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Multiuser Diversity and Multiplexing using
Multiple Random Beams in Wireless Systems
Sung-Soo Hwang and Yong-Hwan Lee

Abstract— In this paper, we propose a new multiple-antenna
transmission scheme that can simultaneously achieve both diversity and multiplexing gain in the multi-user domain, by using
multiple random beams. Multiple beams are generated so that
the users encounter multiple channels at the same time, enabling
the use of multi-user diversity through each channel. Although
the signal-to-noise power ratio (SNR) of each channel is reduced
in proportion to the number of beams, multiple beams are
generated so that the multiplexing gain is larger than the decrease
of SNR, increasing the overall system capacity.
Index Terms— Multiple beams, multiplexing, multiuser diversity.

I. I NTRODUCTION
HE next generation transmission system should be able
to provide high data rate multimedia services to users
in mobile, nomadic and fixed environment. The nature of
multimedia services may need the downlink capacity much
larger than the uplink. In recent years, the capacity of wireless
systems has been increased significantly with the development
of two advanced technologies; the use of multiple antennas
known as MIMO [1]–[4] and packet scheduling known as
opportunistic scheduling or multi-user diversity (MUD) [6]–
[14].
The capacity of MIMO systems can be increased linearly in
proportion to the number of antennas in rich scattering channel
environment. The MIMO system can improve the capacity
by increasing the diversity gain or spatial multiplexing gain
using multi-antenna channels. Space-time coding (STC) is a
typical MIMO diversity scheme [3]. Diagonal Bell laboratories
layered space-time (D-BLAST), vertical Bell laboratories layered space-time (V-BLAST) scheme and MIMO with singular
value decomposition (SVD) are typical MIMO multiplexing
schemes [1], [2], [4]. However, there is a traditional trade-off
issue between the diversity and multiplexing gain [5]. It may
not be easy to get both full diversity and multiplexing gain
simultaneously. In addition, the diversity and multiplexing
gain can substantially be reduced depending on the channel
condition.
The MUD is a novel scheme that exploits independent
channel characteristics of each user [6]–[14], [20]. It allows a
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user in the best channel condition to send the signal, achieving
a system capacity larger than that in additive white Gaussian
noise (AWGN) channel with the same signal-to-noise power
ratio (SNR) [9]–[11]. However, when the channel gain has a
small fluctuation and/or varies slowly as in fixed wireless or
nomadic channels, the MUD may not provide significant improvement of the capacity. To overcome this problem, the base
station can utilize multiple antennas with randomly generated
weights, known as opportunistic or random beamforming [11],
[12]. It was reported that the opportunistic beamforming can
provide a diversity gain larger than the STC [9], [11]. Moreover, it can provide a diversity gain even when the channel
is completely correlated because the channels of each user
are still independent. However, the opportunistic beamforming
does not fully utilize the multiplexing and diversity in the
multi-antenna domain, but it only exploits the multi-user
diversity.
Recently, simultaneous use of multi-user diversity and
multi-antenna (spatial) multiplexing has been considered [12].
It is a combination of MIMO SVD and multi-user diversity
using random beamforming. However, it is applicable only
to MIMO systems, not to multi-input single output (MISO)
systems. Moreover, its multiplexing gain is limited by the
rank of the channel matrix of each user. As a result, it cannot
provide a multiplexing gain when the rank of channel matrix
is one (e.g., in completely correlated channel). Besides, it
involves a very large implementation complexity since all the
receivers should carry out the SVD process and send back
many parameters to the base station.
In this paper, we propose a new multi-antenna transmission
scheme that can simultaneously provide multi-user diversity
and multiplexing (MUDAM) gain, using multiple random
beams. If we can have multiple channels simultaneously by
generating multiple beams, we can get both the diversity
and multiplexing gain in the multi-user domain. Since the
transmitted power is spilt into multiple channels, the SNR of
each channel is reduced inversely proportional to the number
of multiple beams. However, total system capacity can be
increased by increasing the multiplexing gain much more than
the decrease of the SNR. The multiplexing scheme using
multiple transmit antennas can be considered as a combination
of transmission beamforming and “dirty paper” pre-coding
method [15]–[17]. However, these previous schemes require
perfect channel state information (CSI) of all users. The use
of multiple “orthogonal” beams was briefly discussed in [11]
and this scheme was improved with partial CSI in [20].
However, its capacity gain can be less than the use of a single
beam when the number of users is small. Besides it needs
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multiple pilot signals in proportion to the number of beams
and its capacity increases very slowly as the number of users
increases. We consider the generation of multiple beams in
a random manner under the constraint that multiple beams
interfere with each other at a controlled level, although they
may not be orthogonal. The proposed scheme can improve
the capacity even in completely correlated channels since it
utilizes independent channels between different users. The
proposed scheme is applicable to both the MISO and MIMO
systems.
This paper is organized as follows. In Section II, we
introduce the system model including the multi-user diversity
scheme and random beamforming. A MUDAM scheme using
multiple random beams is proposed in Section III. It is also
described how to generate such multiple random beams. The
performance of the proposed MUDAM scheme is verified
by computer simulation in Section IV. Finally, Section V
concludes this paper.
II. S YSTEM M ODEL
Consider an (M × 1) MISO system, where the base station
has M transmit antennas and each of K users has 1 receive
antenna. The received signal of the k-th user at time t can be
represented as
k = 1, 2, . . . K (1)
yk (t) = hH
k (t) w (t) s (t) + zk (t) ,


∗
∗
∗
where hH
(t)
=
h
(t)
,
h
(t)
,
.
.
.
h
(t)
denotes the
k
1,k
2,k
M,k
impulse response of the MISO channel and h∗m,k (t) represents
the channel from the m-th transmit antenna to the k-th user.
w (t) = [w1 (t) , w2 (t) , . . . wM (t)]T is the weight vector
of the beamformer and s (t) is the user signal. zk (t) is
a complex circular-symmetric Gaussian processes with zero
mean and the variance σz2 . Here, the superscript * and H
denote complex conjugate and conjugate of the transpose,
respectively. The channel h∗m,k (t) is flat fading and is assumed
to remain constant within a block. The channels of each user
are independent
power is fixed to P at all

 and the transmit
2
times, i.e., E w (t) s (t) = P , where E {x} denotes the
expectation of x. Assume that P = 1 in this paper. We also
assume that instantaneous channel quality information such
as the SNR is available at the base station. The base station
assigns the channel resource to a user in the best channel
quality at each time, exploiting the user diversity.
The weight w (t) can be generated in a random manner as

(2)
wm (t) = αm (t)ejθm (t) , m = 1, 2, . . . , M
where αm (t) and θm (t) are random processes in the range
of 0 ≤ αm (t) ≤ 1 and 0 ≤ θm (t) ≤ 2π. We assume that
M 
2
m=1  αm (t) = 1 for normalization of the total transmit
power.
Since the effective channel response of the k-th user is given
by
h∗k (t) = hH
k (t) w (t)
M

h∗m,k (t)

=
m=1


αm (t)ejθm (t) ,

(3)

Fig. 1.

Example of the procedure of the proposed MUDAM scheme.

it can be controlled by adjusting αm (t) and θm (t). The
MUD gain increases by inducing a larger fluctuation in the
effective channel. Although the capacity of the STC in the
MISO system is bounded by that in AWGN channel, the
random beamforming scheme can outperform the SISO system
in AWGN channel by exploiting the MUD [9], [10]. However,
the channel fluctuation may not be increased by a random
beamforming method when the channel has Rayleigh fading.
III. M ULTI -U SER D IVERSITY AND M ULTIPLEXING
(MUDAM)
We consider a MUD system with a novel multiplexing
scheme in the multi-user domain, using multiple random
beams. The term “random” is used since multiple beams are
generated using a method similar to the random beamforming.
Since the proposed scheme can achieve the multiplexing gain
in the multi-user domain, not in the multi-antenna domain,
it can also provide the multi-user multiplexing (MUM) gain
regardless of the channel correlation.
The proposed scheme makes multiple beams in a successive
manner, and the scheme only controls the interference from
the latter beam to the former beam. For example, the procedure
of the proposed MUDAM scheme in the case of two beams
is shown in Fig. 1 and assume a (2 × 1) MISO system with
two beams as illustrated in Fig. 2, where two signals d1 (t)
T
and d2 (t) are multiplexed by weight w1 = [w1,1 , w2,1 ] and
T
w2 = [w1,2 , w2,2 ] , yielding a transmitted signal
x (t) = w1 (t) d1 (t) + w2 (t) d2 (t) .

(4)
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Fig. 3.

A multi-user multiplexing system with multiple beams.

Fig. 2. The proposed MUDAM scheme applied to a (2 × 1) MISO system.

First, the base station generates a random beam weight w1
(as in the opportunistic beamforming) and each user reports
the
 to the base station. The SNR of user k is given by
 HSNR
h w1 2 /σ 2 where σ 2 is the noise power of user k. The base
k
k
k
station selects a user having the maximum SNR
 H 2
h w1 
k
(5)
γ=
max
k∈{1,2,...K}
σk2
where γ is the maximum SNR achieved through the first
beam without the use of multi-beam. Assume that the base
station selects user p in this process. The selected user p
reports its channel response hp (t) to the base station. Let
g1 (t) = hp (t), where g1 (t) denotes the channel response
corresponding to the first beam w1 .
The base station can generates the second beam w2 so that
it generates the interference to the user of w1 in a controlled
manner, i.e.,
(6)
g1H w2 = ε
where ε should be chosen to be small enough for the SINR
of the first beam is nearly unaffected as

2
1  H

2 g 1 w1
(7)
γ1 =
2.
1
σp2 + 2 |ε|
T

Note that the second beam w2 = [w1,2 , w2,2 ] has two
elements and Equation (6) has only one condition. Therefore,
Equation (6) is an under-determined equation and w2 has
many solutions. We can generate the second beam with
a random variable w1,2 and the solution of Equation (6).
Therefore the second beam is also partially random beam.
After the base station selects the best user through the
second beam, resulting SINR can be represented as

2
1  H

2 hk w2
max
(8)
γ2 =

2 .
p∈,k∈{1,2,...K}
/
σ 2 + 1 hH w1 
k

2

k

Note that the transmit power of each beam is reduced inversely
proportional to the number of multiple beams since the total

transmit power should be constant. Note that the interference
from the second beam to the first beam
controlled by
 Huser is
2
2


(1/2) |ε| , but the interference (1/2) hk w1 from the first
beam to the second beam user is not controllable. Thus, it
is required for the base station to choose a user having the
maximum SINR in an opportunistic manner.
Then the base station calculates the following capacities and
decides whether it employs multi-beam or not.
C = log2 (1 + γ) .

(9)

CM=2 = log2 (1 + γ1 ) + log2 (1 + γ2 ) .

(10)

If CM > C then the base station employs multi-beam and
otherwise, employs only single beam.
Consider a generalized MUDAM structure as depicted in Fig. 3. The base station transmits B signals
{d1 (t) , d2 (t) , . . . , dB (t)} to K users through B beams with
weight vector {w1 (t) , w2 (t) , . . . wB (t)} at the same time.
In this case, (1) can be rewritten as
B

yk (t) = hH
k (t)

wb (t) db (t) + zk (t) ,
b=1

k = 1, 2, . . . , K
(11)

where db (t) is the user signal such that
db (t) ∈ {s1 (t) , s2 (t) , . . . , sK (t)} ,

b = 1, 2, . . . , B.
(12)
We assume that each signal has the same power σs2 . Let
gi (t) denote the channel response of the best user through
the i-th beam wi (t), i.e.,
gi (t) ∈ {h1 (t) , h2 (t) , . . . , hK (t)} ,

i = 1, 2, . . . , B.
(13)
Assume that the scheduler selects user p (i.e., k = p) for the
i-th beam (i.e., b = i). That is, the base station transmits the
user signal sp (t) using the i-th beam w i (t) (or di (t) = sp (t)
and gi (t) = hp (t)). The received signal ri (t) through the ith beam (i.e., the received signal of user p) can be represented
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as
ri (t) = yp (t)

⎡

⎣
= hH
p (t) wi (t) sp (t) +

B

⎤
wb (t) db (t)⎦

b=1,=i

+zp (t) = giH (t) wi (t) di (t)
B

+

giH (t) wb (t) db (t) + zp (t)

(14)

b=1,=i

where the first term is the desired signal, the second term is
the interference due to multi-beam multiplexing and the third
term is additive noise.
The base station performs the successive controlling the
power of interference as
⎧
ε,
i<b
⎨
giH wi , i = b
(15)
giH wb =
⎩
×,
i>b
where × denotes the amount of uncontrollable interference
that varies depending on the situation and when i = b, no
control is needed. The proposed MUDAM scheme generates
the weight matrix W (= [w1 , w2 , . . . , wB ]) satisfying
GH W = F

(16)

where G is the channel matrix of the selected users defined
by
G = [g1 , g2 , . . . , gB ]
(17)
and F is a constraint matrix defined by
⎡ H
ε
ε
···
g 1 w1
H
⎢ ×
g
w
ε
2
2
⎢
⎢
..
⎢
.
×
F ⎢ ×
⎢
..
H
⎣
.
gB−1
wB−1
×
×
···
×

ε
ε
..
.
ε
H
gB
wB

⎤
⎥
⎥
⎥
⎥.
⎥
⎥
⎦

(18)
Note that the time index t is omitted for ease of description
because the weight vector wi (t) and the channel gi (t) are
assumed to unchanged during each slot time.
Fig. 4 illustrates the SINR of 39 users obtained by the
proposed MUDAM scheme with two beams. It can be seen
that the 21st and 6th user have the best SINR through the
first and second beam, respectively. Thus, the transmitter sends
the 21st and 6th user signal using the first and second beam,
respectively (i.e., g1 (t) = h21 (t) and g2 (t) = h6 (t)).
Now let’s consider the generation of such multiple beams
in a random manner. We assume that the channel condition is
unchanged during the feedback process as in the opportunistic
beamforming.
The base station generates the first beam weight w1 =
[w1,1 , w2,1 , . . . , wM,1 ] in a random manner as
√
(19)
wm,1 = αm,1 ejθm,1 , m = 1, 2, . . . , M
where αm,b and θm,b , b = 1, . . . , B, are time-variant random
processes over a time slot, having a value between 0 and 1,
and 0 and 2π, respectively. Let g1 be the impulse response of
the channel of the first user selected by the scheduler.

Fig. 4. The SINR of each user in a (2 × 1) MISO system with two random
beams.

Then, the base station generates the next random beam
weight w2 such that g1H w2 = ε. Here, we assume that εi = ε
for all i. Note that the scheduler does not need the channel
information of all the users, but only that of the selected
users. Since the weight w2 is an M -dim vector with a single
constraint (i.e., an under-determined system), the rest (M − 1)
elements of w2 can be determined by (19). Thus, we need to
solve a single equation satisfying
g1H w2 = ε
or

M−1

(20)

∗ √
∗
gm,1
αm,2 ejθm,2 + gM,1
wM,2 = ε

(21)

m=1

√
Then, we have Equation (22), where the constant 1/ pb is
2
for normalization, making wb  = 1.
Similarly, the weight of the b-th beam can be generated by
determining (M −b+1) elements randomly and the rest (b−1)
elements are determined by solving equations,
giH wb = ε,

i = 1, 2, . . . , b − 1


where
wb =

wrand
wsol

1 √
(wrand )m = √ · αm,b ejθm,b ,
pb

(23)


(24)
m = 1, 2, . . . , M −b+1

(25)
and also Equation (26). In [11], [20], multiple “orthogonal”
beams are simultaneously generated such that
WH W = I

(27)

where I is an identity matrix. Note that the “orthogonal” beam
scheme does not consider the separation of effective channels
gbH wb , but only the separation of beams wb , b = 1, . . . , B. As
a result, unlike the proposed MUDAM scheme, the orthogonal
multiple beam scheme can provide a MUM gain only when the
users are separated by orthogonal beams. Besides, it requires
the use of multiple pilot signals equal to the number of
orthogonal beams.
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wm,2 =

⎡

wsol

⎧
⎨
⎩

∗
gM−b+2,1
∗
gM−b+2,2
..
.

⎢
⎢
1 ⎢
=√ ⎢
pb ⎢
⎢
⎣ g∗
M−b+2,b−2
∗
gM−b+2,b−1

√1
p2

·

1
∗
gM,1

√
· αm,2 ejθm,2 ,
m = 1, 2 . . . , M − 1
M−1

 ∗ √
,
· ε−
gm,1 αm,2 ejθm,2
,
m=M
√1
 p2

∗
gM−b+3,1
∗
gM−b+3,2

m=1

···
···

∗
gM−1,1
∗
gM−1,2

..
∗
gM−b+3,b−1

(22)

···

∗
gM,1
∗
gM,2
..
.

.

∗
gM−1,b−1

∗
gM,b−2
∗
gM,b−1

⎤−1
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡

M−b+1

∗ √
gm,1
αm,b ejθm,b
ε
−
⎢
m=1
⎢
M−b+1
⎢

∗ √
⎢ ε−
gm,2
αm,b ejθm,b
⎢
m=1
⎢
⎢
..
⎢
.
⎢
⎣
M−b+1

√
∗
gm,b−1
αm,b ejθm,b
ε−

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(26)

m=1

(a) The orthogonal beam scheme.

(b) The proposed MUDAM scheme.
Fig. 5.

Generation of multiple beams in a (2 × 1) MISO system.

Fig. 5 illustrates the generation of multiple beams in the two
(2 × 1) MISO schemes. The orthogonal beam scheme needs
multiple pilot signals (e.g., P1 and P2 in Fig. 5) for simultaneous generation of orthogonal beams. Thus, the mobile station
needs an additional processor to detect these multiple pilot
signals. On the other hand, the proposed MUDAM scheme
can generate multiple beams in a successive manner. Thus,
the same pilot signal can be used for all beams. Note that the
proposed MUDAM scheme needs only one channel response
gb from the selected user, not all the users.
Fig. 6 depicts the capacity of (2 × 1) MISO systems in
Rayleigh fading channel at 20 dB SNR where ε = 0.01 for
the MUDAM scheme. The analytic capacity is obtained using
the results of the Appendix. It can be seen that the use of
the proposed MUDAM scheme always outperforms the single
beam scheme.

IV. P ERFORMANCE E VALUATION
The performance of the proposed MUDAM scheme is
verified by computer simulation. The simulation results are
obtained by averaging over 1000 independent channel realizations per user. We assume that channels of all the users are
mutually independent and have the same average SNR. It is
assumed that the channel has flat Rayleigh fading.
Fig. 7 compares the performance of the proposed MUDAM,
opportunistic beamforming scheme [11] (denoted as “single
beam”) and multiple orthogonal beam scheme [20] (denoted
as “orthogonal”), when a (2 × 1) MISO system is employed
in Rayleigh fading channel at 20 dB SNR. The proposed
MUDAM scheme is designed with ε = 0.01. It can be seen
that the proposed MUDAM scheme always provides a capacity
larger than the single beam and orthogonal beam schemes. It
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(a) The proposed MUDAM scheme.
Fig. 8.
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(b) The orthogonal scheme.

The gain profile of each beam in (2 × 1) MISO systems.

Fig. 6. The analytic and simulation result of (2 × 1) MISO systems in
Rayleigh fading channel at 20dB SNR.

can also be seen that the orthogonal scheme cannot provide a
MUM gain when the number of users is small. This is mainly
due to the fact that the orthogonal scheme cannot guarantee the
separation of multiple users. As an example, Fig. 8 illustrates
the gain of each beam in a (2 × 1) MISO system with two
beams as a function of each user index. Fig. 8(a) illustrates
that the proposed MUDAM scheme controls the interference
of the second beam to the first selected user p by an amount
2
of |ε| and the second user q is selected in an opportunistic
manner. However, since the orthogonal scheme does not have
any constraint except WH W = I, there may not exist an user
with small interference as shown in Fig. 8(b). Therefore, the
orthogonal beam scheme may provide a capacity even less
than the single beam scheme when the number of users is
small.
Fig. 9 depicts the performance of the proposed MUDAM
scheme applied to (4 × 1) MISO system. It can be seen that
the capacity of (4 × 1) system with two beams is nearly same
as that of (2 × 1)) system with two beams. Since the capacity
of the proposed MUDAM scheme increases as the number of
beams increases, it is desirable to use multiple beams as many
as the number of antennas for maximum improvement of the
capacity.

Fig. 7. The capacity of (2 × 1) MISO systems in Rayleigh fading channel
at 20dB SNR.

V. C ONCLUSIONS
In this paper, we have proposed a new multiple antenna
transmission scheme that can simultaneously achieve the diversity and multiplexing gain by generating multiple random
beams. The multiple random beams are generated so that
each beam interferes with other beams in a controlled manner.
Simulation results show that the proposed MUDAM scheme
can provide a system capacity larger than the single beam and
orthogonal multi-beam schemes. The proposed scheme can
provide a substantial capacity gain in multi-user and multiantenna systems.
A PPENDIX A
C APACITY G AIN BY MUDAM
Consider the MUDAM scheme in an (M × 1) MISO
system. Assume that the base station employs B beams, where
1 ≤ B ≤ M . In the MUDAM scheme using i beams,
i = 1, 2, . . . , B, the SINR of user k through the j-th beam
can be represented as

2
1 H

i hk wj
. (A.1)
SINRk,j,i =
j−1
  H 2
2
1
1
2


σ + (i − j) i |ε| + i
hk wn
n=1
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where Pi is the probability that the capacity of the MUDAM
scheme using i beams is larger than that using j(= i) beams.
As an example, we analyze the capacity of the MUDAM
scheme using two beams in Rayleigh fading channel.
When the base station uses a single beam (i.e., B = 1), the
instant capacity is given by
C (Z1,1 ) = log2 (1 + Z1,1 )
where
Z1,1 =

max

k=1,...,K

 H 2
h w1 
k
σ2

(A.7)

(A.8)

.

When the base station uses two beams (i.e., B = 2), the instant
capacity of the first beam is given by
C (Z1,2 ) = log2 (1 + Z1,2 )
Fig. 9. The capacity of (4 × 1) MISO systems with two beams and four
beams in Rayleigh fading channel at 20dB SNR.

where
Z1,2 =

Here, 1 ≤ i ≤ B and 1 ≤ j ≤ i.
Note that the transmit power of each beam is divided by i.
The user of the j-th beam has uncontrollable interference from
the first through (j −1)-th beams and controllable interference
from the (j + 1)-th through i-th beam. The MUDAM scheme
choose the maximum SINR for the j-th beam as
Zi,j = max {SINR1,j,i , SINR2,j,i , . . . , SINRK,j,i } .

(A.2)

Let the denominator and numerator of SINRk,j,i be SD
and SN , respectively. Then the random variable SN can be
modeled as a 2nd -order Chi-square random variable same as
the single beam case. The random variable SD can be modeled
as a 2 (j − 1)-th order Chi-square random variable plus a
2
constant (σ 2 + (i − j) |ε| /i). Therefore, SINRk,j,i can be
modeled as the division of two random variables SD and
SN . Assuming that fSD and fSN are the pdf of SD and SN ,
respectively, the pdf of SINRk,j,i can be calculated as [18]
∞
fSINRk,j,i (γ) =
0

1
fS
w3 D

 
γ 
1
dw.
f SN
w
w

(A.3)

The pdf of Zj,i can be calculated as [19]

K−1
fZj,i (z) = k FSINRk,j,i (z)
fSINRk,j,i (z)

(A.4)

where FSINRk,j,i is the distribution function of SINRk,j,i . The
capacity of the j-th beam EZj,i {C (Zj,i )} can be calculated
as
∞
(A.5)
EZj,i {C (Zj,i )} = log2 (1 + z) fZj,i (z) dz.
0

The total capacity of the MUDAM scheme using B beams
can be represented as
CB


=E
P


P1 C (Z1,1 ) +

2

B

[C (Z1,2 ) + C (Z2,2 )] + . . . + PB

 C (Z
B

j=1

j,i )





i

=

i=1 j=1

Pi EZj,i {C (Zj,i )}

(A.6)

max

k=1,...,K

(A.9)

 H 2
h w1  /2
k

(A.10)

2

σ 2 + |ε| /2

and the instant capacity of the second beam is given by
C (Z2,2 ) = log2 (1 + Z2,2 )
where
Z2,2 =

 H 2
h w1  /2
k

2
σ 2 + hH w1  /2

max

k=1,...,K

(A.11)

.

(A.12)

k

The average capacity EZ1,1 {C (Z1,1 )} and EZ1,2 {C (Z1,2 )}
can be calculated using


z 
C = EZ log2 1 + 2
σ
K−1
K
j+1
C (K − 1, j) (−1)
=
2
log j=0
2



e(j+1)σ
Ei − (j + 1) σ 2
j+1
where Ei [x] = −

∞
−x

(A.13)

(e−t /t) dt, since Z1,1 and Z1,2 can

be modeled as 2nd -order Chi-square random variables. The
average capacity of the second beam EZ2,2 {C (Z2,2 )} can be
calculated by
∞
(A.14)
EZ2,2 {C (Z2,2 )} = log2 (1 + z) fZ2,2 (z) dz
0

where, from (A. 3) and (A. 4), the pdf of Z2,2 is represented
as

K−1 

−σ2 z
1
+
z
−
e
1 + σ2 + σ2 z
−σ2 z
fZ2,2 (z) = Ke
.
K+1
(1 + z)
(A.15)
As mentioned before, the base station needs to use a single
beam if
(A.16)
C (Z1,1 ) > C (Z1,2 ) + C (Z2,2 ) .
The probability P2 is defined as
P2 = Prob {C (Z1,1 ) < C (Z1,2 ) + C (Z2,2 )} = 1 − P1 .
(A.17)
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It can be shown that
⎧
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⎪
⎪
log2 1 + σ2
⎪
⎪
⎨


2
P2 = Prob
|g1H w1 | /2
< log2 1 + σ2 +|ε|2
⎪
⎪
⎪
⎪
⎩
+ log2 (1 + Z2,2 )
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To have some intuition, assume that |ε| , σ 2  1. The we
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(A.20)
P2 ≈ 1 − 2−K
which implies that the use of multiple beams results in
performance improvement over the use of a single beam as
the number of users increases. Note that (A.14) and (A.18)
cannot be represented in a closed form.
The capacity of MUDAM scheme with two beams is given
by
2

i

C2 =
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i=1 j=1

= P1 EZ1,1 {C (Z1,1 )}
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