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The Durbin~Watson test in linear regression models is wide-
ly known to have problems in its application. The problem of
the calculation burden in the exact test and that of the inconclu-
sive region in the bounds test have motivated several
approximations to the exact critical point. This paper improves
upon the beta approximation by considering that the range of
the Durbin-Watson statistic obtainable a priori is reducible to a
subinterval of [0, 4], which Durbin and Watson (1951) assumed
when devising their beta approximation. The proposed approx-
imation is found to outperform the beta, a + bd,, and Jeong’s
approximations. Its computational burden is virtually the same
as that of Beta, heavier than those of a + bd, and Jeong's.
However, the additional burden of computing beta critical points
is removed if one uses either our tables or built-in inverse beta
function.

1. Introduction

The Durbin-Watson test in linear regression models is widely
known to have problems in its application. First, since the distribu-
tion of the Durbin—-Watson test statistic, d, depends on the X mat-
rix, tabulation of exact critical points is impossible and thus a
rather serious burden is encountered in the calculation of the exact
critical point. Second, although the critical points of the lower and
upper bounds of d are available in tabulated forms, a rather wide
inconclusive region appears in a bounds test, due to ignoring some
information about X.

The problem of the calculation burden in the exact test and that

*This paper is based on my master’s thesis at Seoul National University. I am grateful
to Professor Ki-Jun Jeong for his helpful guidance and advice, and to a referee for a
clarifying comment.
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of the inconclusive region in the bounds test have motivated
several approximations to the exact critical point. Durbin and Wat-
son (1971) compared various approximations and recommended their
a + bd, and beta approximations as the-“optimum” choice between
the calculation burden and accuracy. Jeong (1985) has improved the
a + bd, approximation by considering the lower as well as upper
bound of d.

In this paper I improve upon the beta approximation by consider-
ing that the range of d obtainable a priori for various classes of X
matrices is reducible to a subinterval of [0, 4], which Durbin and
Watson (1951) assumed when devising their beta approximation.

The proposed approximation, called d.(R), is found to perform
better than the beta, a + bd,, and Jeong's approximations. Its com-
putational burden is virtually the same as that of beta, heavier than
those of a + bd, and Jeong’s. However the additional burden of
computing beta critical points is removed if one uses either our
tables or built-in inverse beta function.

II. A New Approximation

We develop a new approximation for the following three classes
of X matrices which appear frequently in regression analysis.

CLASS 1:X matrices corresponding to regressions with the con-
stant term, [ = (1, 1,...,1).

CLASS 2:X matrices corresponding to regressions through the
origin.

CLASS 3:X matrices corresponding to regressions with common
regressors, X,, or order n X ¢, such as seasonal dummy
variables and/or linear trend variable.

Table 1 tabulates the lower and upper bounds of d and the absolute
range of d for the above three classes of X matrices. If / is an
element of the subspace spanned by the columns of X! the follow-
ing relations hold:

1) With respect to the lower and upper bounds of 4,

dy < dp < d; <d<dy<dy?

"It is true for instance when X, contains seasonal dummy variables in it.
2Every inequality holds in a stochastic sense, i.e., holds with probability one.
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TABLE 1

LOWER AND UPPER BOUNDS AND ABSOLUTE RANGE OF d

Notation Lower and Upper Bounds
d <d<dy
n—k n—k
CLASS 1 S Amt! I Aut?
dl‘ =— n—k dU =— n—k
5 67 32
=1 =1
dy<d<dy
subscript i n—k
CLASS 2 “M” S At 2 Akl
dy="-—— dy="—0onw—
n—h 2 n—k 2
lzl C’ IE’I E !
4 < d< d
superscript Y —
CLASS 3 “ P PR
d‘L = — di] E=3 ___—__k___.
3 g7 PR

Absolute Range

Reference
Reference on Theory C:iteicalllcPo(;:ts

CLASS 1 I=[As A,]

Durbin and Watson
(1950)

CLASS 2 Iy = [0, 4,]

Kramer (1971)

CLASS 3 IF=1[6%7, 69.]

King (1981) King (1981; 1983)

Note:1. X is of order n X k.

2. Every inequality holds in a stochastic sense.

3. {,~iid. N0, 1) under the null hypothesis of no serial correlation i =

l,-,n—k.

4, A, =2—2¢co8(i— V) /n (i=1,--,n)

5. 0%, 8% ... 85 : eigenvalues of McAM other than C zeros arranged

in increasing order where Mc =1 — XX Xc) X" and

1 -1 0

-1 2 -1
0 -1

A= . Da— |
0 0

0
0

3 1 .

2 —1

=1 1

Savin and White (1977)

Farebrother (1980)
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2) With respect to the absolute range of d,
Fclcly,c[04]

It follows from this that the more columns of X we consider a
priori, the narrower the “range of ignorance” becomes both stochas-
tically and absolutely, and, conversely, the less information about X
we consider, the wider the range of ignorance becomes.

Durbin and Watson’s beta approximation always regards the abso-
lute range of d as [0, 4] and approximates d /4, the linear trans-
formation of d the absolute range of which is reduced to [0, 1], to
beta distribution.

The beta approximation leaves room for improvement in that the
absolute range of d is reducible to a proper subinterval of [0,4] a
priori for each class of X matrices, since approximation on a subin-
terval is reasonably expected to be more accurate than that on a
wider interval. The new proposed approximation builds an extension
of beta distribution not on the interval of [0, 4], but on a subinter-
val of [0, 4].

Denote the absolute range of d, in general, as I = [r, r,], which
is a subinterval of [0, 4], and define x as x = (d — r,)/(ry — r,). The
range of x is reduced to [0,1] which is just the range of a beta
variate. The approximate critical point by the new method is

da(R) = rs + (rg - rs)ba(py CI)

where b, (p, q) is the critical point at level a of the beta distribu-
tion with parameters p and q. The parameters p and g are obtained
by equating the 1st and 2nd moments of x respectively with those of
a beta variate:

_ ) = rdir — E@)

Var(d)

E(d) — r,
P=G+a)—— "
g

¥y

—

We will denote d,(R) applied concretely to Classes 1, 2, and 3 as
d.(R), dy.(R), and dS(R) respectively.*

3Moments of d are available in Durbin and Watson (1950, pp. 418-21), and those of a
beta variate in both Theil and Nagar (1961, p. 800) and Henshaw (1966, p. 650).

“Here d,(R) means both the method itself in a wider sense and the method applied to
Class 1 in a narrower sense. We use it interchangeably. It is hoped not to cause any
confusion.
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Since the values of [ry, r,] for each class of X matrices of
appropriate orders are already known (see Appendix), the calcula-
tion burden of d,(R) is virtually the same as that of the beta appro-
ximation. But d,(R) is expected to give a more accurate result than
the beta approximation.

III. Comparison of Various Approximations

Table 2 classifies the approximations considered in this paper on
two criteria: i) the information used and ii) the distribution approxi-
mated.

TABLE 2
CLASSIFICATION OF VARIOUS APPROXIMATIONS

Distribution Lower & Upper Bounds Beta

Information Distribution of d Distribution
1st and 2nd Moments of d d. (), d.J) d.(B),d.(R)
1st, 2nd, 3rd and 4th Moments of d not available d.(H)

Note : For consistency in notation with that of Jeong (1985), denote a4 bd,,
Jeong's, beta, and Henshaw's as d,(U), d.(J), d.(B), and d,(H), respectively.
For details of these approximations, see Durbin and Watson (1971), Henshaw
(1966) and Jeong (1985).

To compare the accuracy of various approximations including
their extended forms,”> we make three classes of data sets from four
published data sets. They are listed below.

CLASS 1: Regressions with Constant Term

Code(n, k) Descriptions

A(20, 3) A =(l:X,) Spirits Data in Durbin and Watson (1951)

B(16, 4) B =(l:Xg) Pears Data excluding linear trend vari-
able in Henshaw (1966)

C(21, 3) C=(:Xc) Consumption Data in Klein (1950), 1921-
41

D(22, 3) D = (l: Xp) Investment Data in Klein (1950), 1920-41

5For the extended forms of d,(U), d.(L), and d,{J), see Jeong (1985). We denote these
extended forms by attaching subscript “M” or superscript “c " according to the Class

concerned.
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CLASS 2: Regressions through the Origin

Code(n, k) Descriptions

Ap(19, 2) First difference of X,
By(15, 3) First difference of Xg
Cu(20, 2) First difference of X,
Dy(21, 2) First difference of Xp

CLASS 3: Regressions with Common Regressors®

Code(n, k) Descriptions

A°20,6) A =(X.:X,) X.:20 X 4 Matrix of four seasonal
dummy variables

B(16,7) B°=(X.:Xp) X.:16 X 4 Matrix of four seasonal
dummy variables

C(20,6) C = (X.:X2) X.:20X 4 Matrix of four seasonal
dummy variables

D%20,6) D= (X.:X5) X.:20X 4 Matrix of four seasonal
dummy variables

Table 3, 4, and 5 summarize the comparisons of various approx-
imations corrsponding to Classes 1, 2, and 3 respectively.” For each
approximation method we calculated the mean absolute error of the
critical points from d,. and that of the actual sizes of test from the
assumed nominal significance level, 5%.

From these tables we can derive the following implications:

1) Henshaw's approximation, which uses the biggest amount of in-
formation among the approximations considered, is best. But its
calculation burden is serious.

2) Among the approximations using the lst and 2nd moments of d
(1st row of Table 2), the approximations based on the beta dis-
tribution (right side of Table 2) appear to outperform those

6X° and X,° are Xc, Xp truncated at the 20th observation respectively.
"Comparisons for Class 3 when X consists of i) seasonal dummy variables and linear
trend variable, ii) constant term and linear trend variable are also available in Tables

Al and A2 in the Appendix.
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based on the lower and upper bounds distributions of d (left side
of Table 2) on the whole. The former are more robust against
changes of X matrices than the latter since the beta distribution
allows a wider range of flexibility according to the changes of
two parameters than the lower and upper bounds distributions of
d, which are fixed if only n and k are given.

3) The performance of d,{J), in general, turns out to be better than
that of d,(U), but does not always dominate that of d,(U). This
is because d,(J) has not only the merit that it considers the
lower bound in addition to the upper bound of d, but also the
demerit that it lowers the quality (dimension) of information
since the weight used in averaging d.(U) and d,(L) consists of
1st moment only. Furthermore, the calculation burden of d,(J) is
not always the same as that of d,(U). Only for Class 1 is it so,
due to the fact that d; 4 dy = 4 holds.

4) Overall, the performance of our d,(R) (in the wider sense) is
better than that of d,(B). In Table 3, both d,(R) and d,(B)
approximate the true critical point d, quite well. Since the
approximation of d,(B) is already good enough (note that the
mean absolute error for the critical points is only 0.001), our
d. (R) cannot improve on d,(B). But in Tables 4 and 5, d,(R) out-
performs d,(B). Particularly, in Table 5, d5(R) performs much
better than d,(B): the mean absolute error is reduced to a quar-
ter for critical points, and to a third for actual sizes of test.
This improvement is due to the fact that d,(R) considers addi-
tional a priori information about the range of d. The calculation
burden of d,(R) is virtually the same as that of d,(B).

5) For Class 3 both the approximations with no superscript (indi-
cated in the upper-half of the rows in Table 5) and those with
superscript “c” (lower-half) are available.® But the latter per-
forms better than the former on the whole since it utilizes more
information about X.° This fact also supports our argument that
approximation on a subinterval is more accurate than that on a
wider interval, another evidence in favor of d,(R) (in the wider
sense) over d.(B).

8Refer to footnote 1.
SJeong (1985) expected that the performance of d<(J) would be better than that of

d.().
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IV. Concluding Remarks

We suggest the following when the Durbin~Watson bounds test is
inconclusive:

1) To get a very accurate approximation, use Henshaw’s.
2) To get a rather accurate approximation with relatively moderate
calculation burden, use d,(R).

We tabulated the 5% and 1% (lower) critical points of the beta
distribution with parameters p and q of the following combinations:

i@, q) | p, g = 3.0, 35, 4.0, ---, 13.5, 14.0}

Using these tables we eliminate the additional calculation burden in
getting b,(p, q). So far as we rely on these tables the computational
burden of our new approximation becomes the same as those of a
bd, and Jeong's as well as that of Beta. If either p or g is not a
multiple of 0.5, we can use interpolation to get the critical point of
the corresponding beta distribution almost accurately to the third
decimal point. When using interpolation, we have two alternatives.
One is to interpolate along p first and then along g (Method 1). The
other is to interpolate in reverse order (Method 2). But as can be
seen from Table 6, the order of interpolation does not make any
significant difference.

The following relation holds between the upper critical points and
lower critical points of a beta distribution:

bl-a(p, Q) =1-— ba(q; P)

This allows our tables to be used also for testing negative serial
correlation.

While Durbin and Watson (1971) recommended their a + bd, and
beta approximations when the bounds test is inconclusive, we recom-
mend our new approximation, which gives more reliable results than
theirs. The computational burden is virtually the same as that of
Beta, heavier than those of a 4+ bd, and Jeong's. However, the addi-
tional burden of obtaining beta critical points is removed if one uses
our tables or built-in inverse beta probability distribution function

routine such MDBETI (written in FORTRAN).
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TABLE 6
COMPARISON OF THE TRUE AND INTERPOLATED VALUES OF b, (p, q) AND d,(R)
WHEN « = 1%
d.(R) rounded
Data (n, k) Method b.(p, q) d.(R) off at the 3rd
decimal point
A(20, 3) true 0.3000095 1.2100375 1.210
by method 1  0.3000261 1.2101030 ”
by method 2  0.3000260 1.2101027 "
B(16, 4) true 0.2430896 0.9918835 0.992
by method 1  0.2431163 0.9919883 ”
by method 2  0.2431164 0.9919887 ”
21, 3) true 0.3066110 1.2349531 1.235
by method 1  0.3065858 1.2348534 ”
by method 2  0.3065771 1.2348192 ”
D(22, 3) true 0.3096152 1.2460761 1.246
by method 1  0.3096354 1.2461561 ”
by method 2  0.3096353 1.2461560 ”

Note : We choose @ = 1% instead of @ = 5% since the tail probabilities are gener-
ally supposed to be more sensitive.
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TABLE A3

A2 AND A,
n A 2 A n n A 2 A n
15 0.044 3.956 28 0.013 3.987
16 0.038 3.962 29 0.012 3.988
17 0.034 3.966 30 0.011 3.989
18 0.030 3.970 31 0.010 3.990
19 0.027 3.973 32 0.010 3.990
20 0.025 3.975 33 0.009 3.991
21 0.022 3.978 34 0.009 3.991
22 0.020 3.980 35 0.008 3.992
23 0.019 3.981 36 0.008 3.992
24 0.017 3.983 37 0.007 3.993
25 0.016 3.984 38 0.007 3.003
26 0.015 3.985 39 0.006 3.994
27 0.014 3.986 40 0.006 3.994

TABLE A4

8% aAND 8. WHEN X, = SEASONAL DUMMY VARIABLES
n I 5. n o9 6.
16 0.094 3.848 32 0.024 3.962
20 0.060 3.902 36 0.019 3.970
24 0.042 3.932 40 0.015 3.975
28 0.031 3.950
TABLE A5
8% aND A% WHEN X, = SEASONAL DUMMY VARIABLES +
LINEAR TREND VARIABLE

n 2% 87 n At 012
16 0.152 3.848 32 0.038 3.962
20 0.098 3.902 36 0.030 3.970
24 0.068 3.932 40 0.025 3.975
28 0.050 3.950
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TABLE A6

8¢ AND 6, WHEN X, = CONSTANT TERM - LINEAR TREND VARIABLE
n 8¢ 05 n ¢ e
15 0.173 3.956 28 0.050 3.987
16 0.152 3.962 29 0.047 3.988
17 0.135 3.966 30 0.044 3.989
18 0.121 3.970 31 0.041 3.990
19 0.108 3.973 32 0.038 3.990
20 0.098 3.975 33 0.036 3.991
21 0.089 3.978 34 0.034 3.991
22 0.081 3.980 35 0.032 3.992
23 0.074 3.981 36 0.030 3.992
24 0.068 3.983 37 0.029 3.993
25 0.063 3.984 38 0.027 3.993
26 0.058 3.985 39 0.026 3.994
27 0.054 3.986 40 0.025 3.9%4
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