AN OPTIMAL POLICY FOR
ECONOMIC GROWTH’
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Lec ntief’s closed economic model is optimized using Pontryagin’s maximum principle. The
object ve functional is maximization of time integrated utility.

Por tryagin’s/1/ “Maximum Principle” has been successfully applied to problems of optimal
policy for economic growth by several authors. Shumpei Kumon/2/ presented a one-sector
model using linear flow and stock functions at the 1966 Far Eastern Meeting of Econometric
Societ r. Kurz/3/ and Stoleru/4/ analysed two-sector growth models where relevant equations
were ot necessarily linear. Chakravarty/5/ formulated an n-sector model using Leontief
matric s of stock and flow coefficients. Superiority of the Maximum Principle over the classical
calculi s of variations lies in the fact that policy variables are treated endogeneously and
region : of policy variables may be closed set, giving rise to endogeneous policy variables
(the ¢>ntrol functions) which may be discontinuous. Switching control functions were observed
in the growth models of Kurz, Stoleru, and Kumon. The Chakravarty model did not produce
switch ng control function and the functions found were insensitive to utility function.

In tiis paper, Kumon’s model is generalized to n-sector mode] based on the Leontief matrices
and P ntryagin’s Maximum Principle. The model represents a closed economy in which foreign
trades are excluded. Optimal fiscal and investment policy is to be obtained to maximize a
welfarc utility functional. General solution of the growth model contains switching control
functic 1s (policy) which depend explicitly on the utility (welfare) function, in contrast to the
Chakr: varty model. Utility maximizing optimal solution is obtained using a flat utility function

with e :ponential depreciation. Interpretation of the general solution is made briefly. Result
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shows that the »ptimal policy is comprised by extreme fiscal policies in each sector of the
economy. When there are n sectors in the economy and n policy controls, the number of
switches in polic’ is found to be at most n for each policy control under an infinite time
horizon.

Basic equation: of the model are
dx,-
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where X is ou:put vector, C consumption vector, A and B the Leontief matrices of flow
and stock. The | lanning board is to control growth rate of each sector of the economy through

the control varia sles,
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The objective ‘unctional is
T
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where ¢i=ga; xp(—w;t) denotes social value of consumption ¢; at time t. Eliminating dz,/
dt and ¢; in (3) by (1) and (2), the objective functional Z is expressed in terms of the phase

variables x; (#) nd control variables u; (£):
T
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where I is un': matrix. Time dependence of the control vector U(t) is to be determined in

such a way that the welfare functional Z is maximized. The Hamiltonian of Pontryagin is then

B) r=—¢° X 1g.(T—A)ijz;—bijujz;) + z;'uiIi‘ﬁi

£
where ¢°=:cor stant<0 and ¢ is a nonzero continuous vector function defined by
d i aIC
() = = — it 200U~ A=)
optimal policy for sector 7 is obtained from (5) as switching function:

@ +u; #@;—u

D u®=—=1"+""75 '—sign(sbs(t)+¢”;qj(t)bﬁ)

¢(¢) is obtain:d from (6) as
(8) ¢i() =0 exp(—ut) +¢° Zj} —;f—:"iw—j~((l —A)ji—bjiu) exp(—w;t)
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T e constants of integration ¢; can be determined by using boundary conditions. Output
vect r is integrated from (2) as

) z:(®) =0 exp (uit)

Fcr boundary conditions having fixed initial point and variable terminal point, i.e..

a»n X=X, X(T) =variable »

trz 1sversality condition leads to ¢(T)=0, and therefore U(T)=U from (7). Then ¢, for
t necr T is fixed and (&) for # near T is determined. Then U(#)=U for ¢ near T. Tracking
back: rard from ¢=T, the policy U(¢)=U is maintained until a switching point is encountered
in th: sign function of contrel vector (7). U() is redetermined and ¢ () is retermined using
new ralues for U(t) andg,; togeter with continuity of ¢(¢). Tracking again backward, new
policv U(#) is maintained until a switching point is encountered in the sign function of control
vecto (7). U(®) is redetermined, etc. Thus ¢(t) and Now z;(,) =z, and z;() =z, exp(ut)
for t near 0. Tracking forward from ¢=0, X, is redetermined whenever a switching point is
encou ttered in control U(?) to make X(T) continuous. Then X(#) is determined for the
whole plan period 0<¢<T. Terminal structure of the economy X(T) is found.

Ne: t, consider the control function U(¢) defined by
dz;

dt
inst:ad of (2). Then (1), (3), (11), and (10) constitute an optimal problem having the

Al 4@ = u <u; <

follow ng solution:
T
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5w =" B g (@) +¢ 350,00
a8 g =~¢ S-S 0 -,

A7 @ =x,+ut
In tlis case, ¢(z) is independent of control U(f), but output X(¢) depends on control U(E).

Theref re X, should be redetermined whenever a switching occurs in control U(#) so that X(¢)
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15 continuous. In the argument of sign function in (15), there are 7 independent exponential

function of time .. Therefore the control function %;(¢) has at most n switching points for

nfinite time hori:on. The control vector U(t) can have at most » x n switching points for
infinite time hori: on.
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