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ABSTRACT

Nonconvex penalized matrix completion

methods for causal inference in panel data

Bo Young Kim
The Department of Statistics
The Graduate School

Seoul National University

Low-rank matrix completion is a widely used approach for im-
puting missing entries of a matrix. The nuclear norm penalty,
which shrinks the singular values of a matrix, is often employed
due to its computational convenience. However, it introduces bias
in the estimation. To address this issue, nonconvex penalties such
as SCAD are utilized, which provide sparse and unbiased estima-
tors.

In this thesis, we study the nonconvex penalized matrix com-
pletion methods for estimating causal effects in panel data with
time-dependent treatment adoption. We first derive an upper

bound for the estimation error of our proposed estimator for the



potential control outcomes, which improves upon existing meth-
ods that rely on the nuclear norm penalty. Remarkably, this upper
bound matches the one obtained by the oracle estimator, under
an additional condition on the magnitudes of true singular val-
ues. Furthermore, we establish the asymptotic normality of the
corresponding estimator for the treatment effect, which exhibits a
smaller asymptotic variance compared to an existing method. We
perform numerical studies to assess the recovery of the potential
control outcomes and the estimation of the average treatment ef-
fect. Simulations validate our theoretical results, and experiments
using real data further demonstrate the promising performance of
our proposed method.

Keywords: Time-dependent treatment adoption, Potential con-
trol outcomes, SCAD, Unbiased estimator, Upper bound, Oracle
estimator, Causal effect, Asymptotic normality
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Chapter 1

Introduction

Causal inference has been studied in statistics aiming to uncover
the true cause-and-effect relationships between variables rather
than relying solely on correlations. It enables us to understand
how changes in one variable impact another, which is valuable
for policy evaluation [Abadie and Cattaneo, 2018]. Policy evalua-
tion involves the implementation of policies (or treatments, inter-
ventions, events) by governments, organizations, or natural fac-
tors. Causal inference provides insights into the effectiveness of
these policies, guiding future policy directions and resource al-
location. Typically, aggregated data collected over time [Abadie
et al., 2010] are analyzed. For example, one might examine annual
cigarette sales data across multiple states to assess the impact of
state government-initiated tobacco taxes. When studying causal
effects in panel data, a common approach is to compare outcomes
before and after policy implementation. The Synthetic Control

[Abadie et al., 2010] method is widely used and considers patterns



across units to estimate treatment effects. Additionally, fixed ef-
fects models [Abadie, 2005; Arkhangelsky et al., 2021] and factor
models [Bai and Ng, 2017; Xu, 2017] have been introduced to cap-
ture both time-series and cross-sectional patterns. Recently, the
matrix completion (MC) methods using a nuclear norm penalty
[Athey et al., 2021] has been suggested. These assume a low-rank
structure in the true potential control matrix. Furthermore, Farias
et al. [2021] proposed a de-biased estimator that directly estimates
the treatment effect while accounting for low-rank, addressing the
bias issue associated with the nuclear norm penalty.

The MC methods aim to fill in missing entries in a partially
observed matrix using the available information. By assuming a
low-rank structure, where the matrix can be represented as a prod-
uct of two lower-dimensional matrices, we can model the matrix
with significantly fewer parameters compared to the original form.
This dimension reduction offers advantages in terms of storage and
interpretation, and the separation of the underlying structure (pat-
tern) from the noise. In the MC, the nuclear norm penalty [Cai
et al., 2010; Mazumder et al., 2010; Negahban and Wainwright,
2012] is commonly used, which shrinks the singular values of the
matrix. This penalty is computationally convenient for low-rank
modeling. However, the nuclear norm penalty can introduce bias
in the estimated values. To mitigate this issue, researchers have
proposed the use of nonconvex penalties [Gui et al., 2016; Lu et al.,
2014; Song et al., 2018].

The main goals of this thesis are: (1) to propose an estimator

;ﬁ'! 2 1_..” .__;J!_ W



for the potential control matrix having desirable properties, and
(2) to establish the asymptotic normality of the corresponding
estimator for the treatment effect.

In this thesis, we investigate the application of nonconvex
penalties in the MC methods for estimating causal effects in panel
data with time-dependent treatment adoption patterns. Our study
offers several contributions. Firstly, we provide theoretical results
concerning the recovery of the potential control outcomes. We
demonstrate that our proposed estimator achieves faster conver-
gence rates compared to the previous method that utilized the
nuclear norm penalty [Athey et al., 2021]. We also show that the
oracle estimator becomes a local minimum of the nonconvex prob-
lem, and our upper bound aligns with the upper bound for the
oracle estimator under certain conditions. Secondly, we establish
the asymptotic normality of the estimator for the causal effect. We
additionally verify that this estimator exhibits a smaller asymp-
totic variance compared to the existing method. Furthermore,
we validate our theoretical findings through simulations. In the
analysis of real data, we compare the results obtained from our
nonconvex penalized estimator and the estimator for the causal
effect with those from other methods.

The thesis is organized as follows. Chapter 2 offers a compre-
hensive review of the low-rank MC, covering different penalties,
theoretical studies, and algorithms. In Chapter 3, we explain the
setup and notation and review existing MC approaches specifically

for the causal panel analysis. We introduce our proposed estima-
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tor and present our theoretical results. The chapter also includes
details on simulation studies and data analysis using real-world

datasets. Finally, we conclude the thesis in Chapter 4.
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Chapter 2

Review: low-rank matrix

completion

2.1 Introduction

Low-rank matrix modeling is commonly employed when the main
information in a data matrix is primarily represented by a few
dominant singular values, while the smaller singular values can be
considered negligible without losing major information. Matrix
completion (MC) is a promising technique that can recover an
intact matrix with a low-rank structure from undersampled, in-
complete, or corrupted data. The MC has found numerous appli-
cations in various domains [Li et al., 2019] including recommender
systems, gene expression data [Kapur et al., 2016; Mongia et al.,
2019] analysis, image processing [Aggarwal and Gupta, 2016; Bal-
achandrasekaran et al., 2016; Gu et al., 2014], network analysis

[Mahindre et al., 2019; Wang, 2017], and signal processing [Du



et al., 2013; Yang et al., 2014].

The nuclear norm, also known as the trace norm, is a convex
surrogate for the rank of a matrix. It is equivalent to the /-1 norm
(also known as Lasso) of its singular values vector. The nuclear
norm is widely used in MC applications, where the objective is
to recover a low-rank matrix [Athey et al., 2021; Mongia et al.,
2019; Zhou et al., 2014]. While the nuclear norm offers compu-
tational advantages and convexity [Cai et al., 2010; Mazumder
et al., 2010], it is known to introduce estimation bias for param-
eters with large absolute values. To address this issue, noncon-
vex penalties have been introduced, such as the smoothly clipped
absolute deviation (SCAD) penalty [Fan and Li, 2001] and the
minimax concave (MCP) penalty [Zhang, 2010]. These nonconvex
penalties have gained popularity due to their desirable statistical
properties, including continuity, sparsity, and unbiasedness [Kim
et al., 2008; Wang et al., 2014; Zhang and Zhang, 2012]. Lu et al.
[2014, 2015a,b]; Mazumder et al. [2020]; Wen et al. [2018]; Yao and
Kwok [2016] have empirically shown that the MC with nonconvex
penalties can yield favorable results. Furthermore, Gui et al. [2016]
derived tighter upper bounds for nonconvex penalties, and demon-
strated that the unique global optimal solution is equivalent to the
oracle estimator, despite the computational challenges associated
with solving the nonconvex problem.

The remainder of this Chapter is structured as follows. In
Section 2.2, we provide an overview of the setup and notation

for the low-rank MC and discuss low-rank matrix approximation,



which serves as the foundation of the MC approach, in Section 2.3.
Section 2.4 delves into the low-rank MC, including an examination
of the nuclear norm and nonconvex penalties. In Section 2.5, we
outline the necessary assumptions and review existing theoretical
studies. Finally, in Section 2.6, we outline the algorithms used for

solving the convex and nonconvex optimization problems.

2.2 Setup and notation

We first introduce the notations used throughout this thesis. We
use lowercase letters for scalars, bold lowercase letters for vectors,
and bold uppercase letters for matrices. Let L* € RV*T be the
true low-rank matrix. We assume that L* is a matrix of rank r

with a compact singular value decomposition (SVD) given by:

where U* € RVX" V* ¢ RT*" and =% = diag(&f, - -+ , &) € R™*".
Here, columns of U* and V* represent the left and the right singu-
lar vectors, respectively, and diagonal entries of =* are the singular
values of L*. In this Chapter, let Y € RV*T be the matrix with
completely observed entries. O is the set of index pairs (i,t) corre-
sponding to the observed entries in Y and let n = |O]. We define
the projection operator for any matrix A, given the set O:

Ay if (i,t) € O,

0 if (i,t) ¢ O

Po(A)i =

P5(Y) is the complementary projection that satisfies P5(Y) +
Po(Y) =Y. Note that }>(; yco (Y;1—Li)? can be easily rewritten

7



as [IPo(Y — L)%,

We also employ various matrix norms. These include the nu-
clear norm, denoted as ||A||¢, which is the sum of the singular
values of A: ||A|ly = trace(VATA) = me(NT & (A) where
& (A) represents i-th singular value of A. Another norm is the
operator (spectral) norm, denoted as ||A||op, which is defined as
the maximum singular value of A: ||A|o,, = &1 (A). The Frobe-
nius norm denoted as ||A||r, is the square root of the sum of the
squares of all the singular values of A: ||A||Fp = \/trace(ATA) =

\/ me(N ) £2(A). Lastly, we consider the max norm, denoted as

|| A |lmax, which is the maximum absolute value of the entries of A:
| Allmax = maxi<j<n,i<k<7 |Ajk|. It is worth noting that the trace
norm, the Frobenius norm, and the operator norm correspond to
l1, fo, and fs norms of singular values, respectively. Addition-
ally, we define the trace inner product as (A, B) = trace(ATB).
We employ the symbols a V b = max (a,b) and a A b = min (a, b),
representing the maximum and minimum values between a and b,
respectively. We define a standard basis vector e;(a) as a vector
of dimension a, where only the i-th element is 1 and all other ele-
ments are 0. The notation 1, represents an a-dimensional vector
consisting of all ones. The function I(-) is used as an indicator
function, and I, represents an a-dimensional identity matrix. Fi-
nally, we use [N] to denote the set {1,2,---, N}, representing a

sequence of numbers from 1 to V.



5 1 2 2 2?2 3 5 2 5 1 2 2 3 3 5 2
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Figure 2.1: Examples of (Left) an incomplete observed matrix

and (Right) a result of MC.

2.3 Low-rank matrix approximation

Before delving into the MC problem, we review a low-rank ap-
proximation problem when all elements of a matrix are observed.
Matrix approximation using SVD forms the basis for algorithms
for low-rank MC problems.

Let Y = UTETV% be the SVD of a fully observed Y. As-
suming N > T, Ur is an N x T dimensional orthogonal matrix
(U%—UT = Ip), and Vp is an T x T dimensional orthogonal ma-
trix (V—TFVT = Ip). The columns of Up and Vp are the left and
right singular vectors, respectively. Zp is a diagonal matrix of
T x T dimensions and the diagonal elements &;1,&2,--- , &7, the
singular values, of =p satisfy & > & > --- > &p > 0. First, for
r < rank(Y), the optimization problem to find the approximate

matrix closest to Y and with rank r is
m[i‘n Y —L| s.t. rank(L)=r. (2.1)

Its closed form solution is Ur diag(&1,- -+, &, 0, -+ ,0)V], [Hastie

et al., 2015]. We denote this approximation matrix as DX (Y).



This is called rank-r SVD (or reduced-rank SVD). The diagonal
matrix, diag(&y,---,&,0,---,0), denotes a matrix in which the
remainder is 0 except for the first r diagonal elements of Y.
When the rank of Y is r, we denote the compact SVD of Y
as Y = UZEVT where columns of U € RV*" and V € RT*" rep-
resent the first r left and right singular vectors, respectively, and
= = diag(&, -+, &) represents a diagonal matrix whose entries
are non-zero singular values of Y. Consider now the problem of

adopting the nuclear norm, instead of restricting rank as in (2.1):
1 2
min & (1Y — L2 + AL (2.2)

where ||Ll|s is the nuclear norm for matrix L, and see Section
2.4.2 for details. The closed-form solution of (2.2) for A > 0
is DY (Y) = Udiag (max(& — A,0), -+ ,max(& — A, 0)) VT [Cai
et al., 2010]. We call it the singular value shrinkage operator.
Note that this operator is equivalent to the proximal operator for
the nuclear norm [Hastie et al., 2015, Exercise 5.8], which applies

the soft-thresholding rule to the singular values of the matrix.

2.4 Low-rank matrix completion

2.4.1 Rank constraint

Now suppose that some elements of Y are missing. The MC prob-
lem requires additional assumptions about Y. We assume the low

rank of the matrix. First, the objective function with the rank

10



constraint can be written as
mﬁn rank(L) s.t. Y = Ly for all (i,t) € O. (2.3)

However, it is well known that the problem (2.3) is NP-hard.
Moreover, estimating L accurately to the observations of Y causes
overfitting. Allowing some errors of L on Y have empirically had

better performance results:
min rank(L) st |[Po(Y - L)% <. (2.4)
We note that (2.4) and (2.5) below

i Y — L)||2 2.5
mnﬁ%gr”%( e (2.5)

are equivalent. This is because the solution family for a certain
d > 01in (2.4) is the same as that for a certain r in (2.5). However,
finding an exact solution (global minimum) of equations (2.4) and
(2.5) is not guaranteed, although finding the local minima is pos-
sible since they are nonconvex problems. The convex relaxation of
rank constraint for getting a global solution is to adopt the nuclear

norm penalty.

2.4.2 Nuclear norm penalty

The nuclear norm penalty is defined by ||L||s = tr(VLTL). Let
& (L) (or &; for convenience) be the ith largest singular value of L,
and £ be the vector (&1,...,&) . It can be expressed in the form
below [Lee et al., 2010]:

ILfler = inf{[|€]l1 : L= &u;v; where [lujlls = 1 and [[v;]l2 = 1}

J
(2.6)

11



where u; and v; are jth left and right singular vectors of L, re-
spectively. The nuclear norm is also known as the trace norm, the
Schatten 1-norm, or the Ky-Fan norm. Since rank(L) = ||€]jo =
|supp(€)| holds, the nuclear norm is used as a surrogate for the
rank constraint and it promotes the sparsity of singular values.
Furthermore, the unit-ball of the nuclear norm is the convex hull
of a set of matrices that are unit-norm and rank-one [Srebro and

Shraibman, 2005]:

(L e RV L, < 1}
=conv{uv? :u e RY,v e RT |luls = ||v]2 = 1}.
(2.7)

Therefore, the convex relaxation of equation (2.3) is:
mI%n Ll s.t. Yie = Ly for all (i,t) € O. (2.8)

The figure in Hastie et al. [2015, Figure 7.3] shows the level set
of the nuclear norm unit-ball of a 2 x 2 symmetric matrix of the
convex problem (2.8). The equation (2.9) below allows noise in
(2.8):

min 2 [Po(¥ ~ L)% + ALl (29)
The objective function of (2.9) is a convex function, so the local
solution becomes a global solution. Since the nuclear norm is

non-differentiable, solving the problem using convex optimization

algorithms is common.

12



2.4.3 Nonconvex penalty

Even though solving (2.9) offers computational advantages, it yields
a biased estimator. The rank of a matrix, which represents the
number of nonzero singular values, can be effectively reduced by
setting only a few singular values to zero. However, the nuclear
norm penalty applies a constant shrinkage to all singular values
regardless of their magnitudes. Nonconvex penalty methods have
been introduced as alternatives to address this issue. These meth-
ods have demonstrated improved performance compared to convex
penalties in various applications [Lu et al., 2014, 2015b; Song et al.,
2018].

The nonconvex penalty is typically formulated in the following

manner:
min(N,T)

G(L)= > a&(@), (2.10)

i=1
where g (+) is a nonconvex penalty such as SCAD and MCP. Then
the problem (2.9) becomes

min L [Po(Y ~ L)} +Gr(L) = FA(L)  (211)

where we denote the empirical loss function 2 ||[Po(Y — L)|% as
fn(L). It is important to note that the function in (2.11) is non-
convex, which makes finding the global minimum challenging. Fur-
thermore, there exist multiple local minima.

The smoothly clipped absolute deviation (SCAD) penalty [Fan
and Li, 2001] and the minimax concave (MCP) penalty [Zhang,

2010] have gained wide acceptance due to their desirable statistical

13



properties, such as continuity, sparsity, and unbiasedness [Kim
et al., 2008; Wang et al., 2014; Zhang and Zhang, 2012]. The
penalty function of SCAD [Fan and Li, 2001] is defined as follows:

gx (Jz]) =X [z I (Jz] < A)
(—WP+2%HM—A2

2(v-1)
+A%2+UI

)IQSkNSVM

(] >~A)

where v > 2 is a constant. The penalty function of MCP [Zhang,
2010] is defined as follows:

2 2
x A
o (Jal) = (A ] - '2'7> () <78 + 2 (Jaf > 1)

where v > 0 is a constant. Figure 2.2 shows the graph of some
penalty functions. We see that the LASSO is convex and the MCP
and the SCAD are nonconvex.

In addition to SCAD and MCP penalties, other penalty meth-
ods have been introduced and shown to be effective in various
applications. These include the Truncated nuclear norm penalty
[Hu et al., 2012], the Weighted nuclear norm penalties [Gu et al.,

2014, 2017], and the Schatten capped p-norm penalty [Li et al.,
2020).

14



£x(lel)

=

Figure 2.2: The graph of some penalty functions: lasso, MCP, and
SCAD.
2.5 Theoretical studies for low-rank matrix

completion

2.5.1 Assumption 1: Coherence

The canonical assumption for the MC is referred to as ” coherence”
[Candes and Recht, 2009; Hastie et al., 2015] and is particularly
applicable in the "Exact” case as described in (2.3) and (2.8).

Assumption 2.5.1 (Coherence). L* is p-incoherent:

N * 1 2 T «T 9

— 1 < — . <

- e [UTe(MI; <p and - — max V= ei(T)l; <
where || - ||2 denotes lo-norm of a vector.

This refers to the extent to which any singular vector of L*

15




matches a standard basis vector. The coherence parameter p is
expected to be small, with 1 < u < (N VvV T)/r. Let us illustrate
the necessity of the incoherence constraint with two examples.

Consider the following matrices:

1000 1111
0000 1111
A= and B = (2.12)
0000 1111
0000 1111
Both matrices have dimensions N = T = 4 and rank r = 1.

However, the coherence of these matrices differs significantly.

In the case of matrix A, the coherence is maximal, with a value
of p = N/r*1 = 4. The singular vector corresponding to the non-
zero singular value is (1,0, 0, O)T. In this scenario, it is more likely
to observe zero entries rather than non-zero entries. Consequently,
the matrix becomes challenging to recover. In contrast, matrix
B has minimal coherence, with a value of p = N/r % 0.25 = 1.
The singular vector corresponding to the non-zero singular value
is (0.5,0.5,0.5,0.5)7. In this case, the missing entries can be suc-
cessfully recovered because the matrix has a uniform pattern with
all its elements having the same value. By limiting the coherence,
we ensure that the missing entries can be accurately estimated,

leading to a more reliable recovery of the original matrix.

2.5.2 Assumption 2: Spikiness

In the "noise” setting (2.9), the incoherence condition is not ro-

bust, even for small perturbations [Hastie et al., 2015; Negahban

16



and Wainwright, 2012]. Instead, a less stringent assumption called

”spikiness” is often considered.

Definition 1 (Spikiness ratio). For any nonzero matriz L, the

spikiness ratio of the matriz is defined as

1Ll maz

agp(L) = VNT AT

The spikiness ratio measures the uniformity in the spread of
matrix elements. It satisfies 1 < ag(L) < V/NT, and smaller
values indicate better performance. For example, the spikiness
ratios of the left and right matrices in (2.12) are equal to VNT
and 1, respectively.

Let’s consider an example [Hastie et al., 2015; Negahban and
Wainwright, 2012] to illustrate that the coherence condition can be
violated even with small perturbations. We start with a matrix D
of dimensions N =T = 4, rank 1, and Frobenius norm one given

as:
0.25 0.25 0.25 0.25

0.25 0.25 0.25 0.25
D= (2.13)

0.25 0.25 0.25 0.25

0.25 0.25 0.25 0.25
The coherence of D, denoted as (D), is equal to 1, which repre-
sents minimal coherence, and the spikiness ratio a,,(D) is equal

to V4% 4%0.25/1 = 1, indicating minimal spikiness.

We now consider the matrix L* = D + § * A for some § > 0,

where A is a matrix given in (2.12). L* can have a high coherence

even for sufficiently small values of . For example, when 6 = 1/16,
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the coherence p(L*) is approximately 1.4509, and when § = 1/160,
the coherence p(L*) is approximately 1.4953. On the other hand,
the spikiness ratio o,(L*) decreases when ¢ is sufficiently small.
For instance, when § = 1/16, ag,(L*) is approximately 1.2286,
and when 6 = 1/160, a,,(L*) is approximately 1.0234. It is worth
noting that the maximum coherence for L* is equal to 4/2 = 2,
while the maximum spikiness ratio is equal to 4. This example
highlights that the spikiness ratio is a useful measure for assessing
the models with noise.

Recent works [Athey et al., 2021; Davenport et al., 2014; Gui
et al., 2016; Klopp, 2014] assume spikiness condition, without loss
of generality, to demonstrate theoretical results in the presence of

noise.

Assumption 2.5.2 (spikiness condition). There exists a known

a* >0, such that

VNT o

As we see in Section 2.5.3, the upper bound is expressed using

*
||L ”ma:v =

the spikiness constants o or o, (L*).

2.5.3 Review of existing studies

In this section, we will review the theoretical results of existing
studies for the MC problems with noise. Gunasekar et al. [2014];
Koltchinskii et al. [2011]; Negahban and Wainwright [2012] ob-

tained minimax-optimal upper bounds (up to logarithmic factor)
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for the problem (2.9) when assuming the spikiness conditions (As-

sumption 2.5.2):

=0|(a"Vo

VNT <( N
where M = (N VT). It is worth noting that this upper bound can
also be expressed in terms of ag,(L*) [Hastie et al., 2015] using

the following expression:

||L _*L ||F -0 (Cksp(L*)\/O'/)
IL* (|7

rM log(M))
n
where o’ is properly scaled variance proxy of noise.

Chen et al. [2020] derived upper bounds for the MC with the
nuclear norm penalty in the max norm, spectral norm, and Frobe-
nius norm. Among these, the upper bound obtained in the Frobe-
nius norm is near-optimal. However, their analysis assumes the
incoherence condition.

Gui et al. [2016] derived a upper bound for the nonconvex

penalized estimator (2.11). They proceed by defining two sets

that correspond to the non-zero singular values of the matrix L*:

Sl :{gfa 7€:I‘§T Z 257.*1 ZV} and
52:{551-1-17"' ,{:‘y>§;"1+1 225: >0}.

The first set, denoted as S, consists of the singular values greater

(2.15)

than or equal to the constant v. On the other hand, the second set
denoted as Ss, includes the relatively small singular values. Let
r1 := |S1| and 7y := |S2]. 71 represents the cardinality of set Si,
and 19 represents the cardinality of set So. It is important to note

that v = v\ for both the SCAD and MCP penalties.
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They established the upper bound under the spikiness condi-

tion, which is expressed as:

L—L* log M Mlog M
IE=TE _ (orv oy (o 128 1 o, [ 22108 M
vVNT n n

where (1 and Cy are constants. This upper bound is tighter than

(2.14) obtained using the convex penalty when some of the true
singular values have large magnitudes. Additionally, they demon-
strated that the unique global optimal solution is identical to the
oracle estimator under certain conditions. However, finding this
unique global optimal solution is challenging due to the noncon-
vexity of (2.11). It is worth noting that the traditional MC liter-
ature mentioned in this Section assumes that missing entries are

sampled completely at random.

2.6 Algorithms for low-rank matrix com-

pletion

This section describes algorithms: SOFT-IMPUTE for the convex
problem (2.9) and PGH for the nonconvex problem (2.11).

2.6.1 SOFT-IMPUTE algorithm

The SOFT-IMPUTE algorithm [Mazumder et al., 2010] performs
a singular value shrinkage operator and replaces missing values at

each step. The following is performed until the stopping criterion

is reached for k = 0,1,2,..., with an initial value LO:
LF « DY (Po(Y) 4+ P5(LF)). (2.16)
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The initial value LY can be set to Y in which the missing values
are replaced with 0. When we tune the regularization parameter,
we can use a matrix trained with a close parameter as a warm
starter. Note that we do not need to set the step size unlike the
SVT algorithm [Cai et al., 2010].

Mazumder et al. [2010, Section 4.1] proved that L* generated
by the algorithm asymptotically converges to the global solution
L* of (2.9) when k£ — oco. It also shows that the non-asymptotic
(worst) rate of convergence is of the order of O(1/k). The conver-
gence rate in a specific setting is shown in Agarwal et al. [2010].
Hastie et al. [2015, Section 7.3.2] is also referred. Mazumder et al.
[2010, Section 5] explains that the computational complexity order

is the same as that of SVT algorithm [Cai et al., 2010].

2.6.2 PGH algorithm

We introduce one of the algorithms that find local minima of the
problem (2.11): the Proximal gradient homotopy (PGH) Algo-
rithm [Gui et al., 2016; Wang et al., 2014; Xiao and Zhang, 2013].
The algorithm is a variant of the Proximal gradient method [Nes-
terov, 2013].

Suppose that the penalty function can be decomposed into two

parts as follows:

ga([& (L)) = ar(1&(L)]) + A& (L)) (2.17)

where gx(-) is the differential concave function and A| - | is the

convex function. Note that g)(|&;(L)|) = gx(& (L)) since singular
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values of a matrix are nonnegative. The concave part gy(-) for the

SCAD penalty function is given as

2 — 2\ |z + \?

an(le) = - Z o T < af <
2
L L CEE

and for the MCP penalty function, the concave part gy(-) is given

as

B 22 A2
gl = =51 (1l <93 + |5 = Alal| 7l >33,
Y 2
By denoting GA(L) := Y11 gy (l6:(L)) = S0 ™ ga(&(L) -
MLt and fn A(L) == f,,(L)+ G (L), we can rewrite the objective
function (2.11):

F\(L) = fu(L) + GA(L) = fax(L) + Al|L]4. (2.18)

By taking a sufficiently large value of the initial regularization pa-
rameter A = Ao, and then gradually decreasing it until it reaches
the target value, the algorithm (Algorithm 1) tries to find a so-
lution that minimizes the nonconvex objective function (2.18) for
each fixed A.

When LF~1 is the update value of the k-1-th iteration in the
t-th path, the following is the local quadratic approximation of
F\, with respect to As:

Foot (L) =foun (@) + (Va (@), L L)

. (2.19)
+ L= L + ML

22



Algorithm 1 {L} < PGH (Ao, Aige, €opts bmin)

input \g > 0, )\tgt > 0, €opt > 0, lyin >0

1: parameters n € [0.9,1)

ln()\O/)\tgt)J

2 initialize L0 < 0,1y ¢ lyin, K  [F5075

3: for t=0,1,2,--- , K —1do

4: At41 < N

5: €141 < Aiy1/4

6: {Lit1,li41} < ProxGrad (Ai41, €141, L, It)
7: end for

8: {Lk41,lx+1} « ProxGrad (Mgt €opt, Lk, li)

9: return {L;} 1!

k—1
lt

where is a Lipschitz constant of the k-1-th iteration in the

t-th path. Lf is updated to minimize (2.19):
LF = 52%1;13}2?717&(L;Lf*1). (2.20)
We use the singular value shrinkage operator to solve this problem.
Note that the low-rank matrix and Lipschitz constant (quadratic
coefficient) estimated at the ¢-7-th path are used as the initial
values of L; and [; at the ¢-th path (Line 6 and 8 in Algorithm 1).
L¥ converges toward the exact local solution of the optimization
problem that minimizes (2.18) [Wang et al., 2014].
Xiao and Zhang [2013] presented the stopping criterion of the
ProxGrad algorithm in the /¢;-regularized least-squares (¢1-LS),
which can be extended to the MC problem [Gui et al., 2016]. As-

sume that L is the optimal solution to the problem (2.11). Based
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on the optimality condition, there exists X € 9||L||s such that,

for all L € R¥*T' | the inequality
(L =L,V (L) +AY) <0 (2.21)
holds. Hence, we measure the suboptimality of L using

{ <f‘ - Lv vfn,)\(f‘) + )\T> }
(2.22)

wir(L) = min max
Teo|L|l L

IT — L

W

The second equality is a consequence of the duality between the

— min {vam(i)ﬂr
TEO|Lor

nuclear norm and the spectral norm. The optimality condition
(2.21) guarantees that if L is an exact optimum, we have wA(f,) <
0. If L is close to the optimum, w)\(i) is likely to be a small
positive value.

Algorithm 2 is a process of performing the proximal gradient
method to obtain the ¢-th approximate local solution of (2.20). We
set the initial value of If on Line 3 slightly smaller than lf_l be-
cause we expect that LF and Lffl become closer as it is repeated.
€ is the desired optimization precision.

Algorithm 3 determines I and calculates L¥ with the cho-
sen value. In Line 3-6, we increase the Lipschitz constant until
EA(Lf;Lf_l) becomes the tight upper bound of the objective
function Fy(LF).
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Algorithm 2 {L,[} « ProxCrad (), LY, 9)

input A > 0,¢>0,LY ¢ RV*T 19 >0 k=0
1: repeat

2: k+—k+1

3: linit + max {lmin7 15_1/2}
1 {L¥,IF} « LineSearch (A, L1, zim-t)
5: until wy (LF) <€

6: L« LE T+ IF

return {L, lA}

=

Algorithm 3 {L¥, N} « LineSearch ()\, L, z)

input A > 0,LF 1 e RV*T [ >0
1: repeat
2: L+ argmin]?’l,A(L;L,’f_l)
LERN*T
3 if F)\(L) > F,(L; L) then
4: 1+ 2]
5: end if
6: until Fy(L) < Fj(L; L)
7. N 1
8: return {L, N}
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Chapter 3

Nonconvex penalized
matrix completion for

causal inference in panel

data

3.1 Introduction

In program evaluation, there has been extensive research aimed at
estimating average treatment causal effects. The data commonly
takes the form of aggregated panel data, where a binary treatment
is applied. Comparative case studies involve comparing outcomes
before and after interventions. However, it is challenging because
either control outcomes (before intervention) or treated outcomes

(after intervention) are observed for each data point. That means
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that potential control outcomes (counterfactuals) for units and
times exposed to the treatment are missing. The typical approach
to tackle this task is to first impute the counterfactuals and then
estimate the average causal effect by comparing them with the
corresponding observed treated outcomes.

Traditionally, regression models have been employed to esti-
mate counterfactuals. Synthetic control literature [Abadie and
Cattaneo, 2018; Abadie et al., 2010] deals with data with a single
treated unit and assumes that patterns observed across different
units remain stable over time. To capture more complex patterns,
researchers have explored two-way fixed effects models [Abadie,
2005; Arkhangelsky et al., 2021; Doudchenko and Imbens, 2016],
which consider both cross-sectional and time-series patterns, as
well as factor models [Bai and Ng, 2017; Xu, 2017], which incor-
porate interactions between these patterns. Athey et al. [2021] re-
cently proposed the nuclear norm matrix completion (MC) meth-
ods. They provided an upper bound on the estimation error for the
nuclear-norm estimator. They established this under the condi-
tion that the true matrix is not excessively spiky, considering both
stochastic and time-dependent treatment adoption patterns. Fur-
thermore, they conducted empirical investigations that revealed
the limitations of the synthetic control approach and demonstrated
the superior performance of MC methods in scenarios where the
number of units is larger than the number of time periods, or where
the treatment adoption date is substantially earlier compared to

the number of time periods.
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Meanwhile, Farias et al. [2021] proposed a de-biased estima-
tor for the average treatment effect. Their focus was on reducing
the bias in the causal effect estimator that arises from using the
nuclear norm penalty when they formulate the problem as a ma-
trix approximation problem. They demonstrated the asymptotic
normality of their estimator. Unlike Athey et al. [2021], they as-
sumed a deterministic treatment adoption process and required
the pattern of treatment adoption to be dissimilar to that of the
true counterfactual matrix. Additionally, they imposed an inco-
herence condition on the true low-rank matrix, which is not robust
to observations with noise.

The rest of this Chapter is organized as follows. In Section
3.2, we introduce the setup and notation. We then review existing
MC methods used for causal inference in panel data in Section
3.3. Our proposed estimator is presented in Section 3.4, and the
theoretical results are discussed in Section 3.5. We finally present
the numerical studies, which include simulations and the analysis

of semi-synthetic data, in Section 3.6.

3.2 Setup and notation

We deal with panel data with dimensions N x T, where N repre-
sents the number of units and T represents the number of time
periods. If a unit i is exposed to a treatment at time ¢, we
denote it as W;; = 1; otherwise, W;; = 0. The observed out-

come for the (i,t)-th element of the data matrix is denoted as
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Yie = WiuYiu(1) + (1 — W)Y (0). Yi(0) represents the outcome
when unit 4 is not exposed to treatment at time ¢, while Y;;(1)
represents the outcome when it is exposed to treatment. In causal
panel data, we only observe either Y;(0) or Yj;(1). If Y (1) is ob-
served, Y;(0) is missing. Our main question of interest is ” What
would have happened if the treated units did not adopt the treat-
ment?”. To estimate their potential control outcomes, we utilize
the MC methods. To assess the impact of the treatment, we com-
pare the observed treated outcomes with the estimated potential
control outcomes for the same treated units and times.

When it comes to the adoption of treatment, we consider two
commonly used time-dependent structures in the economics liter-
ature: a block structure (simultaneous adoption) and a staggered
structure (staggered adoption) [Athey et al., 2021]. In the block
structure, certain units adopt the treatment simultaneously at a
specific time. A special case of the block structure is the single-
treated-unit block structure [Abadie, 2021; Abadie et al., 2010],
where the treatment is applied to a single unit. In the staggered
structure, different units adopt the treatment at different points in
time [Athey et al., 2021; Shaikh and Toulis, 2021]. For both struc-
tures, once treatment is adopted, the units remain treated. The
matrices below illustrate examples of the treatment structures: (a)
block structure and (b) staggered structure. A checkmark (v) in-
dicates the control outcome, while a question mark (?) represents

the missing data (the treated outcome).
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For example, let’s consider the Cigarette sales data [Abadie
et al., 2010]. This dataset includes observations on cigarette sales
per capita for 39 states, including California, in the U.S. from
1970 to 2000. California passed a tobacco control law known as
”Proposition 99”7 in 1988, which took effect in 1989. Note that
the data exhibits the single-treated-unit block structure. We are
interested in estimating the effect of this law on cigarette sales.
Using the MC methods with data from other states and California
until 1988, we can impute the missing control outcomes (cigarette
sales assuming the law had not been passed) for California from
1989 to 2000. By comparing the observed cigarette sales under
the law with the imputed values, we can assess the impact of the

tobacco control law.

3.3 Review of existing matrix completion

methods

3.3.1 Nuclear norm penalized estimator for the po-

tential control outcomes

Athey et al. [2021] developed matrix completion methods to in-
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corporate both cross-sectional and time-series patterns to recover
the potential control (counterfactual) matrix. They modeled the

potential control matrix as follows:
Y(0)=L"+e (3.1)

where Y (0) € RV*T represents the potential control matrix, L* €
RNXT denotes the true low-rank matrix, and elements of € are
o-sub-Gaussian random variables with mean 0.

The potential control outcomes are estimated using MC meth-
ods enabling the estimation of the average treatment effect. The
estimation process consists of two steps. In the first step, the
counterfactual matrix is estimated as follows:

L = argmin {1||7’o (Y(0) —L) %+ )\HL”tr} (3.2)
LeRNxT |7

where || - || represents the nuclear norm penalty. The average

treatment effect for the treated (ATT) is then calculated:
= Z [YQt(l) - ﬁt(o)} /ZWn (3.3)

(5,t): Wiz =1 (4,t)

Recall that O is the set of index pairs corresponding to the ob-
served entries in Y (0) and n = |O|. The use of the nuclear norm
penalty offers computational advantages since the objective func-

tion (3.2) is a convex problem. When incorporating two-way fixed

effects, the objective function (3.2) is modified as follows:

1
argmin { [Po (Y(0) — L —nly —1NﬂT)HQF+AILIItT}
LERNXT,'I’]E]RN,QGRT n

where n € RY is the vector whose elements represent the unit

effects and B € R” is the vector whose elements represent the
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time effects. Note that incorporating the unit and time effects,
without applying any regularization to them, has shown better
empirical performance compared to the approach without fixed
effects.

Under the assumptions of sub-Gaussian noise (Assumption
3.4.1), unconfoundedness (Assumption 3.5.2), and spikiness (As-
sumption 2.5.2), they derived theoretical results for the following
estimator of the true low-rank matrix L*:

L= arguin {1 [Po(Y(©O) - DI} +ILln}.  (34)

L[ max <a*

(3.4) is a slightly modified version of (3.2) introducing an addi-
tional constraint Hf,HmaX <a’.

A random observation process determining the set O [Athey
et al., 2021] is defined. Let {¢;};c;x) on [T] represent N indepen-
dent random variables that indicate the times at which the units
adopt the treatment. Each variable has a distribution {w(i) }Z L
where 7) = (P (t; =1),--- , P (t; = T)). The set O is defined as
O =UY,{(,1),(i,2),...,(i,t;)}. The expectation with respect

to all distributions {W(i)} is denoted as E,. Additionally, we

1€[N]
define p. as
— mi (@)
Pe = min (3.5)

where m}i) represents the probability of unit ¢ never adopt the
treatment. The parameter p. is related to the number of observa-
tions (i.e., the number of control entries) and plays a crucial role

in establishing the upper bound for the estimation error of the
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counterfactuals. The upper bound is given by:

HL* - f‘HF < C\/<02rlog(N—|—T) y 02rlog3(N—i—T)> Y

VNT Tp? Np?
( (a)? v (a*)2log(N +T)>
\/Npc Npc .

(3.6)
It should be noted that the time-dependency sampling structure
results in a deterioration of the convergence result (3.6) compared
to the result (2.14) obtained with a completely random sampling

structure.

3.3.2 De-biased estimator for the average treatment

effect

Farias et al. [2021] proposed the de-biased estimator for the aver-
age treatment effect for the treated. The observed outcome matrix

Y € RY*T is modeled as follows:

Y=L"+e+0®oW

Ot = 0" + 0y
where o is the Hadamard or ’entrywise’ product. The counter-
factual matrix is the sum of the low-rank matrix L* and the er-
ror matrix €. W is the treatment matrix with elements W,i €
[N] and t € [T]. © represents an unknown matrix of treatment
effects, whose elements consist of the sum of the average treatment
effect 6* and the residual treatment effect 6;;.

First, the low-rank matrix and the treatment effect are jointly

estimated using the nuclear norm penalty. To address the bias
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issue resulting from the penalization of the nuclear norm, a de-
biasing step is incorporated. The estimation procedure consists of

the following steps:

o 1
(L) gnit)y ¢ argmin = ||Y — L — OW||% + AL, (3.7)
LeRNXT,96R2
UOvT
gl ._ gunity _ (W, UV >2
7 (W)
where T+ := T+(U, V) (please refer to (3.15)) and UZV be the
compact SVD of L) The de-biasing step (3.8) is based on

(3.8)

Lemma B.1.6 [Farias et al., 2021, Lemma 1]. To solve the convex
problem (3.7), an alternating optimization method can be em-
ployed, which iteratively updates the estimates of the low-rank
matrix and the treatment effect until convergence is achieved.

In their theoretical studies, the authors made certain assump-
tions to facilitate the analysis. They assumed incoherence (As-
sumption 2.5.1) of the true counterfactual matrix L*. They also
assumed a deterministic treatment pattern for the treatment ma-
trix W, allowing for more general patterns beyond the block or the
staggered structures. However, additional conditions (Assump-
tion 3.3.1) on W are necessary for theoretical development. For

brevity, we denote 7*+ = T (U*, V*) (please refer to (3.15)).

Assumption 3.3.1. There ezist positive constants C,,, Cy, such

that
* * 2
(a) [WV*[[i + |[WTU*|[ < (1= C,/log(N AT)) [[W]3.

(b) (W, UV D[ (W) <
(1= Cry/Log(N AT)) |y (W)
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These conditions ensure that W does not exhibit a pattern
similar to that of L*, as such similarity would hinder the accurate
estimation of the causal effect. The equivalent form of Assumption

3.3.1 (a) [Farias et al., 2021, Appendix C] is as follows:

!

C * *
B W < T (W) - [UTWY

2
log(NAT) F

This states that the size of the projection of W onto the space
T*L should be sufficiently large.

They showed the asymptotic normality of the de-biased esti-
mator under certain conditions:

(07— 0) /vy = N(0,1),
2

Vao =Y s (W)3 Var (g4 + 0uWig) / | D T (WG|
it

it
where Il (W) = (Iy — U*U*" )W (Ir — V*V*T). It holds when

the estimator L converges to L* as N, T — oo.

3.4 The proposed estimator

We model the observed outcomes data matrix Y € RV*T ag

Y=L"+e+OoW
(3.9)
O = 0" + 0y

where o is the Hadamard or ’entrywise’ product. Specifically,
Y (0) = L* + € represents the potential control matrix where e
is the noise matrix, while Y (1) represents the potential treated
matrix. The matrix @ represents an unknown matrix of heteroge-

neous treatment effects. W is the treatment matrix with entries
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in the set {0,1}. We model the heterogeneous treatment effects
with 6* representing the average treatment effect and d represent-
ing the residual matrix of the treatment effect. Our goal is to

estimate the average treatment effect:
0* =E(Y(1) —Y(0)).
Assumptions for the noise matrices are as follows:

Assumption 3.4.1. The elements of € are o-sub-Gaussian with

mean 0 and independent of each other.

Assumption 3.4.2. The elements of & are T-sub-Gaussian with

mean 0 and independent of each other.

We estimate the parameters of interest in two steps. In the
first step, we adopt nonconvex penalties to estimate the potential

control outcomes (counterfactuals) as follows:

min(N,T)
. |1
L e argmin { —[[Po (Y(0) ~ L)z + > 9x(&(L)
LeRNXT n i=1

= F)\(L)
(3.10)

where g)(-) is a nonconvex penalty such as SCAD and MCP. In

the second step, we calculate the average treatment effect for the

treated (ATT):

§ = [Y (1) — ffit(())} /S Wi (3.11)

(4,):Wie=1 (4,t)
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We can enhance the performance by incorporating two-way fixed

effects. (3.10) would be modified accordingly:

(L,7,B) €
1 2
argmin - HP@ (Y(O) ~L-nl] — 1N,3T) H
LeRNXT neRN BeRT T F (3.12)
min(N,T)
+ Z gx (&(L))
=1

where n € RY is the vector whose elements represent the unit
effects and B € R7T is the vector whose elements represent the
time effects. Note that we do not impose regularization on the
unit effects and time effects.

For the estimation, we adopt the Proximal Gradient Homotopy
(PGH) Algorithm [Gui et al., 2016; Wang et al., 2014; Xiao and
Zhang, 2013]. Refer to Section 2.6.2 for the algorithm. The details
of the calculation and the stopping criterion of the algorithm are
presented in Appendix A. When estimating two-way fixed effects
in (3.12), we can use first-order conditions once L; is updated at

each t-th path of the algorithm.

3.5 Theoretical results

3.5.1 Recovery of the potential control outcomes

In this section, we provide theoretical results regarding the re-
covery of the counterfactual matrix. We demonstrate that, given
certain conditions, the nonconvex penalized estimator achieves a

faster convergence rate compared to the previous method that uses

37



the convex penalty. Under specific conditions, the oracle estimator
can be a local solution to the nonconvex penalized problem, accu-
rately recovering the true rank. Furthermore, the upper bound of
the oracle estimator is equivalent to that of the nonconvex penal-
ized estimator.

Under Assumption 2.5.2, we focus on the theoretical results
related to the following estimator for L*:

f— argmin {1 [Po(Y(0) — L)% + GA(L)} . (3.13)
Ll max<a* LTV

which is a slightly modified version of (3.10). Here, we have in-
troduced the additional constraint ||L|max < o*.

The assumption stated below corresponds to the regularity
condition of the gy(-) and g)(-) functions. The nonconvex penal-

ties SCAD and MCP satisfy this assumption.
Assumption 3.5.1.

(i) There exists a constant v > 0 on the nonnegative real line

such that the function gx(t) satisfies gy (t) =0 for allt > v.

(it) On the nonnegative real line, g (t) is both monotone and Lip-
schitz continuous. In other words, for any t' > t, there exists

a constant (— > 0 such that g (t') — g\ (t) > —(— (' —1).

(iii) Both the function gx(t) and its derivative gi(t) pass through
the origin, meaning that gx(0) = g4 (0) = 0.

(iv) On the nonnegative real line, the absolute value of g\ (t) is

bounded above by X, specifically |g)(t)] < A.
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In 3.5.1 (i), the constant v = A holds for both SCAD and
MCP penalties. The constant ¢ in Assumption 3.5.1 (ii) deter-

mines the curvature of the concavity of the penalty functions. For

SCAD penalty function, (_ = ﬁ, while for MCP penalty func-
i =1
tion, (_ = =X

Recall the random observation process that determines the set
O and definition of p. in (3.5) in Section 3.3.1. Traditional liter-
ature on the MC [Chen et al., 2020; Gui et al., 2016; Gunasekar
et al., 2014; Koltchinskii et al., 2011; Negahban and Wainwright,
2012] assumes randomly sampled missing entries without any spe-
cific structure. In our work, we build upon the approach intro-
duced by Athey et al. [2021], which extends the MC framework
to incorporate the time-dependence structure in the observation
process. This modification enables us to capture more realistic
scenarios and address challenges posed by causal panel data.

The next assumption, known as unconfoundedness, is crucial

for identifying the average treatment effect.

Assumption 3.5.2. The adoption dates t; for units are indepen-

dent of each other and of € conditional on L*.

Assumption 3.5.2 means that the error terms are independent
of the assignment of treatment given the systematic component.
Further details on the unconfoundedness in the program evalua-
tion can be found in Athey et al. [2021].

Recall the two sets (2.15) corresponding to the non-zero true

singular values, and their cardinalities, r; and ro. The following
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theorem provides the upper bound for the estimation error of our
proposed estimator. For the detailed proof of this theorem, please

refer to Appendix B.1.1.

Theorem 3.5.1. Assume that L* satisfies |L*||max < a*. For
any optimal solution L to the problem of (3.13) with SCAD or

MCRP penalty, there exist constants C1, Co and Cs3 such that, for
[\/Nlog(N+T)V\/Tlog3(N+T)]
n

a penalty parameter X\ > Coo , the fol-

lowing inequality holds with a probability at least 1 — (N + T)2:

o -]
F
VNT
< o2rylog®(N + 1) N a?rolog(N +T) y o2rylog® (N 4 T) y
Np; Tp? Np;
(O GaztEy
\/Npc NpC ’

(3.14)

In Theorem 3.5.1, (3.14) shows that when r; > 0, if the condi-
tions (N AT)p? > log3(N +T) and Np. > (v N Vleg(N +T)) are
satisfied, the right-hand side converges to 0 as N,T — oo in the
normal setting where r1 = ro = O(1). In particular, when ry = 0,
the estimator L converges to the true counterfactual matrix L* if
Np2 > log®(N +T) and Np. > (VN Vlog(N + T)). This means
that as long as N grows faster than T and tends to infinity, L
converges to L*.

The proposed estimator exhibits a faster convergence rate com-
pared to the nuclear norm-based estimator. In the nuclear norm-
based estimator (3.6) [Athey et al., 2021], when r; = 0, the upper

bounds (3.14) and (3.6) are identical. However, when r1 > 0 and
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N > Tlog?(N+T) (3.14) can provide a tighter compared to (3.6).
Moreover, when ro = 0 and N > T'log?(N+T) (3.14) can be much
tighter than (3.6). Furthermore, it is worth noting that (3.14) be-
comes equivalent to (3.18) in Theorem 3.5.3. As mentioned by
Athey et al. [2021], the estimation error gets worse when the ob-
servations are time-dependent compared to that in previous study
[Gui et al., 2016] on the MC, where the sampling of missing entries
is assumed to be completely at random. This implies that a larger
amount of data is required for achieving consistent estimation in
the presence of time-dependent observations.

To define the oracle estimator, we introduce two subspaces.
Recall that the compact SVD of L* is given by L* = U*E*V* T,
where U* € RV*" V* ¢ RT*" and Z* = diag(£*) € R™". The
row(-) € R” and col(-) € RY represent the row and the column
space of an N x T matrix, respectively. It is worth noting that
col(L*) = span{u}} and row(L*) = span{v}} where v} and v} are
the i-th left and right singular vectors of L*, respectively. Based
on this, we can construct the subspace F and T+ of RV*T [Gui

et al., 2016; Gunasekar et al., 2014; Negahban et al., 2012]:

F(U*, V*) ={A | row(A) C row(L*) and col(A) C col(L*)}
T+H(U*, V*) ={A | row(A) L row(L*) and col(A) L col(L*)}.
(3.15)

Note that F # T, but F C 7. For any L; € F(U*, V*) and
Ly € TH(U*, V*), it can be verified that LI Ly = 0 by definition
(consequently, (Lj,Ls) = 0), which implies that L; is orthogo-
nal to the space 7+(U* V*). The decomposability property of
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regularizers can be found in Negahban et al. [2012]. It is worth
mentioning that F is a rank-r subspace consisting of matrices with
rank 7. A projection operator IL+-L(-) onto the 7+ is denoted as

follows:
L. (A) = (1 - U*U*T) A (1 . V*V*T) . (3.16)

Now we can introduce the oracle estimator as follows:

Lo = argmin fn(L). (3.17)
LeF(U*,V*),||L||max<a*

The oracle estimator io is the estimator when the true rank is
known. In this case, the objective function only considers the
loss function without any penalty functions, and the solution is
restricted to the rank-r subspace F (U*, V*). It is important to
note that the functions to be optimized in (3.13) are nonconvex,
which makes finding the global minimum challenging. Further-
more, there exist multiple local minima. In the following theorem,
we prove that the oracle estimator can be the local minimum of
the problem under certain conditions. The proof of this result can

be found in Appendix B.1.2.

Theorem 3.5.2. Assuming that rank(L*) = r, let Ao = Lo —

1 Npc
< co log(N+T) *

Ch,...Cs and Cy, if & satisfies the condition

L*. Suppose asp(ﬁo) For positive constants

o2rTlog®(N + T) y (*)2TVN

pg DPc

min |(€7),] > w+cl\/

i€S

where S = supp (&%), then for the estimator of (3.13) with SCAD
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or MCP penalty and penalty parameter

o [, /Nlog(N +T) V VTlog®?(N +T)
A >Co - +
o o?rlog(N+1T) y pe(a*)2V/N
3 T Tlog*(N +T)’

the following result holds with a probability greater than 1 — (N +
)72, Lo is one of the local minima of the problem (3.13). Addi-

tionally, we have the inequality

|z o, _ o [oPrlog (N4 T) ()2
Nori Np? VNp.

It is worthy note about the condition of asp(ﬁo) < % bgf\zfvipizﬂ)

in Theorem 3.5.2. This condition can be equivalently expressed as

ILo-L*|1% o // s\2log(N+T)
> Co(a ) Np

NT which holds when N is significantly

larger than T and p,. is sufficiently large. Alternatively, a weaker
condition can be stated as 7rEx [Zfil S ((f‘o)it _ L;kt) 2] >
c{)(a*)Qw. This is based on the proof Lemma B.1.3, which
can be found in Athey et al. [2021].

The following theorem presents the upper bound for the oracle
estimator. The proof can be found in Appendix B.1.3.

Theorem 3.5.3. Suppose that L* has rank r and satisfies | L*||max <

a*. Then, for a constant C, the upper bound between the oracle

estimator Lo (the solution to (3.17)) and L* satisfies

|

L' Lo, c o[l AT) ( (@), (a*)210g(N+T))
VNT  — Np? vV Npe Np. '

(3.18)
The inequality holds with a probability of at least 1 — (N + T) 2.
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The upper bound of the oracle estimator coincides with the
upper bound of our proposed estimator (3.14) when ro = 0. Al-
though the oracle estimator cannot be obtained in practice, it

serves as an ideal estimator with an optimal convergence rate.

3.5.2 Estimation of the average treatment effect

In this section, we investigate the asymptotic normality of our
estimator for the causal effect. Additionally, we compare it to
that of the de-biased estimator [Farias et al., 2021] under the as-
sumption of spikiness and observe that our estimator has a smaller
asymptotic variance.

We first show the following theorem, which is the asymptotic
normality of our estimator for the causal effect. The proof of this
theorem can be found in Appendix B.1.4. Let n; = NT — n be

the number of treated observations.

Theorem 3.5.4 (Asymptotic Normality). Suppose that L* has
rank v and satisfies |L*||lmar < . Additionally, assume that
each d;; is a mean-zero, independent random variable with a sub-
Gaussian norm [|6;,, = O(1). We assume that r = o = 0 =
O(1) and ny = Q(NT). Under these conditions, for the estimator
of (3.11) with a value of?(O) = Lo,

i g _ (eFIoW,W) < 1 vlog(N+T)vlog3(N+T)>

\/Npc Npc Np%
(3.19)

holds with a probability greater than 1— (N + T) 2. Furthermore,
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3
2

if pe > < log2 (N +1T),

((5 - e*) SV S N(0,1),

2 (3.20)
Vp = Z i Var (ei + 64 Wir) / (Z Wﬁ)
it
holds as N, T — oc.
It is important to note that the assumption n; = |[W|% =

Q(NT) in Theorem 3.5.4 encompasses the block and the staggered
structure, but it accounts for neither the single-treated-unit nor
the single-treated-time block structure.

In the remainder of this section, we establish the asymptotic
normality of the de-biased estimator under the spikiness condition
of the true matrix, allowing us to compare the asymptotic variance
of our proposed estimator to that of the de-biased estimator. The
original de-biased estimator (Section 3.3.2, [Farias et al., 2021]) as-
sumed incoherence of L* (Assumption 2.5.1), which is an extreme
assumption in MC models with noise. Therefore, we extend their
work and provide a more general result for asymptotic normality
under the milder assumption of the low-rank matrix.

Let x := &/&F be the condition number of L*. The following
theorem demonstrates the asymptotic normality of the de-biased

estimator. The proof can be found in Appendix B.1.5.

Theorem 3.5.5 (Asymptotic Normality of the de-biased estima-
tor). Under Assumption 3.3.1, suppose each 6z is a mean-zero,

independent random variable with a sub-Gaussian norm ”(Sz'tH¢2 =
O(1). Assume that x = r = 0 = OQ1), & = QN AT) and
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ny = Q(NT), we have the following:

e (ersow g owy) (Vi AT L -0
117 (W) VNT
(3.21)

ViR (NAT||L B |
VNT

(07— 0) /vy = N(0,1),

Furthermore, if — 0 as N,T — o0,

2

Vd,G — Z H7A_l (W)?t Var (Ez’t + 5itWit) / Z H%L (W)?t
it ot

In Theorem 3.5.5, we do not provide a proof for the con-
vergence of L(nit) to L* in the joint estimation problem of L*
and 6* as it is not the main focus of our study. Previous work
[Athey et al., 2021] demonstrated convergence results for the nu-
clear norm-based estimation of L*. Additionally, Farias et al.
[2021, Lemma 8] characterized the estimation error under the as-
sumption of incoherence (Assumption 2.5.1) of L*. In the MC
literature [Negahban and Wainwright, 2012], the upper bound for
the nuclear norm-based estimator was obtained when the missing
pattern is completely at random. To establish the upper bound
in the joint estimation problem for L* and 6*, one can extend or
combine the proofs from previous literature.

The following proposition demonstrates that the asymptotic
variance Vy of our estimator in (3.19) is smaller than Vg (3.21)
when the elements of error matrices have constant variances. This
implies that our estimator exhibits less variation and provides

more accurate estimations compared to the de-biased estimator.

The proof can be found in Appendix B.2.3.
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Proposition 3.5.6. Assume that Var(e;;) = o2 and Var(§;) =
0'52. For the asymptotic variance of our estimator, denoted as Vy,
and that of the de-biased estimator, denoted as Vyg, we have the
following inequality:

Vo < Vae.

3.6 Numerical studies

In our numerical studies, we focus on two main tasks. Firstly,
our goal is to recover the potential control matrix using our pro-
posed method and evaluate their performance. To achieve this,
we conduct simulations to investigate the upper bounds and ana-
lyze real-world data. Secondly, our focus shifts toward estimating
the average treatment effect. We perform simulations to assess the
asymptotic normality of the estimators and analyze semi-synthetic

data.

3.6.1 Recovery of the potential control outcomes

We begin by conducting the simulations to validate our theoreti-
cal result regarding the upper bound. In this simulation, we con-
sider a true matrix with dimensions N = 40,7 = 10, and a rank
of 5. We generate the true matrix L* using the compact SVD:
L* = U*diag(£*)V* T, where columns of U* and V* are the left
and right singular vectors of a random matrix and we set the sin-
gular values £* to be (32.5,31.8,29.2,26.5,20.7). Furthermore, we

sample observation noise from N(0,0.52).
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In the scenario of the block structure, we randomly select the
number of control units (N.) to ensure that the ratio of control
units to the total number of units is N./N = {0.2,0.4,0.6,0.8,0.9}.
For treated units, the treatment is adopted at time T = 7, where
Ty represents the treatment adoption time. We repeated the sam-
pling process 10 times for each N./N ratio. We calculate the av-
erage of the mean squared error in Frobenius norm (MSE) ||L* —
f4||%p /(NT) and the estimated rank (Rank) from the 10 repetitions.
The SCAD estimator is obtained with a parameter value of v = 5.
The tuning parameter X is selected using 5-fold cross-validation.

Figure 3.1 illustrates the results obtained by the MC meth-
ods using the SCAD and the nuclear norm penalty. In Figure
3.1 (Left), we observe that as the number of controlled units in-
creases (i.e., fewer missing elements in the matrix) the estimation
error becomes smaller. Moreover, the proposed estimator with the
SCAD penalty outperforms the nuclear-norm estimator in terms
of estimation accuracy for all N./N ratios. This finding aligns
with our theoretical result regarding the upper bound. Figure 3.1
(Right) displays that the SCAD penalty provides estimates that
are closer to the true rank compared to the nuclear norm penalty
across all N./N settings. Note that the true rank is denoted by
the black horizontal line at 5.

In the staggered structure, we follow a similar approach. For
treated units, the treatment is adopted at various times starting
from Ty. Figure 3.2 illustrates that the MSE is smaller and the true

rank is better estimated when using the SCAD penalty compared
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Figure 3.1: The simulation results for the block structure with the
nuclear norm and the SCAD penalty: the average MSE (Left)
and the average Rank (Right). Note that the black horizontal

line in (Right) represents the true rank of 5.

to using the nuclear norm penalty, which is similar to the results
for the block structure.

In the analysis using real data, we aim to assess the accuracy
of our proposed method and other existing approaches in estimat-
ing the counterfactual matrix. We work with data matrices that
contain control units, and we deliberately designate certain entries
as treated (i.e., missing). We impute the missing values with var-
ious methods including our own and then compare the imputed
values with the actual control outcomes. Two treatment adoption
scenarios are considered: the block structure and the staggered
structure. In both scenarios, the tuning parameter A is selected
using 5-fold cross-validation to minimize the average root mean

squared error (RMSE). The parameter -y of the SCAD penalty is
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Figure 3.2: The simulation results for the staggered structure with
the nuclear norm and the SCAD penalty: the average MSE (Left)
and the average Rank (Right). Note that the black horizontal line

in (Right) represents the true rank of 5.

set as fixed, following Fan and Li [2001]. The treatment adoption
process is repeated 10 times, and we report the average RMSE.
We compare the performance of the following estimators in our
evaluation: (1) Fixed: A two-way fixed effects model, where the
outcome variable Yj;(0) is modeled as Yj(0) = n; + B + . (2)
Synthetic [Abadie et al., 2010; Athey et al., 2021]: The synthetic
control method. The weights are estimated using pre-intervention
outcomes. (3) MC (Nuclear) [Athey et al., 2021]: The MC method
with the nuclear norm penalty. (4) MC+fixed (Nuclear) [Athey
et al., 2021]: The MC method with the nuclear norm penalty, in-
corporating fixed effects on both units and times. (5) MC (SCAD):
Our MC method with the SCAD penalty. (6) MC+fixed (SCAD):
Our MC method with the SCAD penalty, incorporating fixed ef-
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fects on both units and times. Note that for the nuclear norm-
based methods, namely MC (Nuclear) and MC+fixed (Nuclear),
we set maximum estimated ranks. These maximum ranks are de-
termined based on the spectrums of the control matrices, where
the missing entries are imputed with the averages of the matrices.

We first utilized the Cigarette sales data [Abadie et al., 2010]
for our analysis. California enacted its state law called Propo-
sition 99 to control tobacco sales in 1988. The original dataset
contains treated outcomes starting from 1989 for California, while
only control outcomes are observed for other states. However,
for our experiment, we excluded the data for California as the
untreated values are unavailable. Instead, we focused on the con-
trol per-capita cigarette sales of the remaining 38 states, covering
the period from 1970 to 2000 (N = 38 and T' = 31). We arti-
ficially designated certain units and time periods as treated, and
then compared the actual observations with the imputed values.
In the block structure scenario, we set N./N =~ 0.7 (N, = 27)
and Ty = 19 to align with the year when California passed its
tobacco control law. For the staggered structure scenario, we set
N./N = 0.7 (N, = 27). The treatment adoption times for treated
units were randomly assigned after T = 13.

Table 3.1 presents the average test RMSE and the average es-
timated rank (Rank) for low-rank-based models based on 10 repe-
titions in the block and the staggered structures for the Cigarette
sales data. Among the low-rank models, the one incorporating

fixed effects, particularly when utilizing SCAD penalties, yields
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the best results. On the other hand, the model that only con-
siders fixed effects performs poorly for both structures. While the
synthetic control approach outperforms the low-rank models with-
out fixed effects, its results are inferior to those obtained with the

MC with fixed effects for both structures.

Method Block Staggered
Fixed effects 18.5289 (-) 16.5367 (-)
Synthetic 147203 (-)  13.3319 ()

MC (Nuclear) 16.3344 (6)  16.0396 (6)
MC+fixed (Nuclear) | 14.2500 (6)  12.9798 (5)
MC (SCAD) 15.1553 (1)  14.4285 (1)
MC-fixed (SCAD) | 12.0015 (1) 11.9644 (1)

Table 3.1: The average RMSE and the average Rank of the low-
rank matrix in the parentheses for the analysis of the Cigarette

sales data with the block and the staggered structures

The second dataset analyzed in this thesis comprises the an-
nual GDP of seventeen countries [Abadie et al., 2015]. The Berlin
Wall fell in November 1989, and the official reunification of West
and Eastern Germany took place in October 1990. We excluded
the data for West Garmany due to the unavailability of untreated
values. Our analysis focuses on the remaining 16 countries over
the years from 1960 to 2003 (N = 16 and 7' = 44). In the block
structure scenario, we set N./N ~ 0.6 (N. = 10) and Tp = 31

to align with the year of reunification. For the staggered struc-
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ture scenario, we also set N./N ~ 0.6 (N, = 10), and the treat-
ment adoption times for treated units were randomly assigned
after Ty = 21.

Table 3.2 displays the average test RMSE and the average
Rank for low-rank-based models, obtained from 10 repetitions,
in the block and the staggered structures using the GDP data.
We observe that the SCAD estimator with fixed effects produces
the best outcomes for the block structures. On the other hand,
for the staggered structures, the SCAD estimator without fixed
effects outperforms the other methods. It is worth noting that the

nuclear-norm-based estimators exhibit poor performance in both

scenarios.
Method Block Staggered
Fixed effects 3450.5 (-) 2638.2 (-)
Synthetic 2407.1 (-) 2306.1 (-)
MC (Nuclear) 9788.6 (3.5)  7778.3 (3.5)
MC+fixed (Nuclear) | 2386.9 (3.9) 1884.9 (3.7)
MC (SCAD) 2512.0 (1.9) 1863.5 (2.7)
MC-+fixed (SCAD) | 2138.0 (1.6) 1922.5 (1.2)

Table 3.2: The average RMSE and the average Rank of the low-
rank matrix in the parentheses for the analysis of the GDP data

with the block and the staggered structures

We briefly discuss the low-rank models and the synthetic con-

trol method which is a traditional approach in program evaluation.
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The low-rank models take into account both unit and time pat-
terns and their interactions. Specifically, the models incorporat-
ing fixed effects can capture patterns that the models only with a
low-rank matrix might overlook [Athey et al., 2021]. On the other
hand, the synthetic control focuses solely on patterns among units.
In our experiment, we observed that the synthetic control method
performed poorly when there was a significant deviation between
the observed outcomes of the treated states and the control units.
This finding aligns with the observations in Abadie et al. [2010,
Section 3.4], where it was noted that certain states with extreme
values during the pre-intervention period could not be accurately
reconstructed as a convex combination of cigarette sales from other
states. In summary, MC methods are more robust in the selec-
tion of treated and control units compared to the synthetic control

method. For a more detailed discussion, please refer to Appendix

C.

3.6.2 Estimation of the average treatment effect

To verify the theoretical results concerning the asymptotic normal-
ity of the estimators, we implement the simulations. We consider
a true matrix with dimensions N = 40,7 = 40, and a rank of
5. To generate the true matrix L*, we employ the compact SVD:
L* = U* diag(¢*)V*'. Here, columns of U* and V* represent the
left and right singular vectors of a randomly generated matrix, and
we set the singular values £* to be (32.5,31.8,29.2,26.5,20.7). Ad-

ditionally, we set the true average treatment effect 6* to be 1. We
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independently sample the observation noise €;; and the treatment
noise &;; from N(0,0.5%).

In the block structure scenario, we randomly select the control
units and treatment adoption times that satisfy the conditions
20 < N, < 39 and 20 < Ty < 39, respectively [Farias et al.,
2021]. To assess the asymptotic normalities of our estimator and
the de-biased estimator, we conduct 200 instances. We present
the empirical distributions of (é\— 0*)/Vp (3.20) and (gd —0*)/Vo.a
(3.21), where Vp and Vp 4 represent the asymptotic variances of our
estimator and the de-biased estimator, respectively. The tuning
parameter A is chosen using 5-fold cross-validation.

Figure 3.3 displays histograms depicting the empirical distri-
butions of our estimator and the de-biased estimator. The his-
tograms are overlaid with the A/(0,1) density function. The aver-
age asymptotic variances for 200 repetitions are 0.016 and 0.033
for our estimator and the de-biased estimator, respectively. These
results provide support for our theoretical findings in Section 3.5.2.

In the analysis using real datasets, the objective is to assess
the accuracy of our method and other existing approaches in es-
timating the average treatment effect. We deliberately designate
certain entries of data matrices as treated, as described in Section
3.6.1. Additionally, we introduce artificial treatments based on
Farias et al. [2021]. We set the true treatment effect 6* = o5 =
Y (0)/10, where Y (0) denotes the collected data and Y (0) repre-
sents its average. The noise is randomly selected from N(0,02).

We report the average normalized error (ANE) |(6 — 6*)/6%| over

95

.-':r-\-..ﬁ-! -k"l- 1_-” .-"‘.l!_ T'I.I



0.5 0.5
0.4 [ 0.4 T
203 20.31
‘D ‘@
c c
[ [
002 0 0.2
0.1 0.1
0.0 0.0
N 54 L : 3

Figure 3.3: Empirical distributions of (§—6*)/Vj for our estimator
(Left) and of (@d — 0%)/Vp 4 for the de-biased estimator (Right).

The lines represent the A'(0,1) density functions.

10 repetitions. The tuning parameter is chosen through 5-fold
cross-validation. We compare the results for our estimator with
the de-biased estimator (De-biased) [Farias et al., 2021] and the
debiased estimator incorporating the two-way fixed effect (De-
biased+fixed). The other estimators for the average treatment
effect, except for De-biased and De-biased+fixed, are estimated
based on (3.11) using the corresponding estimators for the coun-
terfactuals. These estimators for the average treatment effect are
denoted with the same acronym as methods of estimating the
counterfactuals. Note that the methods for recovering the coun-
terfactual are described in Section 3.6.1. Additionally, we set the
maximum estimated ranks for the low-rank matrices in the nu-
clear norm-based methods, specifically MC (Nuclear), MC+fixed
(Nuclear), De-based and Debiased+fixed.

The first dataset is the Cigarette sales data [Abadie et al.,
2010]. Table 3.3 presents the average ANE with the block and the
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staggered structures. Among the various estimators, the estimator
corresponding to the SCAD estimator incorporating fixed effects
exhibits the best performance. However, it is worth noting that
the de-biased estimator with fixed effects produces results that are
not significantly different from the best-performing estimator for

both structures.

Method Block Staggered
Fixed effects 0.4158 0.4710
Synthetic 0.3098 0.3906

MC (Nuclear) 0.9221 0.9193
MC+fixed (Nuclear) | 0.4503 0.3721
MC (SCAD) 0.4158 0.4296
MC-+fixed (SCAD) | 0.2601  0.3132
De-biased 0.3585 0.4537
De-biased+fixed 0.2725 0.3259

Table 3.3: The average ANE on the Cigarette sales data with the

block and the staggered structures

We utilize the GDP data [Abadie et al., 2015] for the second
dataset. Table 3.4 displays the average ANE with the block and
the staggered structures. The SCAD estimator without fixed ef-
fects demonstrates superior performance for the block structures,
while the de-biased estimator incorporating fixed effects yields the

best result for the staggered structures.
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Method Block Staggered
Fixed effects 1.1384 0.8466
Synthetic 0.8661 0.5714

MC (Nuclear) 7.6874 5.4102
MC+fixed (Nuclear) | 0.8696 0.6081
MC (SCAD) 0.5156 0.4335
MC+fixed (SCAD) 0.6666 0.5458
De-biased 62.3592 0.5588
De-biased+fixed 0.5687 0.3116

Table 3.4: The average ANE on the GDP data with the block and

the staggered structures
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Chapter 4

Conclusions

In this thesis, we studied causal inference in panel data. We pro-
posed an estimator for recovering potential control outcomes by
incorporating nonconvex penalties into the MC for the two treat-
ment adoption scenarios: simultaneous and staggered. Our pro-
posed estimator demonstrated improved convergence rates com-
pared to the existing approach based on the convex penalty and
achieved the same convergence rate as the oracle estimator under
certain conditions. Moreover, we established the asymptotic nor-
mality of the estimator for the treatment effect, with a smaller
variance compared to the de-biased method. In our numerical
studies, we conducted extensive experiments to evaluate the per-
formance of our estimator and the corresponding estimator for
the treatment effects. We empirically demonstrated that our es-
timator is more robust compared to the synthetic control method
when it comes to the selection of control and treatment units in

treatment adoption structures. An important direction of future
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research is to extend our approach to settings where treatment

exposure depends on other observed covariates or prior outcomes.
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Appendix A

Appendix A.

A.1 Computation of the PGH algorithm

In this section, we discuss necessary computations for implement-
ing the PGH algorithm in our problem. First, we calculate the
closed-form solution of (2.20). By performing simple calculations,

and letting L:= Lf_l, we can obtain the following:

Lf = argminf’lkq A (L; L)
LeRNxT ¢ 7
k—1 B R
= argmin+— |[L —{ L — 1 V(L) + Ae|| L)
LERNXT lt s
1 1 2 A
= argmin— [|[L —<{ L — HVJF,%)\(L) + k—_tlHLHtr.
LeRNXT lt P lt

The matrix approximation problem with the nuclear norm penalty
can be achieved using the singular value shrinkage operator defined

in Section 2.3. Therefore the solution is obtained as follows:

~ 1 o~
k-1 Ly
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Recall that anA(INJ) = V/fn(L) + VGA(L). We can compute
Vfa(L) = —2Po(Y(0) — L) based on the definition of f,. For
VG, if we denote the SVD of L as Ui diag ({(I:)) V%, then
VG(L) = Uy diag (33(61().+++ , 85 (Emingvry(B) ) VI [Yao and
Kwok, 2016, Lemma 21]. Specifically, for the SCAD penalty, we

have:

Clzl=A
(v=1)

and for the MCP penalty, we can derive:

gy(z) =

TA< 2] <AA) = A (|z] > 7A),

]

() = —7I(|x| <AA) = AL (Jz] > 9A).

A stopping criterion for the PGH algorithm in MC problems
is presented in (2.22). However, calculating wk(f‘), which takes
into account || L, is not as straightforward as in the case of the
¢1-LS problem. Therefore, an alternative stopping criterion, as

presented in Xiao and Zhang [2013], can be used. The alternative

criterion is as follows:
S

where € represents the desired optimization precision (convergence

tolerance) in the ¢-th path of the PGH algorithm.

71



Appendix B

Appendix B.

B.1 Proof of Theorems

B.1.1 Proof of Theorem 3.5.1

We define the error matrix for the observed entries as € = (i,)€0 gitAit,
where A refers to e;(N)e;(T) . To demonstrate the proof of The-
orem 3.5.1, we make use of several lemmas. The first lemma is
necessary for determining the value of A and provides an upper

bound for ||€||op. This lemma is taken from Athey et al. [2021].

Lemma B.1.1. There exists a constant C such that

|1€]lop < Comax {\/Nlog(N Y1), VTlog®(N +T)] ,
with a probability greater than 1 — (N + T)72.

This result relies on a concentration inequality for the sum of
random matrices. Note that the correlation assumption of O leads

to a larger upper bound than that of the independent assumption.
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The next lemma plays a crucial role in obtaining the faster con-
vergence rate for the nonconvex penalized estimator by providing
an upper bound for ||IIz(V f,(L*))||op. The detailed proof of this

lemma can be found in Section B.2.1.

Lemma B.1.2. For an r-dimensional subspace F (U*, V*), there

exists a constant C' such that
L (€)]],, < CoVTlog? (N +T).
This inequality holds with a probability of at least 1 — (N + T)~2.

The next lemma, derived from Athey et al. [2021], is closely
related to the Restricted Strong Convexity (RSC) condition [Ne-
gahban and Wainwright, 2011, 2012; Negahban et al., 2012] with

high probability.
~ ~ 2
Lemma B.1.3. If the estimator L satisfies HL - L - > 4(a*)%0/pe.

(or equivalently asp(f; —L*) <4/ NZ;pc) for a positive number 6,

then there exists a constant C > 0.001 such that, when C0 > T,
we have

~

Pelf — L

5 i <Y <A,~t, L-— L*>2 +8(a*)’TVN

(i,t)eO

with a probability greater than 1 — 2 exp (f%).

First, for A=L- L*, it should be noted that the condition

HKH% > 4(a*)%0/p. is equivalent to asp(ﬁ) < /NTp./40 since
HﬁHmM = % < o holds. Therefore, the condition can
be interpreted as the spikiness of ﬁ, indicating that the maximum

magnitude of the entries of 3, is limited.
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The Restricted Strong Convexity (RSC) condition [Gui et al

2016; Negahban and Wainwright, 2012] is a useful property that
helps control the estimation error by ensuring the strong convexity

of loss functions within a given set. The loss function f, is said
2016, Assumption 3.1]

to satisfy the RSC condition [Gui et al
with a positive curvature sy (without a tolerance function) if the

following inequality holds for any A in a constraint set

Fa(L* +A) < fa(L7) + (VfulL), A) + g | Al
In the MC problems, the parameter relies on the sampling op-
erator, i.e., the random observation process [Hamidi and Bayati

..,
The constraint set in this work is defined to control the

2019).

spikiness of L-L
If we apply the appropriate 6
B.1.3, it is evident that when condition Hﬁ —L HF > ) (a*)?T log(N+

)/pe (or equivalently asp(A) <l 1/ W)’ is satisfied, the fol-

lowing inequality holds with a probability greater than 1 — (N +

cyT'log(N + T) to Lemma

)2 for A=L—L*
A)

A) = fulL) = (V4L
0 = (A L+ B)) = 1 3 (¥a(0) — (Aa L))

Fo(L* +
1
“n, Z (v
1t (i,t)eO
% S0 (Yl0) ~ (A 1) (A B)
(i,t)eO
3 ()
(i,t)eO
f% o §(a*)2T\/N.
T




These equations are derived using the fact that
faL) = £ IPo(Y(0) = L)|[7 = £ i eo (Yar(0) — {4y, L))* and
V(L) = =23 neo (Yir(0) — (Ai, L)) Ayy. Additionally, if

HAH% > 32(a*)*T/N /p,., we can establish the inequality:

Sl + B) = 1) = (V1(1), B) = 2RI - D0 PTVN
e N e PN
= IAI,

which holds with a probability greater than 1 — (N + 7)~2. In

this case, the loss function f, satisfies the RSC condition with a

— Pe

positive curvature Ky = 5°.

The key to prove Theorem 3.5.1 lies in the next lemma, adapted
from Gui et al. [2016], in which the upper bound for the estimation
error using nonconvex penalties in the context of trace regression is
provided. Note that (_ = ﬁ for the SCAD penalty and (_ = %
for the MCP penalty.

Lemma B.1.4 (Adapted from Gui et al. [2016]). Suppose that

ozsp(ﬁ) <1 [ ng% A N1/4\/]7c] (which is equivalent to HAH% >

= e (N+T

cj(a*)*T {log(N +T)Vv \/N} /Dc) and the nonconver penalty sat-
isfies Assumption 3.5.1. Under the condition that ky := 5 > (_,
for any optimal solution L of (3.13) with a penalty parameter
A > 2[|€||op/n, the following inequality holds with a probability
greater than 1 — (N + T)~2:

T 3T (B.1)

L-L*|| < .
H F~ Kkf—C¢  Kr—(C
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Here, ry = |S1] and ro = |S2|. The paramter T is defined as
7 = |Irg, (Vfu(L)lop = HH;:Sl(%(’E)HOp, where Fg, represents a

subspace of F associated with S1.

Proof of Theorem 3.5.1.
If |[L —L*||2 > (a*)2 [C’ log(N +T) Vv C”\/ﬁ] T /p, for appropri-
ate constants ¢’ and C”, Lemma B.1.4 is applicable. By using
Lemma B.1.2 and Lemma B.1.1, we obtain the following inequal-
ities:

1

~ |z, @ <% vTos
n op n

% lell,, < 02% max [\/N log(N + T), VT log? (N + T)} . (B.3)

Using equations (B.2) and (B.3) in Lemma B.1.4 with (_ = x/2,

(N+T), (B.2)

there are positive constants C] and C% such that:

N 3
1]z <C,0\/n log*(N +7)

VvNT ~ ! Np?
(B.4)
, rolog(N +T) rolog3(N +T)
020- 5 V )
Tpz Np2

If C'log(N+T) > C"v/N and |L—L*||2 < C'(a*)2T log(N +
T)/pc holds, then we have:

VNT Npe

If C"v/N > C'log(N +T) and |L — L*||% < C"(*)*TV/N /p.
holds, then the following inequality holds:

”AHF 1" % 1
< (C"« . B.6
vVNT — vV Np, ( )
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By combining equations (B.4), (B.5) and (B.6), we obtain the

upper bound:

= £, SC\/(a*)?( 1 vlog<N+T>>v

VNT pe \VN N
o2y log3(N + T) N o2rylog(N +1T) y o2y log3 (N + T)
Np? Tp? Np? '
O

B.1.2 Proof of Theorem 3.5.2

To prove Theorem 3.5.2, we first introduce the lemma, which is

demonstrated in Section B.2.2. Recall that KO = IAJO —L*.

Lemma B.1.5. L* € RY*T has rank r, and suppose ozsp(ﬁo) <

%, /logé\][\fipjr’f)' Then for a constant C, the following upper bound

holds between the oracle estimator io (the solution to equation

(3.17) ) and the true matriz L*:

HLo -LY|. <o o2rlog®(N +T) y (o)
VNT Np; VNpe

with a probability greater than 1 — (N 4 T)72.

The proof of Theorem 3.5.2 is derived based on the proof of
Gui et al. [2016, Theorem 3.5].

Proof of Theorem 3.5.2.
We aim to demonstrate that the oracle estimator satisfies the first-

order optimality condition of optimization problem (3.13), which

7



states that there exists some \/7\\/'0 €0 Hf;o

L’ € RVXT the following holds:

such that, for any
tr

max <io L Vs (io) n M/Z\\/’O> <0. (B.7)

We project the left-hand side of equation (B.7) onto the sub-

spaces F and T, resulting in the following:
<Eo — L',V fax (io) + Awo>
= <H]: <io - L’) ,ang\ (io) + )\{7\\70> =+
I

<]._.[7-¢ (f;o — L/> ,me)\ (Eo) + )\{7\\70> .

Is

(B.8)

To analyze the term Zj, let £€* be the vector of the singular
values of L* and let §o = £ (i()) be the corresponding vector
for io. According to the perturbation bounds for singular val-
ues (Weyl’s inequality) [Stewart, 1998, Theorem 1], we have the
following inequality:

max |(¢7); - (&)

1

<ot

<& o]
op F

%

By applying Lemma B.1.5, we obtain the inequality:

2 3 %2
SCl\/o rT log (N—i—T)v(a ) T\/N.

2 Pe

max [(¢"); - (&) -

%

Using that S = supp (£*) with |S| = r and applying the triangular
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inequality, we have:
min | (€
i€s <€O>i

—min|(€0) — (€7, + (€,

€S

> —max (€0 —¢) | +min (&)

2rT log3(N + T )27/ N
2—01\/“ og' (N +T) , (a*)TVN

5 + YA+
pc pc

CY*)2T\/N

Pc

y

2

\/0'27“T log®(N +1T)
C
pe

=Y.

The second inequality is based on the assumption of the theorem.

Since rank <i0> =r and io € F, we have

<§o>1 > > <§o>r > YA > <§O>r+1 == (go)min(NyT) =0.

The compact SVD of the oracle estimator is Lo = U* diag ((Eo)l, e

V*T. Recall that Gy (L) = GA(L) + A||L]|¢. Thus,
tr)
= ILr (U” diag (75((€0)1). -+, 5((E0)r) ) VT + AUV 4220

= U* (diag (g(€0)1). -+~ 54((B0))) +AL) VT,

M- (vaA (io)) —TIs (vc‘;A (EO) Iy HEO

where 20 € T+ and Hio < 1. The second equality follows

op
from VG, (L) = U* diag (gi\((fo)l), e a§3\<(50)r)> V*T [Yao and
Kwok, 2016, Lemma 21] and the definition of 9|| - ||, and the last
equality holds by projecting each component onto F.

Now for gx(t) = ga(t) + Alt| and g} (t) = gi(t)+ At for all t > 0,

the i-th element of the diagonal matrix diag (g;((ég)l), cee g;((éo)r)> +
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A, is

5(€)) 4 (@),
Also, since g (t) = 0 for all ¢ > v\, we have g ((go)) = 0 for

1 € S. Therefore, this results in
IIF (VG,\ (io)> ~ 0. (B.9)
Furthermore, by the optimality condition, for all L’ € RVXT,
max <n; (EO _ L’) Vi, <i0)> <0. (B.10)
Using equations (B.9) and (B.10), we have the following for Z;:
II}JH;X <H]: (io — L/) ,an)\ (f:()) =+ )\‘/7\\70>
g (1 1), 50
e (11 (Lo~ 1) 117 (V60 (Fo) ))

<0.

(B.11)

To analyze the term T, let’s consider the SVD of VG (io) as
VGi(Lo) = U* diag (Q&((go)l)v“' @'A((go)r)) V*T. When we
project VG <io) onto the subspace T, we have:

L. (v(;A (io>)
= (Iv = U"U"T) U* ding (4((€0)1). -+ 35((€0)r) ) V' (I = V*V*T)

= (U" — U")diag (35((€0)1).++ 134 ((€0))) (VT = V*T)

=0.

~ 2
If the condition HLO —L* - > co(a*)?T log(N+T) /pe is satisfied,
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then we can show that:

|75 = Vg (1 + Bo )| = Cogr 7 |8

.
(B.12)

Since f;it — L} <2a*, we have:

- > (A Lo - L) = - > ((LO)it_Lit) < 4(a)”.
(i)€O (i,t)€O
Using this, we can calculate:
<~ 12 1 T *\2
|30, =y (%@mit, Lo —L*)’Tlog(N +T)/p.
2y

and thus

S|

. 4 D .
A, Lo —L*)? < —— ¢ _IA|%.
(z‘%e:(9< B0 )< co T'log(N +1T) 1AI7

Note that fn(L*_‘_zO)_fn(L*)_<vfn(L*)v 3O> = % Z(i7t)€O<Ait7 i\JO_
L*). Therefore f, satisfies the strong smoothness condition with

a parameter of CQW By the equivalent condition of the

+T)"

strong smoothness, equation (B.12) holds.

Applying the triangular inequality, we have:

|95 (To)|| < IV AWl + [Vhu @) = 95 (Lo) |
< IV ()l + |95 (8 = Vi (R0 )
<1 )y + oo | B -

(B.13)

and by applying the inequality from Lemma B.1.5 to (B.13), we
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obtain:

. (71 52)

op

~ pC ~

< < ||V fn (L* __ e A
<ot €)1V + o ],

2 . o2rTlog®(N +T)  (a*)?TVN
S *H@HOP‘FCQ p | g (2 ) v ( )

n Tlog(N +1T) Np? De

o [\/N log(N +T) V VT log¥2(N + T)]

< (3 -

29 log(N + T (0)2VN
Loy | Crlos N D) p(ozé)\f
T Tlog“(N +1T)

<A

The last inequality holds based on the assumption regarding the
magnitude of \. By defining Zo = —A~'TL,. (v fa (io)) and
20 < 1, we have WO =
op

using the fact that that Zo € T,

. Furthermore,
tr

UV*T +Zp€d Hio

L. (V fu (io) + AVAVO)
=T (Via (L) + A (UVT 4 Z0))
1y (9 (50)) > (51 ()
~o0.

Now we calculate Z:
T, = (71 (Lo~ 1),V un (Lo ) + AWo)
= (T7s (Lo - 1), Vfu (To) + AWo)
+ (71 (Lo - 1), VG, (Lo) )

=0.

(B.14)
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We can derive (B.7) by combining equations (B.11), (B.14) and
(B.8). O

B.1.3 Proof of Theorem 3.5.3

L*-L "
Proof. If the inequality % < ¢ ww holds, then

the following inequality holds as well:

i \/—NE;HF e \/(a*ﬁkﬁ;ﬁvwx

If the above inequality does not hold, we can use Lemma B.1.5 to

derive the following inequality:

HL* LOH 02r10g3(N+T)
vfgpc Np?

with a probability greater than 1 — (N + T')~2

By considering both cases, we complete the proof. O

B.1.4 Proof of Theorem 3.5.4

Let n; = NT — n be the number of treated observations. We can

easily show that (3.11) is equivalent to:

~ ~ 2
0 = rgggélnn—t HPOC ( (1) =Y(0) — «9W> HF (B.15)

By utilizing the equation (B.15), we can prove the theorem. The
proof is inspired by Zhang and Zhang [2014] and Farias et al.
2021].

Proof. The first order condition of (B.15) is:
(W, Po (Y(l) ~Lo-— §W>> =
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Using the definition of Y (1), this can be rewritten as:
(W, Poe (L = Lo ))+(W, Poe (e + 80 W)+ (6" ) [W][3 = 0.

Since (W, Ppc(A)) = (W, A) for any matrix A, based on the
definition of W and the projection operator P, we have:

(W,L* —Lo) (W,e+350W)

0—07) =
W% IWIZ

Wz Note that for any matrices A and B, we
F

have
[(A,B)| < [|Allop || Bl

< [[AllopV7 B 7

< |Al[rv7[B|F.
The first inequality holds due to the matrix Holder inequality.

Therefore,
W, L* — Lo)|
W%
vi[Le = To| 1wl
< o
W%
L~ L H
VT ol
N

The last inequality holds because |[W||% = n; by the difinition of

<

W. Now, according to Theorem 3.5.3,

ol < \/(a*)%«\/ﬁT L @) Tlog(N +7) a2r2T10g3gN +1)
N¢Pe N¢Pe P
Ifr=ao=0=0() and ny = Q(NT), then (3.19) holds. Addi-
tionally, if p. > \/% log% (N 4T), we can establish the asymptotic
normality using the central limit theorem (CLT). O
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B.1.5 Proof of Theorem 3.5.5

The second step for estimating the causal effect, as described in
(3.8), is derived from the following lemma [Farias et al., 2021,

Lemma 1]. The proof of this lemma is omitted.

Lemma B.1.6. Suppose (L") §(init)) pe o minimizer of (3.7).
We denote the SVD of L(nit) g L(init) — ﬂéVT, and let T+ =
TL(IAJ, \A/') We define € = e+6oW. Then, the following equation
holds:

(007 ) 1Mz (W)
=2 (W,OVT) 4 (7 (W), &) + (W, Tz, (L)),

In the remaining part of this section, we introduce the non-
convex proxy problem and establish its connection with the con-
vex problem discussed in Farias et al. [2021]. We then describe
the implication of Assumption 3.3.1, which is derived from this
relationship. Finally, we utilize it in the proof of the theorem.

We consider the following original convex problem:

1 2
mi h(L,0) :=-||Y-L—-90 + AL
Lphinh(L6) = | W+ AL

and the non-convex proxy problem:

min h(A,B;6)
AeRN*T BERTXT 9eR

1 2 A A
=5 [Y = ABT —oW|[. + JIIAlE + S Bl
(B.16)
It is well known that minimizing & is equivalent to solving

min A(L; 6) s.t. rank(L) < r. We hope that for the solution A
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and B of (B.16), A ~ A* and B ~ B* hold, where L* = A*B*"
with A* = U*Z*1/2 B* = V*Z*'/2, Farias et al. [2021, Lemma 3]
showed that the critical points of h approximately satisfy the first-
order condition of h, so that (ABT, ) is close to the optimizer of
h. Note that Assumption 3.3.1 is required for the establishment
of Farias et al. [2021, Lemma 3].

The next lemma [Farias et al., 2021, Lemma 16] presents the

implication of Assumption 3.3.1 (a).

Lemma B.1.7. Suppose A*, A € RVN*" gnd B*, B € RT*". Let
A*B*T = U=*V*T  ABT = UEV be the SVD of A*B*T,ABT,
respectively. Assume A* = U*E*/2 B* = V*E/2 gnd X =

&1(E*) /& (E*). Suppose L&ivu/]\T < CQWW; and

VN AT log?3 (N A T)v/Emaxr
émin )

|A — Al + B - B[y < G

(B.17)
Let T*L be the orthogonal space related to A*B*T and T+ be the
orthogonal space related to AB'. If there exists a constant C,,
such that [WV*|2 4 [WTU*|)% < (1_1;”%) W2, then

for large enough N and T, the following holds:

2 C
WV|2 HWTUH <(1-—5 ) yw
IWVIE+ [WTU < (1 g ) 1w
C
O (W)|2> —"  'wW|2.
My (W)l > 5o W

Please refer to the definition (3.15) for the orthogonal spaces.
Since (B.17) approximately holds according to Farias et al. [2021,

Lemma 3], we can directly use the result of the lemma to prove the
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theorem. Note that a similar result for the case of the de-biased

estimator for Lasso appears in Zhang and Zhang [2014].

Proof of Theorem 3.5.5. By Lemma B.1.6, we have:

G g M (W)c 6o W) (W.IL, (L)
[T, (W)][% T, (W)][%
Let o = WHMZLE) gince [(A, B)| < [|A]loplBllir = v7| All#|B] ¢

M7 (W%
for any matrices A and B, and

<Wa H'T‘L (L*)> = (Wv H?L (L*_i(znzt))> = <H7\~L (W), L*—f;(mit)>,

we can obtain:

I~ HL* . mzt) ’ HL* _ zmt ‘
5« YWl , Vv .
- L7 (W) % T3 (W)[r
. 1 log(NAT)
According to Lemma B.1.7, we have M= (W7 <cC TWIF
Hence,
rlog(N A T) || L* - Lnio |
[0 < =
W17
\/rlog (NAT) HL* L(init) ’F
N |

If ng = Q(NT) and » = O(1), (3.21) holds. Furthermore, if

VIRV AD) L ~E 0,
VNT

mality can be established using the central limit theorem (CLT).
O

— 0 as N — o0, then the asymptotic nor-
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B.2 Proof of Lemmas and Proposition

B.2.1 Proof of Lemma B.1.2

First, we introduce the Bernstein inequality of rectangular matri-

ces, as presented by Tropp [2012].

Proposition B.2.1 (Matrix Bernstein Inequality). Let Z1, ..., Zy
be independent matrices in R1"*9%2 sych that & [Z;] = 0 and 1Zilp, <

D almost surely for all i € [N]. Let oz be a parameter such that

0% > max iE [ZiZﬂ , i}E [Z;Zz}
i=1 op Ili=1 op
For any a > 0, the following inequality holds:
N 2
P ;Zi >ap < (dy+dg)exp [20% n (2Da)/3] .

op

To prove Lemma B.1.2, we referenced the proof process used
in Athey et al. [2021, Lemma 2] and Gui et al. [2016, Lemma E.3.].
We denote the projection operator onto the subspace F as Iz (-)

and it follows that IIz(A) = U*U*TAV*V*T [Gui et al., 2016].

Proof of Lemma B.1.2.
Since U* and V* are matrices corresponding to the left and
right singular vectors of L*, for § = F (U*, V*), we have the

following relation:

I0s (@), = [U U TevevT

op

op
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We start by introducing the definitions. For every i € [N], we
define B; as follows:
t
B, =U"T (Z sl-tAZ-t) Vi =U"Tev,
t=1
It should be noted that based on the definition of &, U*T¢V* =
SN /B and E[B;] = 0 for all 7 € [N]. We set the bound D to be
D = Cyo/log(N + T), where C is a sufficiently large constant.
For each (i,t) € O, we define &; = e4I(lex] < D) and B; =
U T {3 &1 A} V* for all i € [N].
By applying the union bound and utilizing the property that ;;
is o-sub-Gaussian random variable (P (|e| > t) < 2exp {—t?/ (20%) }),

we can derive the following inequality for any o > O:

N
— —D?
* T *
P (HU EV*|op > a> <P Z;B,- >a | +2NTexp (202>

i= op
al 1

<P Bi|| > S

= Z; “C) TN
i= op

(B.18)
Let us define Z; as B; — E [El] for each ¢ € [IN]. Then, the
following holds:

N
B
=1

N

>z

=1

< +||E

op

N
B
=1

op op
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Since the mean of ¢ is 0, we can establish the following:
[E [€itl| = |E[eie] (leie] < D)]| = [E [eal (|eie| = D)
< VE[€3] P (leal 2 D)

< V202 exp {~D?/ (202)}

g

S INEDE

N N t
Given that E [Z BZ} =U*E [Z > eitAit} V*, we have
i=1 i=11t=1

N
E ZEz = HU*T 22517514115 ”V*Hop
=1 max i=1 t=1
VAT |33 s,
i=1 t=1 maz
NT < o
“(N+T)* — (N+T)*
Thus, we can establish the following result:
N
B, —_ B.19
Z ‘ * (N + T) (B.19)
=1 = op

op
To find oz in Proposition B.2.1, we start by examining Z;Z; :

t
Z:Z; =U*Te;(N)Y (it — E(Er)) er(T) TVV*T
t
ti

> (&t — E(Eir)) ex(T)es(N) TU*.

t
We denote u} as the i-th row of U* and v as the i-th row of

V*. Using this notation, we can show that U*Te;(N) = u} and

\Al {Z?:l (git - E Elt } Zt 1 Ezt (Eit)) V:-
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Since g+ ’s are independent, we have:

E {X: (@‘t — E(Eit)et(T)T> } \Vaavall { : (i —E(Eir)) et(T)}
t=1 t=1
=E Z (&it — E(eir))” vaHgl :
t=1

The following also holds:

N N t
ZE[zizﬂ =E Zu*{ (€t — E(&)) ||th2} ]
i=1 i=1 t=1
N t;
=E|> uu T{ (€it — E(e)) IIVZ‘IB}]-
i=1 t

=1

Now we establish that
N

)

op

op

where the inequality holds because the random variable &; —

E [€;+] is centered and o-sub-Gaussian. The equality holds since

T * * *
> i1 IVilI3 = r and Z ARRITES o
Similarly, we can also examine ZZTZZ-:
7] Z; =v*T Z g — E(zn)) el(T)es(N)TUU*T
ti
ei(N)> (8 — E(gur)) es(T) V™.

t
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Using U*Te;(N) = u} and

E (VT {Z (Bit — ]E(éit)et(T))} {Z (it — E(Zir)) et(T)T} V*]

t=1 t=1

=E {Z (&t — E(&i)” VfoT} ;

t=1

we obtain

N
S E [ZI zz-]
=1

Consequently, we prove the following:

N
S E [zj zl}
=1

N t;
—E Zuumg{ (i — E(Eir)) V:V:TH.
=1 1

t=

op
N t;
< max {E [~ Bla)’]} | Y I3 E > viviT
(tH)e0 i=1 t=1 op
N T
<2023 |3 | Yo viviT
i=1 t=1 op

= 202r
where the second inequality holds because the spectral norm is
monotone, and the equality holds from ZZ Lugl3 =7 and Zt LViVE
I,.. Therefore, we set O'Z = 202r.

Furthermore, since HEiHOp < HZf\;l Z?:l EitAit o < DVT
and HE[Ei]HOP < DVT for all i € [N], we have 1Zill,, < 2DV/T.

Finally, by applying Proposition B.2.1, we obtain the following

inequality:

N
>z
=1

P

a?
>ap < (N+T)exp {—40_2T+ (4Da\/T)/3]

2
§(N+T)exp[—136min<a2, « )}

g

op
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Consequently, there exists a constant C'3 with a probability greater
than 1 — exp(—t) such that:

N

>

i=1

op

< Czomax(\/r[t + log(N + T)], /T log(N + T)[t + log(N + T)]).

By choosing a sufficiently large constant C'log(N + T') for a
constant C' to t in the above equation, and using (B.18) and (B.19),
we can obtain the following inequality with a probability greater

than 1 — 2(N + T')~3 for a constant Cj:

HU*TQ‘EV* < Cyo max [\/r log(N + T), VT log®*(N + T)
op
= CioVTlog**(N +T)
since r < T and +/log(N +T) < log®?(N +T). O

B.2.2 Proof of Lemma B.1.5

The lemma establishes the deterministic upper bound of the oracle
estimator under the spikiness condition of 30 = f,o — L*. The

proof is inspired by Gui et al. [2016, Lemma D.3].

Proof of Lemma B.1.5. Let Ao = Lo — L*. According to the
observation model Yj;(0) = (A, L*) + €; for (i,t) € O, we can
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express the difference between f, (f@) and f,, (L") as follows:

fa (To) = £ (1)
1 N2 1 *
== Z (Yit(o) - <Ait,LO>> - = (Yie(0) — (A, L >)2
" n
(Leo (i,t)€O
1 > 1 *
=~ 3 (Y0) — (A L+ Ro)) == D (Va(0) - (A L))
(tneo (i,t)€O
1 N2 1
=~ > (- (A Bo)) - - 2
" n
(.)€ (i,t)€0
1
=0 2 (% (Ait, Ao)eir + (Air, Ao)” — ¢ t)
(i,t)eO
1 X2 2 N
- n Z <Ait,AO> - n Z <6itAit, AO>
(i,t) €O (i,£)€0
1 N 2 2 —~
= (Ait, Ao)? — = (€, Ap),
n n

—~
s
=

<

m
G

where ¢ = Z(i,t)e(’) €i+Ai and the third equality holds because
Yi(0) = (A, L* + 30> = €t — (Au, AO). Since the oracle esti-
mator f;o minimizes fy(-) over the subspace F, and L* € F, we

have f, (EO) < fa (L*), which yields:

2 ~
~ Z Air, Ap)? < = (€ Ao). (B.20)
(z t)eO
If asp(Ao) < 010 logé\]f\fiper) holds, then we establish the follow-

ing inequality:

Z <Ait7f40 - L*>2 > be

(i,t)eO

L* ;— 8(a*)*TVN. (B.21)

This inequality is derived from Lemma B.1.3, and it holds with a
probability greater than 1 — (N 4 1) 2
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By substituting the inequality (B.20) into (B.21), we obtain:

Pc

o 8(a*)2TVN /n < <e Ao).

~ 2
Lo - L*
F

Then, we can derive the following inequality:

HAOH < (e Ao) + S eryn

c

= 4€<Hf((’3), Ao) + 1?(04*)2T\/ﬁ
< unf \AOH <a*>2Tx/N
4\[ H a*)QT\/N.

Using the inequality 2ab < a? + b?, we have

Ly~ 12 16, ,
|30l < HHf( W2+ 5 [Bo| | + @ PTVA,
o Pe
and then
2 16 *) 2
23l < 2||Hf< Moy + (@ PTVN.

Then, applying Lemma B.1.2, we obtain the bound:

+ 2 )
VNT Np? VNp.

which completes the proof. ]

|30, _ \/C Prlog(N4T) _, (o)
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B.2.3 Proof of Proposition 3.5.6
Proof. Since €;; and d;; are independent of each other, we have:

Vaog — Vo

_ZHTl )z, Var (e / ZHTL )z,

2

2

— Y W Var(ei / ZWE;

2t

(B.22)

JFZHTl )2, Var(8;:Wit) / ZHTl
2

— Y Wi Var(6:Wi) / ZWZ%

7t

For the first and second terms in (B.22), the following inequality
holds since [[TLz, (W)3 < [W3.
2
Z I=, (W) Var (€it / Z I+, (W lt
it

2

Z 2 Var (e / ZWZ% (B.23)
it

1 1
= Var(e;t) - > 0.
' { Z(i,t) H?L( W )22t Z(i,t) Wz% }

For the last two terms in (B.22), note that W is not random
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and W = WZ% = Wg We have:
Yo g (WS Var(6uWi) Y, , W2 Var(6;Wir)
9\ 2 - ) 2
(Zi,t H%L (W)n) (Zzt Wit)
Zz t HTL (W)2 Wit Zi,t ng

= Var(d;;) 5 — 5
(il W)5) (20012

— Var(6;1) x
(Soottre W W) (20, 2) (S0 W) (St (W12
(oot (W22 (2, w3)’
(i e (W5 Wat) (0, W) = (4 T (W)
(Sl OW02) (0 2)
(Sootrs (W), W2) " — (S, 17 (W)
(S tp (W) (2, w2)

= Var(d;:)

> Var(d;;)

> Var(6;+) X
(Zi,t H?’i (W)zt Wi — Zi,t H?L (W)ft> (Zut H?L (W)zt Wit + Zut H?L (W)is)
(Zzt H?’L (W)th>2 (Zm W12t>

= 0.(B.24)

The first inequality holds by the Cauchy-Schwarz inequality, and the last

equality is derived from
Z HTL zt zt H?L (W)zt) = <H'7'i (W) 7W - H?‘L (W)> =0.

Therefore, based on (B.23) and (B.24), we conclude that V9 — Vyp >
0. O
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Appendix C

Appendix C.

C.1 Comparison with the Synthetic control
method

To begin, we provide a brief overview of the synthetic control
method [Abadie et al., 2010; Athey et al., 2021]. We define OV as
the set of control units and Of as the set of treated units. It is
important to note that |OY| = n. and |OY| = n;. In our treatment
adoption scenarios, the number of treated units n, is always greater
than or equal to 1. Following the approach of Athey et al. [2021],
the estimation of weights in the synthetic control method in our
experiments relies solely on the use of Y (0) without considering
any additional information. For each unit i € OY and for years

t > Ty, we estimate the counterfactual outcome as

ve(0) = 3 @v;(0),
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where w(?) = (z’ﬁgi), e ,@,(fc))T is chosen as follows:
. TO . ’
W = argmin > vy [ Yin(0) = 3wV (0) (C.1)
w h=1 jeoy
for the block structures. The positive constants vy, forh =1,---,Ty

represent the predictive power of each predictor on )A/,-h (0), and can
be determined using data-driven methods. In the case of the stag-
gered structures, where t; denotes the treatment adoption point

(t; > Tp) for unit i in OY, the weight is selected as

2

ti .
W) = argminzvh Yin(0) — Z w](‘l)Y}h(O) : (C.2)
W =1 jeoy

It is worth noting that settings with a small T and a large n. may
introduce a significant risk of overfitting, as stated in Abadie et al.
[2010]. Empirical evidence from Athey et al. [2021] demonstrates
that the synthetic control method’s performance deteriorates as
To/T becomes smaller compared to the MC methods.

We examine situations where the results of the synthetic con-
trol are inferior to those of the MC methods. To illustrate this,
we utilize experimental results with the Cigarette sales data from
Section 3.6.1. Figure C.1 presents time-series plots displaying the
observed cigarette sales for a specific repetition in the block struc-
tures. The blue lines represent the time-series plots for the control
states, and the red lines represent the time series for the treated
states. In this analysis, we used 27 states as control units, ex-
cluding the other 11 states shown in the figure. The treatment

adoption date is indicated by the dashed vertical line.
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300

New Hampshire

Nevada
North Carolina

1970 1980 1990 2000
year

— Control — Treated

Figure C.1: Time series of the observed cigarette sales for a specific

repetition in the block structures.

In Figure C.2, we show the observed and estimated outputs for
treated states in the block structures, taken from the correspond-
ing repetition in our analysis of real data. The closer the estimated
lines align with the observed data, the better the performance.
The figure illustrates that the results of the synthetic control for
Kentucky, New Hampshire, and North Carolina are poor both be-
fore and after the intervention, whereas the MC methods exhibit
relatively better patterns. These states have observed outcomes
with extreme values compared to other states as shown in Figure
C.1. This aligns with the findings in Abadie et al. [2010, Section
3.4], which states that the outcomes of states with extreme values
during the pre-intervention period cannot be accurately replicated
as a convex combination of other states’ cigarette sales. Among the

38 states, it was observed that the synthetic control performs well
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when the treated units do not differ significantly in characteris-
tics (e.g., Maine, Ohio, and Wisconsin). Synthetic control models
assume that patterns across units are stable over time, while low-
rank models incorporate patterns both across units and over time
allowing for interactions between them. Particularly, the MC with
fixed effects can capture patterns that the traditional MC cannot.
Additionally, the performance enhancement of the MC may be at-
tributed to its ability to utilize additional observations (the values
of treatment units during pre-intervention periods) [Athey et al.,
2021].

Figure C.3 presents time-series plots of the observed cigarette
sales for a specific repetition for the staggered structures. The time
Tp is indicated by the dashed vertical line. Recall that the treat-
ment adaptation dates for each state were individually selected,
after Ty = 13. Figure C.4 displays the observed and estimated
outputs of the treated units for the corresponding repetition in
the staggered structures. The dashed vertical lines indicate the
treatment adoption dates for each treated state. The results of the
synthetic control for Kentucky, New Hampshire, and Utah appear
to be poor, but the outcomes for Kentucky and New Hampshire are
comparatively better than those in the block structures depicted
in Figure C.2. This difference can be attributed to the inclusion
of North Carolina, which also exhibits extreme outcomes, among
the control units as shown in Figure C.3. In summary, the results
of the synthetic control method vary considerably depending on

the selection of treated and control units. On the other hand, the
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MC methods demonstrate more robustness to variations in the

treatment adoption pattern.
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Figure C.2: Time series of the estimated and observed cigarette
sales for all treated states in a specific repetition of the block struc-
tures. The dashed vertical lines indicate the year when Proposition

99 was passed.
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Figure C.3: Time series of the observed cigarette sales for a specific

repetition in the staggered structures.
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Figure C.4: Time series of the estimated and observed cigarette

sales for all treated states in a specific repetition of the staggered

structures. The dashed vertical lines indicate the year of the treat-

ment adoption, which varies for each treated state.
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