriction
on external field is given. A trivial example, e.g. @, = 0, shows that (2.1)
can be ill-defined for certain external field. We will further discuss about this
problem in the next section. Setting a side of this problem, we now define
Elliptic Ginibre unitary ensemble.

Definition 2.1.3. For 7 € [0,1), a random complex n by n matriz A, is
said to be Elliptic Ginibre unitary ensemble or Elliptic GinUE if

AT:\/1+TH1+i\/1—TH2 (23)
where Hy and Hy are independent GUEs.

Proposition 2.1.4. The distribution of eigenvalue of Elliptic GinUEFE is rep-
resented by (2.1) with an external field Q,, = Q. given by

1, 1, ,
Q) =178+ (=¢+meC (2.4)
Proof. We refer [2, 13] for the proof. O
5
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Almost-Hermitian matrix is a Elliptic GinUE model with varying 7. That
is, we consider a sequence of 7,. By taking 7,, — 1, Elliptic GinUE becomes
more alike to GUE rather then GinUE. See Chapter 5 for more detail.

2.2 Limiting spectrum

In this section, we collect theorems related to limiting spectrum for general
matrix models. Limiting spectrum is not main of interest in this thesis, but
we included it for completeness. Many of these results are due to logarithmic
potential theory, and based on [14, 16, 18].

Let B(D) be a collection of positive unit Borel measure on a domain D.
We typically consider cases with D being R, C, or a compact set.

Definition 2.2.1. A weighted logarithmic energy of an external field @ :
D — RU{oo} is a functional Ig : B(D) — R given by

= 0} L o2 o o o
lo(o) = [[ os = aocyiaty + [ Qun. s eBD). @5)

Finding explicit “minimizer” of weighted logarithmic energy of an exter-
nal field is active research area in these days, and many are not known. The
existence of the minimizer is not trivial, and it is not true for general exter-
nal field. For example, if we set no restriction on @), then infimum value of
weighted logarithmic energy can vary from —oo to co according to choice of
Q. Therefore, we restrict our attention to a collection Q(D) of external fields
where each external field @ : D — RU{oo} satisfies the following conditions:

1. @ is lower semi-continuous;
2. inf{lg(o) : 0 € B(D)} < o0

3. ligian(C)/log ¢ > 1.

Even with these conditions, we can still cover wide range of external fields
on C. Especially, Condition 2 and 3 are necessary for weighted logarithmic
energy to have a meaningful infimum value. Condition 3 can be weaken to
Q(¢) —log|¢]* — oo as [¢| — oo, but we will satisfy with the condition given
above.
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It is known from logarithmic potential theory that there exists a unique
equilibrium measure which minimize weighted logarithmic energy for an ex-

ternal field in Q(D).

Theorem 2.2.2. For Q) € Q(D), there exists a unique measure 6 € B(D)
which is called equilibrium measure such that

Io(6) = inf 'Ig(o),

and & is compactly supported and its support is called droplet. Furthermore,
if Q is a C*-function and D = C, then & equals to

do = AQ - 1g - dA,
where A 1s a quarter of the Laplacian, S is the droplet of 6, and dA is a
1/m-normalized Lebesgue measure on C.

Proof. We refer [18] for the proof. O
Example 2.2.3. A droplet of elliptic GinUE is

£+ 2772§1, wherengeC,n:ImC},

1
(1-7)
(2.6)
where we can see the origin of “elliptic” in the name of the ensemble. We
refer [13, 19] for the proof.

As an analogue to (2.5), we define discrete version of weighted logarithmic
energy for an averaged empirical measure by

1
ST:{CE(C:m

1 n
On¢ = ;(5@. € B(D

where ¢ = ((1,...,(,) € D". Note that Ig(0,¢) = 00, so instead (2.5), we
define discrete weighted logarithmic energy by

Tal) = s Y logge—er ZQ@ 27)

1<j<k<n K

We call 6,, a weighted Fekete points if it minimize (2.7). Note that (2.7) does
not have a unique minimizer in general. For example, given a rotation sym-

7
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metric external field, rotating a Fekete point configuration with respect to
the origin gives another Fekete point configurations for any n > 1. Further-
more, calculation of Fekete points is quite difficult problem. However, Fekete
points are related to equilibrium measure in the following sense.

Theorem 2.2.4. For a Fekete points &,, and the equilibrium measure &,
Op, — 0 as n — 0o,
in the weak-star convergence.

Proof. We refer [18] for the proof. O

Recall (2.1) for the precise definition of P,. For any & = 1,...,n, we
define a marginal probability measure ]P’ff) by

PI(C) = Pa(¢ x D™H),

n

where ¢ € D*. In [16], the author proved a convergence of the marginal
measure to a product of the equilibrium measures for D C R , and extended
to D C C in [14].

Theorem 2.2.5. For a marginal probability measure Pﬁf) and the equilibrium
measure &,
Pglk) — ®§:1€r as n — 0o,

in the weak-star convergence, where ® denote product of measures.

Proof. We refer [14] and [16] for the proof. O



Chapter 3

Determinantal structure

It is extremely hard to analyze the Boltzmann-Gibbs measure given as (2.1)
by its own. However, with a help from determinantal structure that lies be-
hind the measure, it is possible to adapt theory of orthogonal polynomials.

In this chapter, we discuss about determinantal structure that underlies
GinUE and GUE. In Section 3.1 and 3.2, we introduce correlation kernel
which determines determinantal structure behind (2.1). In Section 3.3, we
introduce n-level Ward’s and the mass-one equation which are the main topic
of this thesis.

3.1 Determinantal point process

Given a suitable function f on C", we define a canonical average of f with
respect to P, by
T, )P (dN, .. dN,).
(Cn
A function class in which we are interested is a class of generalized functions

Je) =2 _3(C =),

where ( € C and A = (A,...,A,) € C" and ¢ is the Dirac-delta function.
Even though f) is a generalized function, a canonical average of f\ is well-
defined, because probability density function of P, is Schwartz function.

A canonical average of f) is called a one-point intensity function R, 1 :
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C — R. Explicitly, it is given by

R,1(¢) = fes oo, A)Pu(dAg, ... dA,) :n/ Po(C,dAg, ... d\,),
cn Cn—1

where the last equality follows from P, being invariant under permutation
of coordinates. Generalizing the notion of one-point intensity function, we
define the following.

Definition 3.1.1. A k-point intensity function R, : C* — R is defined by

n!
Roi(Crr-- i Q) = m/(c . Pr(Cty- ooy Gy A1, - dAy). (31)
In particular, if k =1, then we write R,, in place of R, 1.
Note that
R, ey
S T el LTRSS

50 Ry e1(Cry- oy CGo1) /R (Cry - -, G) can be regarded as density at (g
provided that there are particles at (q, ..., (x.

Theorem 3.1.2. There exist a correlation kernel K,, : C*> — C such that

Rok(Gryeo oy G) = det Ko (G, Cjﬂzjzly

forall1 <k <n.

In fact, the correlation kernel can be explicitly written as

n(C1,C2) = qu G1)q *nQ (€1)/2— nQ(Cz)/?

where g; is the j-th orthogonal polynomial with respect to a measure e "R q(.

These are far from being trivial, and we refer [18] for details.

We remark that K,, is not uniquely determined by R, ;’s. For example,
K, ({1, () and €@ K (¢, G) give the same R, for all k. In general, a
Hermitian function ¢ : C* — C is called a cocylce if ¢((1, () = g(¢1)g(¢2) for
some continuous unimodular function g. Then, K,, and ¢-K,, yield the same
R, ’s by the determinantal structure.

10



CHAPTER 3. DETERMINANTAL STRUCTURE

3.2 Rescaled correlation kernel

Consider an eigenvalue configuration {(;};_, with respect to ,,. We are inter-
ested in a microscopic behavior of the eigenvalues configuration. Therefore,
we rescale the eigenvalues near an n-dependent zooming point p, € C by

cj = e n V1AQ(Pr) - (CJ — Pn), (3.2)

where e is set to be the outer normal to the boundary of the droplet if
Prn is in the boundary of the droplet, or 6, = 0 otherwise. Here and after,
whenever we consider rescaled system, we will always assume that AQ,, (p,) >
const. > 0, so that (3.2) does make sense. In this chapter and Chapter 4,
we only consider p, = p, being independent of n. However, in Chapter 5,
especially for the “edge regime”, we have to consider p,, being n-dependent.

The zooming scale \/nAQ,(p,) is natural scaling to obtain universality
in the following sense. Recall that the limiting spectrum of P, is a compactly
supported measure with density AQ),. Roughly speaking, on the support
of limiting spectrum, expected number of particles in a unit circle is ap-
proximately nAQ,,. Thus, the zooming scale, \/nAQ,(p,), is chosen so that
average intensity becomes independent of n and @, in the rescaled system
{z}i=1-

Rescaling in (3.2) results rescalings of intensity functions and a correlation
kernel. By change of variable, we get rescaled intensity functions R, ;, by

1
) Zk) = mRn,k(Ch ceey Qk),

and a rescaled correlation kernel K, by

Rmk(zl, e

_

where z; = /nAQ,(pn)(§ — pn) for i@ = 1,..., k. Note that determinantal
structure

Ky (21, 29) = K., (¢1,¢2), (3.3)

Ro(z1,- . 2) = det [K, (25, 21)]"

jl=1’

remains unchanged via rescaling.

11
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3.3 Ward’s and mass-one equation

In this section, we state Ward’s equation and mass-one equations for n-level
correlation kernel. Materials in this section heavily relies on [5].

Since Ward’s and mass-one equation is the main object of this thesis, we
cover them in full detail. We first illustrate mass-one equation.

Proposition 3.3.1. A correlation kernel K, satisfies mass-one equation:

/ K (2, 0) PAA(w) = Ko (2, 2).

C

Proof. From the determinantal relation between R, and K,
K, (z,2) = R,(2) > 0,

for all z € C. The positiveness is direct consequence of (2.1) and (3.1). Then,

Kz w)® )y [ Ba(2) Baw) = Rus(z,w) o
/C St iaw) / e dA(w) =1,

where the first equality follows from the determinantal structure, and the
second follows from the remark below (3.1.1). Then, the conclusion follows.
]

We now introduce n-level Ward’s identities. We denote a collection of
compactly supported smooth functions by C2°(C). The following proof is
based on a proof given in [7].

Proposition 3.3.2. Let ¢ € C°(C) be a test-function. Then, Ward’s iden-
tity:
En[W, [¢] = EnLu[¢)] — Eull[¢] + EuIILL[¢)] = 0,

holds where

L =y SO gy n Y 0Qu(G) - ¥(G),

GGk
L[] =) v (G)- (3.4)
j=1
12
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Proof. For any j = 1,...,n, by integration by parts
1

En[0v(G)] = Z0 o O (¢;) e HnlCrnln) de, - .. dg,
= Zi aan(Ch v 7Cn) Qb(Cj) eiH”(Cl ----- Cn) dCI e an
n Jcn

= En[0; Hn - ()]
From (2.1), we have

1

O;Hu(Crr -1 G) = =c T 9@l
kty Ok
Then, summation of E,[09((;)] over j gives the desired result. O]

Ward’s identity is equivalent to a normalization constant remaining un-
changed under coordinate perturbation. We refer [4, 5] for the further detail
of this explanation. In the literature, Ward’s identity is also referred as loop
equation.

Before we state Ward’s equation, we first need to introduce the Berezin

kernel of K, by

Bu(z,0) = % (3.5)

and Cauchy transform of the Berezin kernel by

Co(z) = /«; Bl ) 4 4. (3.6)

zZ—Ww

As explained in the proof of Proposition 3.3.1, K,,(z, z) is positive everywhere,
so Berezin kernel is well-defined.
n-level Ward’s equation is formulated as the following.

Proposition 3.3.3. Ward’s Identity in proposition 3.3.2 implies,
0C,(2) = Ry(2) — 1 — Alog R,.(2) + o(1)
in the sense of distribution, where o(1) — 0 as n — oo.

Proof. For a test function 1, consider a sequence of test functions {t,} given
by ¥n(rnz + pn) = ¥(z). From (3.1) and (3.4), by the symmetry of P, for

13
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each coordinate,

. Q/}n(CJ) .
Eolu[tn] = / Z—@,_ DB (Grr-1o)

//@C (Bn2(GC) - dAQ) - dA(C)

// V(T2 + Dp) AR 5 (2, w) - 12dA(2) - r2d A(w)
C2 ’I“nZ + pn an +pn) 7

/¢ / w) CdA(w) - dA(2).

Similarly,

- / n0Q4(C) - n(CRA(C) - AC)
= [CnaQn(rnz 4+ D) - Un(Tnz + po)ry 2Ra(2) - 12dA(2)
- / (=) - nOQu(raz + pr) - Rul2) - dA(2).

9¢

Finally, note that 0, () - %
2

= 0Y(z), so we have

EHIHHWJH] = / Z 5%(@) ’ d]P)n(Cl) . :Cn)

/ 0n(CRA(C) - dA(C)

14
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Putting together, Ward’s identity is equivalent to

n Z—w

rl/ Bua(z,w) dA(w) — nOQu(rn + pn)Ru(2) — r 'OR,(2) = 0,
C

in the sense of distribution. Furthermore, since R, (2, w) = R, (2)(R,(w) —
B, (z,w)), we have

r;an(z)/(CMdA(w)

—IR(2) /C Bl®) 4 Aw) = 00O (1 + pr) Ru(2) — 1= R (2),

Z—w

and dividing both side by ;' R,,(2), and then differentiating by 0 with respect
to z, we have,

0Cy(2) = Ru(2) = g AQu(ruz + pp) — Alog Ry(2).

Finally, substituting r,, = (nAQn(pn))_% gives the conclusion. O]

This proof is based on a proof introduced in [7].

15
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Chapter 4

Universality of scaling limit

In this chapter, we mainly discuss about correlation kernels when number
of eigenvalues goes to infinity. Existence of limiting kernel is far from being
trivial, and this may not be true in general. Universality of limiting kernels
has been proved for large classes of random matrices, but it is still unknown
for wide range of classes. The main purpose of this chapter is collecting known
results about various universality classes that are related to almost-Hermitian
random matrices.

Section 4.1 is devoted to cover universality classes that arise in non-
Hermitian random matrix theory, especially random normal matrices. In Sec-
tion 4.2, we will briefly introduce universality classes for Wigner ensembles.

4.1 Random Normal Matrix:
non-Hermitian case

We recall that K, is a rescaled correlation kernel as in (3.3) via microscale
as in (3.2). Throughout this chapter, we will assume that the zooming point
Pn = P« is independent of n. Otherwise stated, we refer notation given in
Section 3.2. Then, the following is known.

Theorem 4.1.1. For a sequence of correlation kernels IK,,, every subsequence
of (K,) has a further subsequence that converges locally uniformly, up to
cocycles.

Proof. This is a consequence of Montel’s theorem. See [5] for details. [

16



CHAPTER 4. UNIVERSALITY OF SCALING LIMIT

Let K be the subsequential limit in Theorem 4.1.1. Then, we can extend
n-level Ward’s equation for K. As an analogue to (3.5) and (3.6), we can
define Berezin kernel for K by

_ K (zw)?
B(z,w) = K(.2) (4.1)
and its Cauchy transform
[ B(z,w)
C(z) = /(C—Z — dA(w), (4.2)

if provided that R(z) = K(z,z) > 0.

Theorem 4.1.2. Let K be a subsequential limit in Theorem 4.1.1. Then,
either R = 0 or R > 0 everywhere. Furthermore, if R > 0, then Ward’s
equation:

0C =R—1—AlogR,

holds in the sense of distribution.

Proof. For the proof of dichotomy theorem of R, see [5]. Proofs for Ward’s
equation is similar to it of Theorem 5.4.2. O

We can not directly extend mass-one equality for the subsequential limits,
but we still have inequality :

Theorem 4.1.3. Let K be a subsequential limit in Theorem 4.1.1. Then,
mass-one inequality

/«; K (2, w)2dA(w) < K (2, 2),

holds.

Proof. 1t is a consequence of Proposition 3.3.1 using Fatou’s lemma. [

Now we introduce universality related to the limiting correlation kernel.
We first state universality theorems for random normal matrices, and gives
reference for the theorems.

17



CHAPTER 4. UNIVERSALITY OF SCALING LIMIT

Theorem 4.1.4. Let p, be a interior point of a droplet. Then, K, converges

locally uniformly to
. \z|2+2|w\2

G(z,w) =™ : (4.3)
up to cocycles.
Proof. We refer [3] for the proof. O

The limiting kernel G is called Ginibre kernel which is named after Jean
Ginibre. The next is often referred as (soft) edge universality.

Theorem 4.1.5. Let p, be a regular boundary point of a droplet. Then, K,
converges locally uniformly to

zZ4+w

V2

up to cocycles, where erfc is a complementary error function

1 2
erfc(z) = — e 2 dt.
V2 /Z

Proof. We refer [5] for the proof using Ward’s equation under additional
assumption. See also [15]. O

G(z,w) erfe(

), (4.4)

Theorem 4.1.4 has been proved using Ward’s equation in [4], and The-
orem 4.1.5 has been proved under additional assumption, called translation
invariance, using Ward’s equation in [5]. Without translation invariance, the
edge universality has been proved in [15]. We remark here that different uni-
versality class can arise at singular boundary points, such as cusps or double
points. See [6] and references therein.

4.2 Unitary Invariant Matrix:
Hermitian case

Universality has been proved for wide classes of Hermitian random matrix.
In this section, we will fulfill with results proved for unitary invariant matrix
models. We state results proved in [10, 17]. We also refer [1, Chapter 6.
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CHAPTER 4. UNIVERSALITY OF SCALING LIMIT

Theorem 4.2.1. Let p, be a interior point of a droplet where the density is
positive. Then, K, converges to

Kme(x,y) = —— 222 (4.5)

up to cocycles
Proof. We refer [17] for the proof. O
Next, we state (soft) edge universality for unitary invariant matrix model.

Theorem 4.2.2. Let p, be a reqular right-edge point of a droplet. Then, there
1s a constant ¢ > 0 such that

€z Y
converges to
[(Awy(x7 y) — 1(512') 1 (y) 1 (.Z') 1<y)’

r—Yy
up to cocycles, where Ai is the Airy function.

Proof. We refer [10] for the proof. O
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Chapter 5

Scaling limits for
almost-Hermitian random
matrix

In this chapter, we introduce almost-hermitian random matrix model (AGUE)
and prove main results which are stated in Theorem 5.3.3 and Theorem 5.4.2.
The main results show that limiting kernel at the edge of AGUE satisfies the
mass-one and Ward’s equation. Universality of the limiting kernel is open for
AGUE.

In (2.3), elliptic GinUE is interpreted as a sum of two independent GUEs
via parameter 7 € [0, 1). It can be seen as “interpolation” between GUE and
GinUE by allowing 7 € [0, 1] with abusing notation. Especially, we see that
7 = 0 corresponds to GinUE, while 7 = 1 case corresponds to GUE.

For fixed 7 € [0, 1], theorems introduced in Chapter 4 are valid, so we
cannot observe new type of universality class. In other words, for 7 € [0, 1),
the associated limiting kernels are either (4.3) or (4.4). However, for 7 = 1,
they are neither of them, but either (4.5) or (4.6).

In Section 5.1, we define almost-Hermitian random matrix (AGUE), and
relate its eigenvalue distribution to Boltzmann-Gibbs law. In Section 5.2, we
collect results about limiting kernels that arise in AGUE. Finally, in Section
5.3 and 5.4, we prove main results.
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CHAPTER 5. SCALING LIMITS FOR ALMOST-HERMITTAN
RANDOM MATRIX

5.1 Almost-Hermitian random matrix model

In this section, we define almost-Hermitian random matrix model and relate
its measure to Boltzmann-Gibbs measure. We follow [2].

Definition 5.1.1. A one parameter family of random complex n by n matriz
A, is said to be almost-Hermitian Gaussian Unitary Ensemble or AGUE
with parameter ¢ > 0 (resp. modified almost-Hermitian Gaussian Unitary
Ensemble or modified AGUE) if

AC = \/1+TnH1+i\/1 _TnHQ

where T, = 1—2¢%/n (resp. 7, = 1—2¢2/n'/?) and Hy and H, are independent
GUEs.

As in the Elliptic GinUE case, the law of eigenvalues of AGUE models
can be represented by Boltzmann-Gibbs measure.

Proposition 5.1.2. Let A. be AGUE (or modified AGUE) and {(;};_, be
corresponding eigenvalues of A.. Then, the law of {(;}5_, is given by (2.1)
with an external field Q,, given by

1, 1,
() = + , =Re(, n:=Im(. 5.1
(O =1 &+ §=Re( 7 ¢ (5.1)
Proof. This is a consequence of Proposition 2.1.4. O]

From (2.6), we observe that the right-most endpoint is given by 1+ 7,,.
Furthermore, the limiting spectrum of AGUE is a real interval [-2,2].

5.2 Limiting kernels for AGUE

In this section, we state scaling limits for AGUE. The bulk scaling limits was
derived in [12], and the edge scaling limit was derived in [8].

Theorem 5.2.1. For AUGE with p, = p. € (—2,2) in (3.2) be independent
of n. Then, K, converges locally uniformly to

1 2ac
KP4z w) = G(z,w —/ e
(e) ( ) ( ) m oa

21
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CHAPTER 5. SCALING LIMITS FOR ALMOST-HERMITTAN
RANDOM MATRIX

up to cocycles, where G(z,w) is the Ginibre kernel in (4.3), and

C
Qe = &0(]9*) = B V4 - pi- 1[*2,2](17*)'

Proof. We refer [2, 12] for the proof. O

It was proved that universality conjecture is valid for (5.2) under addi-
tional assumption, called translation invariance. It was also showed that the
limit satisfies Ward’s and mass-one equations. For more details, see [2] and
reference therein.

Theorem 5.2.2. For modified AGUE with p, = 2(1 — *n~3) in (3.2), K,
converges locally uniformly to

ngge(z,w) = 427 /000 fe(z,t) fe(w, t)dt, (5.3)

up to cocycles where
oz, t) = 2 =MD" Aj(0¢(2 4 1) + )
and Ai is the Airy function.
Proof. We refer [2, 8] for the proof. O

5.3 The mass-one equation for AGUE

In this section, we prove that the limiting kernel (5.3) satisfies the mass-one
equation. We start with lemmata that is related to elementary properties of
Airy function. We will not cover proofs for the lemmata, but briefly comment
that these follows from integral representation of Airy function via complex
analysis.

Lemma 5.3.1. For z,w € C, the following holds:

Ai(2) Ai(w) / Ai {22/3(04%”7“)) elzmwe 4o, (5.4)
R

~ 21

Proof. See [20] and references therein. O
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Lemma 5.3.2. For x € R,

/ " Ai(a) da = /3, (5.5)
R

Proof. See [20] and references therein. O

Theorem 5.3.3. The limiting kernel K(e(gge in (5.3) satisfies the mass-one
equation. 1i.e.

/ ]K(egge(z, w)|* dA(w) = K(egge(z, z).
C

Proof. Let x = Rez, y =Imz, u = Rew and v = Imw. From (5.3),

LI G dA)
:32c4/R/R/Ooo/OOOfc(z,t)fc(z,s)fc(w,t)fc(w,s)dtdsdudv. (5.6)

By (5.4), we have

263 (t+s+2x)-2y? —deya+2c(t—s)ai
21/57 /R e gla, 22 +1 + 5) da,

263 (t+s+2u)—2v?

21/37

fc(zv t)fc(z S) =

(&

fe(w,t) fo(w, s) = /e devB=2e(t=9)8i (3 0+t + 5) df3,
R

where
g(y,7) = AP (P + or + ).

Using these equations, (5.6) equals to

/ / //// 4¢3 (t+s+utv)—2(y2 +v?) —4c(ya+vﬁ) 20(t s)(a—p)i
22/372

X gla,2x +t+ 8)g(B,2u+t+ s)dudvdadfdtds. (5.7)

We apply (5.5) to the integration with respect to u in (5.7), and deduce

3 0o roo
L/ / ///6203(t+s)—2(y2+v2)e—4c(ya+v6)€2c(t—s)(a_5)ie_282ﬁ2
91/3.72

T Jo 0 e e Je

X g(a,2x +t+ s)dvdBdadtds, (5.8)
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and integration with respect to v is elementary calculation, so (5.8) is equal
to

™

x dfdadtds. (5.9)

Note that the integration with respect to ( is in form of integral representa-
tion of Dirac-delta function, so we express (5.9) by

4 2mc? / / A v g (0 9 + £+ 5) dacdt,
o Jr
and then again by equation (5.4),

N / A (2 1) (3, ) db

which equals to K’ fgge(z, 2). O

5.4 Ward’s equation for AGUE

In this section, we prove that the limiting kernel in (5.3) satisfies Ward’s
equation. We follow basic ideas provided in [5].

The following lemma is a consequence of n-level mass-one equation, and
mass-one inequality for the limiting kernel. We recall definitions of B,, and
C,, from (3.5), (3.6). Throughout this section, we denote Berezin kernel of
(5.3) and its Cauchy transform by B and C as in (4.1), and (4.2).

Lemma 5.4.1. C,, converges boundedly and locally uniformly to C.

Proof. Choose any € > 0. From (5.3) or Theorem 4.1.1, we observe that
K(egge(z, z) > 0 for all z € C. Furthermore, convergence of K, to K(egge is
locally uniform by Theorem 5.2.2. Thus, there exists N > 0 such that if
n > N, then we have

|Bn<sz) - B(Zaw)‘ < 627

for any |z| < 1/e and |w| < 2/e.
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Then,
[Cn(2) / (z w>' aAw)
( ) ‘Bn(z,w) — B(z,w) ‘ i
l2— w‘>* Iz wl<! Z—w
/|Z w|>7 w) — B(z,w)|dA(w)

+e / 1 aaw)
|z—w\<% |Z - w|

< e/ |Bn(z,w)| + | B(z,w)| dA(w) + 2.
|z—w|>2

Finally, note that B,(z,w) and B(z,w) are positive for any z,w € C,
thus by Theorem 3.3.1 and Theorem 4.1.3,

/Bn(z,w)dA(w) =1, /B(z,w)dA(w) <1,
C C
so we deduce

Ca(z) = C(2)] < 4,

which is the desired conclusion. O

Theorem 5.4.2. The correlation kernel K(ej)ge in (5.8) satisfies Ward’s equa-
tion

0C=R—1-AlogR,
pointwisely.
Proof. By Theorem 3.3.3, the n-level Ward’s equation
0C,(2) = Ry(2) — 1 — Alog R, (2) + o(1), (5.10)

holds for AGUE. We first show that dC, (resp. R, and Alog R) converges
to OC (resp. R and Alog R) in the sense of distribution.

The convergence of R, to R is already shown in Theorem 5.2.2. By The-
orem 5.4.1, C, converges to C' boundedly and locally uniformly. Thus, for
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any test function ¢, integration by parts gives
/8Cn(z)@/}(z)dz — / 00 (2)Y(2)dz = /(Cn(z) — C(2))0ydz — 0,
C C C

as n — 00, so 0C,, converges to OC' in the sense of distribution.

We have shown convergence of 0C, to C, and it of R, to R in the sense
of distribution. Thus, by (5.10), Alog R,, have to converges to R — 1 — dC
in the sense of distribution. Furthermore, since R, converges to R locally
uniformly, it follows that Alog R, must converge to Alog R in the sense of
distribution. Hence, Ward’s equation holds in the sense of distribution.

Finally, by (5.3), R is smooth, so Alog R is smooth. Moreover, by (4.2),
C and OC are smooth. Then, by Weyl’s lemma, Ward’s equation holds at
every point on C. [
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